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Summary 
Rate is an important mathematical concept needed for everyday numeracy and 
important for more advanced areas of mathematics. Despite considerable 
research in the area, it remains a troublesome concept to teach and learn. This 
study identified educationally critical aspects of ‘rate’ through a 
phenomenographic investigation of conceptions of rate held by a group of 
Australian Year 10 students from the state of Victoria. 
1. Rate as a relationship between changes in two quantities 
2. Rate as a relationship between changes in two quantities which may vary 
3. Rate as a numerical relationship between changes in two quantities which may vary 
4. Rate as a numerical relationship between changes in two quantities which may vary 
and is applicable to any context  
This is the first time this concept has been explored from a phenomenographic 
perspective and demonstrates, in one setting, the efficacy of phenomenography, 
with analysis enhanced by interpretation of participants’ non-verbal 
communications accessed via video, to explore mathematical conceptions. 
Analysis revealed eight categories leading to the educationally critical aspects of 
rate.  
These educationally critical aspects of rate formed the basis of a second analysis 
of the data to examine the impact of different contexts and different mathematical 
representations on individual student’s expression of their understanding of rate. 
This second analysis showed that: alternative representations of functions 
provided different rate-related information for different students; and 
understandings of rate in one representation or context were not necessarily 
transferred to other representations or another context. In particular speed was 
quite well understood by these participants, but this understanding was not 
necessarily helpful for expressing their conception of rate in a context not 
involving speed. In addition, results indicate that while numeric and graphic 
representations supported the expression of rate-related reasoning, few students 
could express their conception of rate based on the symbolic representation.  
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Abstract 
Rate is an important mathematical concept needed for everyday numeracy and 
important for more advanced areas of study, such as calculus. Despite 
considerable research in the area, it remains a troublesome concept to teach and 
learn. This study aimed to identify educationally critical aspects (ECA) of ‘rate’ 
through a phenomenographic investigation of conceptions of rate held by a group 
of Australian Year 10(middle secondary) students from the state of Victoria. The 
phenomenographic analysis of videoed interviews determined the range of 
conceptions of rate held by this cohort. This is the first time this concept has 
been explored from a phenomenographic perspective and demonstrates in one 
setting the efficacy of phenomenography with analysis enhanced by 
interpretation of participants’ non-verbal communications, to explore 
mathematical conceptions. Analysis revealed the variation in conceptions of rate 
existing in students at this level, resulting in eight categories. 
A  Rate is experienced as a word judging a quality. 
B Rate is experienced as a word associated with a numeric value 
C  Rate is experienced as a single quantity 
D  Rate is experienced as the result of a formula calculation without recognition of the 
relationship between quantities 
E  Rate is experienced as a relationship between changes in two quantities. 
F  Rate is experienced as a constant numeric relationship between changes in two 
quantities. 
G Rate is experienced as a numeric relationship between changes in distance and 
time i.e. speed. 
H Rate is experienced as a numeric relationship between changes in any two 
quantities 
Further consideration of the categories resulted in four ECA of rate necessary to 
foster a deep understanding of the concept. The ECA of rate provide a guide for 
the development of instructional sequences for middle secondary students to 
facilitate a better understanding of rate in everyday contexts and for further study 
in mathematics. 
1. Rate as a relationship between changes in two quantities 
2. Rate as a relationship between changes in two quantities which may vary 
3. Rate as a numerical relationship between changes in two quantities which may vary 
4. Rate as a numerical relationship between changes in two quantities which may vary 
and is applicable to any context  
These ECA formed the basis of a second analysis of the data to examine the 
impact of different contexts and different mathematical representations on 
individual student’s expression of their understanding of rate. This second 
analysis shows that alternative representations of functions provide different rate-
related information for different students and understandings of rate in one 
representation or context are not necessarily transferred to other representations 
or different context. Results show that speed as a phenomenon is quite well 
understood by these participants, but this understanding was not necessarily 
helpful for expressing their conception of rate in a context not involving speed. In 
addition, results indicate that numeric and graphic representations support the 
expression of rate-related reasoning, but few students could express their 
conception of rate based on the symbolic representation.  
This study confirms the notion that rate is a complex concept and informs 
teachers of the different ways, both correct and incorrect, in which students 
conceive this difficult mathematical idea. 
 
1-1 
1 Introduction  
This study is a qualitative exploration of conceptions of rate held by Year 10 students 
from the Australian state of Victoria. Rate is an important mathematical concept that 
is often poorly understood by many people. Rate is a complicated concept comprising 
many interwoven ideas (see Figure 1.1) such as: change in a variable resulting from a 
change in a different variable; the ratio of two numeric, measurable quantities; 
constant and variable rate; and average and instantaneous rate. It expresses the change 
in the dependent variable resulting from a unit change in the independent variable, 
and involves the ideas of change in a quantity; co-ordination of two quantities; and 
the simultaneous covariation of the quantities.  
Figure 1.1 illustrates the complexity of the concept of rate with particular emphasis 
on the different ways that rate may be seen in the graphic, numeric and symbolic 
representations. Rate is strongly connected to other mathematical concepts, such as 
ratio; proportion; fraction; division; gradient; and derivative (see Chapter 2). In 
addition, rate may be seen as a purely abstract mathematical notion or embedded in 
the understanding of real-world applications.  
 
 
Figure 1.1: Complexity of the mathematical concept of rate. 
Many textbooks define rate with varying degrees of sophistication depending on the 
intended audience of the text. A more detailed discussion of the nature of the concept 
of rate can be found in Section 2.2.  
1-2 
This thesis reports on the results of this exploration from two different perspectives 
focussing on different aspects of students‟ understanding of rate.  
Firstly, from a phenomenographic perspective the research question is: 
What are the conceptions of rate held by students who have not studied calculus? 
where a conception is taken to mean a “way of experiencing a phenomenon” (Marton, 
1981).  
Secondly, from the perspective of multiple representations and context the research 
questions are: 
In what way does representation affect Year 10 students' expressions of their 
conceptions of rate? 
In what way does context affect Year 10 students' expressions of their conceptions 
of rate? 
This introductory chapter outlines the context of this study; its importance; and its 
academic and practical contributions. Whenever the term „this study‟ is used it refers 
to the study underpinning this thesis. In addition, this chapter introduces the 
methodologies employed to address the research questions stated above. 
1.1 Importance of researching students’ conceptions of rate  
Rate is an important mathematical concept. Common examples of rates are: price per 
gram; speed; cost per kilometre travelled in a taxi; acceleration; volume per second in 
filling a tank; density; and variable rate distribution of fertiliser and seed. Some of 
these rates, such as speed and volume per second, display a temporal aspect whereas 
other rates, such as price per gram and cost per kilometre, do not. Some rates are said 
to be constant (they do not change) and others are said to be variable (they do 
change). For those students choosing to study more advanced mathematics, calculus 
extends the concept of rate to instantaneous rate. Further discussion of rate, average 
rate and instantaneous rate can be found in Section 2.2. Whilst it is expected that most 
of the participants of this study may have seen graphs of functions involving variable 
rate (Victorian Curriculum and Assessment Authority (VCAA), 2010) few will have 
1-3 
considered rate in these cases (see Section 1.2 for further details of the mathematical 
background of the participants).  
Even many calculus students have found rate particularly troublesome (Orton, 1983a; 
Porzio, 1997; Ubuz, 2007; see Chapter 2 for more detail). Robert and Speer (2001),  
reporting on an International Commission on Mathematical Instruction study of  
research into the teaching and learning of calculus, suggest that the problems 
experienced by some calculus students are a result of pre-existing conceptions of 
foundation concepts, such as rate. The current study explores the conceptions of rate 
held by students who have not commenced a study of calculus. Improvement of 
conceptions of rate held by students who have not yet studied calculus may, in turn, 
also address some of the difficulties experienced by students studying calculus 
identified by many researchers (see Section 2.4.5). Research spanning more than 
twenty years expressed concerns about students‟ understanding of rate and these 
concerns are still evident in recent research (see, for example, Carlson, Jacobs, Coe, 
Larsen & Hsu, 2002; Ubuz, 2007). Although calculus is a topic in mathematics 
usually only studied by a minority of students, it is reasonable to assume that if 
calculus students exhibit misconceptions then other people in the wider population are 
also likely to exhibit them.   
Some calculus students who can accurately produce the symbolic representation of 
the derivative by following a procedure (del Santos & Thomas, 2005), do not 
appreciate its meaning and connection to other mathematical concepts studied in 
earlier years. These students are competent in the application of procedural 
knowledge, but lacking in conceptual knowledge. Procedural knowledge refers to 
"rules or procedures for solving mathematical problems" (Hiebert & Lefevre, 1986, p. 
7) whilst conceptual knowledge is “knowledge rich in relationships” (p.3). Similarly, 
Rittle-Johnson, Siegler and Alibali (2001) helpfully describe procedural knowledge as 
the step-by-step solutions of mathematical problems. However, they warn that such 
procedural knowledge is problem-specific and so not generalisable. They refer to 
conceptual knowledge as the understanding of basic principles and the relationships 
between them. Such knowledge is not problem-specific and so is generalisable, 
enabling a student to select appropriate concepts and apply them to novel 
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circumstances. In calculus, the introduction to derivative often includes a motion 
example where speed is aligned with derivative (see, for example, Stewart, 2007, a 
recent tertiary introductory calculus text used in Australian universities). It appears to 
be assumed that since speed is experientially real for students, it is also well 
understood as an abstract concept and so may be taken to be a familiar concept on 
which to build an understanding of derivative.  This study investigates the validity of 
this assumption. Research undertaken relating to the understanding of rate of students 
who have not studied calculus (Roschelle & Kaput, 1996; Roschelle, Kaput & Stroup, 
2000) demonstrates that the ideas of change and rate are accessible to students who 
have not studied calculus. However, speed and acceleration were the only rates 
considered and it is questionable that a conception of rate developed in a motion 
context is sufficiently robust to be useful in other contexts, especially abstract 
problems without any real-world connection.  
Many innovations, such as the increased use of technology and an emphasis on 
applications (see, for example, Oliveros & Santos-Trigo, 1997; Porzio, 1997; 
Rasmussen & King, 2000; Schwalbach & Dosemagen, 2000; Roorda, Vos & 
Goedhart, 2007) and resultant changes in text books (for example Stewart, 2007) have 
been implemented to improve the outcomes of calculus courses. However, there still 
remains a demonstrated lack of understanding by students of the fundamental ideas of 
change and rate reported by researchers of calculus students‟ understanding of rate, 
such as Rasmussen and King (2000), Carlson et al. (2002) and Hassan and 
Mitchelmore (2006). A sound understanding of rate is foundational to a sound 
understanding of derivative, hence advanced study in mathematics. This study seeks 
to provide a structure on which to base an instructional sequence for middle 
secondary students that would provide a conceptual underpinning, both for better 
understanding of rate in everyday contexts and for further study in mathematics. 
Further discussion of previous research relating to rate can be found in Chapter 2. 
Advances in the availability of a range of technology-based tools have lead to 
modification of mathematics curricula in schools. The Victorian Essential Learning 
Standards (VELS) (VCAA, 2010), which specifies mathematics curricula in Victorian 
schools, have mandated the use of technology  
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such as graphic calculators, spreadsheets, dynamic geometry software and 
computer algebra systems for a range of mathematical purposes including 
numerical computation, graphing, investigation of patterns and relations for 
algebraic expressions, and the production of geometric drawings 
(Mathematics - Level 5).  
In particular, the value of an emphasis on students‟ procedural competence is called 
into question when the new generation of calculators is considered. These calculators 
are loaded with a computer algebra system (CAS) which can perform algorithmic 
routines accurately and quickly, challenging much of what was previously considered 
to be essential mathematical knowledge and skills. Therefore, it is possible that 
today‟s Year 10 students from the schools in the Australian state of Victoria may 
have encountered rate in different ways than their predecessors. This would influence 
their current conceptions of rate which may now include aspects that were previously 
absent. So, this study investigates the current circumstances providing up-to-date 
information about students‟ prior knowledge of rate. 
1.2 This Study 
The participants in this study were twenty Year 10 students at Victorian secondary 
schools. Year 10 is the last year of common curriculum before specialisation, where 
may be assumed to have worked with functions where rate is constant (that is, linear 
functions) and also functions where rate is variable (for example, quadratic functions) 
although the connection between these functions and rate may not have been 
emphasised.  
The methodology of this study is underpinned by phenomenography (see Chapter 4 
for details) so sampling, interview style and data collection followed standard 
phenomenographic protocols. In this study the focus of the interviews was the 
participants‟ personal conceptions of rate. However, analysis of the data was 
undertaken from two different perspectives in order to obtain a more complete 
understanding of conceptions of rate held by Year 10 students. Firstly, a 
phenomenographic analysis was performed to reveal an overall mapping of the 
conceptions of rate held by the group. “Phenomenography is an interpretive research 
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approach that seeks to describe phenomena in the world as others see them, the object 
of the research being variation in ways of experiencing the phenomenon of interest” 
(Bruce, Buckingham, Hynd, McMahon, Roggenkamp & Stoodley, 2004, p.147). The 
second approach, a content analysis based on the outcomes of the phenomenographic 
analysis, was performed. It further analysed the data from the phenomenographic 
interviews focussing on the impact of two different contexts representing different 
kinds of rate (that is, speed and a non-temporal rate), and three different mathematical 
representations (that is, numeric, graphic and symbolic) on individual student’s 
expression of their understanding of rate. Details of the phenomenographic analysis 
can be found in Chapter 6 and details of the content analysis can be found in Chapter 
7. The next section outlines the phenomenographic analysis. 
1.2.1 Phenomenographic analysis – Overview of variation in 
conceptions of rate 
In this study phenomenography was employed to explore the qualitatively different 
ways (Marton, 1981) that rate is conceived by students. It was first used as a 
methodology in the mid-1970s by a team of researchers led by Ference Marton at 
Gothenborg University, Sweden. They investigated the learning of university students 
by analysing transcripts of interviews. Students read a section of text and subsequent 
interviews focused on the learning articulated by the students (Marton, 1975; Marton 
& Saljo, 1976). Later, Marton and Saljo, along with other researchers (Neuman,1999; 
Ramsden, Masters, Stephanou, Walsh, Martin, Laurillard & Marton, 1993; Prosser, 
1994; Booth, 1992; Barnard, McCosker & Gerber,1999) investigated the learning of 
basic concepts in a broader range of educational domains such as accounting, 
economics, science and mathematics. Although most phenomenographic studies are 
still based in education and learning, phenomenography has recently been used to 
explore a much wider range of contexts such as business, social issues and health 
care.  
For this study, employment of the methodology of phenomenography resulted in a 
mapping of Year 10 students‟ conceptions of rate. Justification for the employment of 
phenomenography for this study can be found in Chapter 4. Data for this study were 
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collected in the form of in-depth phenomenographic interviews of Year 10 students at 
the six Victorian secondary schools (see Chapter 5) involved in the RITEMATHS 
project, a research project investigating the effectiveness of the use of technology in 
the teaching and learning of mathematics. This group of schools “encompass several 
important dimensions of diversity” (RITEMATHS, 2006) with schools from: private 
and public sectors; metropolitan and regional schools; and co-educational and single-
sex schools. At these schools teachers of Year 10 were asked to select students 
ranging in mathematical ability, thus providing a suitably diverse group of 
participants for a phenomenographic study as it is reasonable to expect that this group 
demonstrates variation in conceptions of rate.  
Investigating the research question addressed in the current study, requires insight 
into students‟ understanding, but collection of classroom data for educational research 
is often problematic due to the many uncontrolled factors influencing the data 
(Schoenfeld, 2008). One means of collecting in-depth snapshot data is the use of 
video to record non-verbal communications. Gestures may be used to supplement and 
sometimes replace the verbal descriptions. The insights gained by examining the non-
verbal communications inform the researcher‟s understanding of the meaning behind 
the participants‟ utterances.  
In this study, participants’ conceptions of rate were explored in two different rate 
contexts facilitated by the use of computer-based simulations (see Section 5.4.5 for 
details) in Geometers’ SketchPad (Key Curriculum Press, 2010)  and JavaMathWorld 
(Mathematics Education Researchers Group, 2004), thus providing a focus for each 
participant’s explanations as they grappled with the words needed to describe the 
different rates. Extensive piloting of the simulations and interview protocol was 
undertaken before the data for the study were collected. 
The transcriptions and videos of the interviews were examined to find ways of 
grouping the participants‟ conceptions of rate into categories (see Chapter 5 for 
details of phenomenographic data collection and Chapter 6 for details of 
phenomenographic analysis of this study) which were structured to show the 
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relationships between the categories of students‟ conceptions of rate identified in this 
study.  
1.2.2 Content analysis – Impact of scenario context and 
mathematical representation on individual’s conceptions of rate 
Many phenomenographers regard the establishment of the outcome space as the final 
result of a phenomenographic investigation (Marton, 1981). However, Boulton-Lewis 
and Wilss (2007) suggest that more can be made of the data collected for a 
phenomenographic study than just the outcome space. They claim that the use of 
other qualitative methods allows a more complete and interesting picture of the data. 
In their study, they combined phenomenography with an interpretive-descriptive 
analysis in order to explore the range of issues related to informal learning because 
informal learning was not a single phenomenon and hence phenomenography alone 
was not appropriate. Similarly, Reid and Petocz (2006) report on other qualitative 
methods which they used in addition to phenomenography, for example, thematic 
analysis of common ideas rather than differences by observing common phrases and 
emphases made by the participants. They have also combined phenomenography with 
action research (Reid & Petocz, 2003). Consequently, a second analysis of the 
interview data was undertaken. It focussed on the role played in individual 
participants‟ expression of their conceptions of rate, by the contexts of the computer 
simulations and associated multiple representations of the functions resulting from the 
simulations. Since this analysis has an individual rather than a group focus, 
phenomenography alone was not appropriate.  
Detailed analysis (see Chapter 7 for details of content analysis of this study) of the 
video-record of each participant‟s interview provided insights into how their 
understanding of rate is demonstrated in several different representations and 
contexts. All responses including images were re-examined to discern any influence 
of the representations and contexts, available in the computer-based simulations, on 
the participants‟ expression of their understanding of rate. This approach focussed on 
individual responses rather than attempting to assemble responses into categories 
across the whole group as in the phenomenographic analysis.  
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1.3 Contributions of this study  
1.3.1 Academic contributions of this study 
Whilst much research has been reported on the difficulties with rate experienced by 
some calculus students (see Section 2.4.5), less research has investigated conceptions 
of rate held by students who have not studied calculus (see Sections 2.4.1 to 2.3.4). 
The focus of most of this research has been motion contexts with less attention to the 
complicated nature of rate. This study addresses this gap by providing a holistic 
investigation of rate including: constant and variable rate; speed; and a rate where 
time is not involved. The results of this study provide a mapping of Year 10 students‟ 
conceptions of rate previously absent from the literature. 
In addition, this study extends the breadth of applicability of phenomenography to 
encompass other mathematical notions, especially troublesome concepts. It also 
provides greater detail of phenomenographic analysis than is usual in 
phenomenographic research. This detail is intended as a guide for future mathematics 
education researchers wishing to employ this methodology. Moreover, the 
interpretation of gesture in revealing the meaning behind participants‟ utterances is an 
innovative practice in phenomenography, which this researcher considers vital in 
exploring mathematical conceptions.  
1.3.2 Practical contributions of this study 
This study provides empirical evidence of Year 10 students‟ conceptions of rate 
which will supply important information on which to base targeted teaching 
interventions to improve student understanding of the rate. Such information may be 
referred to as pedagogical content knowledge (PCK) which is   
that special amalgam of content and pedagogy which is uniquely the 
province of teachers … It represents the blending of content and pedagogy 
into an understanding of how particular topics, problems, or issues are 
organized, represented and adapted to the diverse interests and abilities of 
learners, and presented for instruction (Shulman, 1999, p.64)  
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It is expected that the results of this study will inform teachers‟ PCK and may enable 
the development of more effective teaching materials and strategies for the concept of 
rate. 
Although calculus is a topic usually only studied by a minority of students at senior 
secondary or tertiary levels, an understanding of rate is important for all students. 
There are many examples where an understanding of rate is needed (Swedosh et al., 
2007; Glazer & McConnell, 2002). For those students choosing to study more 
advanced mathematics, such as calculus, the concept of rate is examined more 
broadly. So students not studying calculus are excluded from learning more about rate 
and may not have a sufficiently robust understanding of rate to meet the challenges of 
analysing the mathematics of change in today‟s world. So it is vital that the writers of 
text books including calculus texts are aware of the accuracy or otherwise of their 
assumptions regarding students‟ prior knowledge.  
The results of this study are anticipated to be important in informing teachers, 
curriculum planners and the authors of textbooks to facilitate the preparation of a 
teaching and learning sequence which specifically addresses these conceptions, in 
particular, likely misconceptions. Teachers‟ awareness of the diversity of students‟ 
conceptions may encourage teachers to place more importance on conceptual 
understanding and less on mathematically correct routines. This awareness may assist 
in the development of instructional sequences specifically addressing students‟ 
existing conceptions which may prevent the development of the persistent 
misconceptions reported previously. 
1.4 Structure of thesis 
This chapter provides the background and justification for the research question(s) 
that were studied. Chapter 2 reviews the research literature about rate, with Chapter 3 
addressing the research literature regarding multiple representations. Chapter 4 
presents the theoretical underpinning of this study elaborating this researcher‟s views 
on learning and teaching which underpin this study, including the importance of the 
teacher‟s awareness of the critical aspects of the object of learning. Details of the 
rigorous procedure followed in this phenomenographic study, including issues of data 
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collection, are presented in Chapter 5.. Chapter 6 includes an explanation of the 
process of phenomenographic analysis of the video data. The results of the 
phenomenographic analysis, the „rate outcome space‟, map the conceptions of rate of 
this diverse group of Year 10 students. This outcome space is presented along with 
detailed descriptions of the categories and a discussion of these results. The results of 
the analysis described in Chapter 6 provide a framework for the content analysis. This 
content analysis analyses the data from a different perspective and is described in 
Chapter 7. The results of this additional analysis are presented and discussed. The 
final chapter, Chapter 8, outlines the limitations of this study, suggestions for future 
research, and theoretical and practical contributions. 
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2 Review of Rate Literature 
2.1 Introduction  
This chapter reviews the literature related to students‟ understanding of the concept of 
rate to provide background for the research questions. 
What are the conceptions of rate held by students who have not studied 
calculus? 
In what way does context affect Year 10 students' expressions of their 
conceptions of rate? 
This chapter is concerned with the concept of rate as it has been previously 
investigated in mathematics education research. This study seeks to reveal the 
variation in the conceptions of rate held by Year 10 students, henceforth referred to as 
„this study‟. As described in Chapter 1, rate is a complicated mathematical concept. It 
may be that there exists developmental stages for rate in general such as those for 
speed described by Piaget (1970) and perhaps similar to the theoretical perspective 
for the development of graphical understanding of derivative proposed by Asiala, 
Cottrill, Dubinsky and Schwingendorf (1997); the Representational Framework of 
Knowing Derivative developed by delos Santos and Thomas (2003); or Zandiehs‟ 
(2000) framework for analysing understanding of derivative (see Section 2.4.5). This 
study seeks to establish a similar structure for rate by determining the conceptions of 
rate of this study‟s  participants based on empirical evidence from interviews. 
In any research project it is important to be aware of previous work related to the area 
of investigation, in this case the conceptions of rate held by Year 10 students. Some 
research has focussed on the difficulties that some students experience with the 
concept of rate, with students who have not studied calculus. An understanding of rate 
is becoming increasingly important in making everyday choices; however, much of 
the research into students‟ understanding of rate has been conducted with American 
students who have already begun a study of calculus. Together, the reviewed 
literature is of interest to this study in that it highlights the necessity to find out more 
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about what students understand about rate before they begin calculus or leave school. 
The results of this study may guide the development of appropriate teaching strategies 
for early and middle secondary school and so better prepare students for a study of 
calculus and instances of rate in daily life. 
This chapter describes an overview of research into teaching and learning of rate and 
misconceptions held by some students. It discusses the persistent difficulties some 
students experience with the concept of rate and some strategies which have been 
trialled to overcome them. It begins with a discussion relating to the nature of rate and 
the importance of studying rate. 
2.2 What is rate? 
Rate is a complicated concept (see Figure 1.1) and is a ratio comparing two different 
numeric, measurable quantities, for example, density is a rate which compares a 
measure of mass with a measure volume. It expresses the change in the dependent 
variable resulting from a unit change in the independent variable, and involves the 
ideas of change in a quantity; co-ordination of two quantities; and the simultaneous 
covariation of the quantities. Rate is considered constant if the way in which the 
quantities change in relation to each other remains the same and variable if it differs. 
For example, speed expresses a constant relationship between the distance and time, 
whilst this relationship varies when speed is changing.  
Closely related to the concept of rate is the concept of proportion. Proportion 
involves a linear relationship between two quantities (Karplus, Pulos & Stage, 1983). 
“A single proportion is a relationship between two quantities such that if you increase 
the size of one by a factor of a, then the other‟s measure must increase by the same 
factor to maintain the relationship” (Thompson & Saldanha, 2003, p.114). So 
proportion can be considered as constant rate (Ben-Chaim, Fey, Fitzgerald, Benedetto 
& Miller, 1998; Orton, 1984). Consequently previous research into students‟ 
understanding of proportion is important background informing this study. Further 
discussion on proportion and its relationship to rate can be found in Section 2.4.4. 
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Various authors, textbook writers and researchers use differing vocabulary when 
discussing rate and emphasise different aspects of rate.  
Terminology 
Lamon (1999) refers to a diversity of ideas about rate stating: 
It is difficult to arrive at a single definition of rate on which everyone will 
agree. If we look at the ways rates are used in everyday contexts and the 
ways in which the word rate is used mathematically and colloquially, we see 
a complex web of meanings (p. 204). 
Some authors stress the relationship between the variables. Carlson, Jacobs, Coe, 
Larsen and Hsu (2002) refer to covariational reasoning as “the cognitive activities 
involved in coordinating two varying quantities while attending to the way in which 
they change in relation to each other” (p. 354). Thompson (1994a) asserts that the 
development of covariational reasoning begins with the idea of change in a quantity 
which expands to a view involving two quantities, subsequently including ideas 
related to the covariation of the quantities. Thomson emphasises the relationship 
between the changes in two quantities and claims that rate involves the ideas of 
change in a quantity; co-ordination of two quantities; and the simultaneous 
covariation of the quantities. Glazer and McConnell‟s (2002) description of rate 
relates to real-world applications of rate and their intended audience is consistent with 
the age and stage of the participants of this study. They claim that “[a] rate describes 
change that is dependent on a variable” (p. 96). They discuss the ideas of constant and 
variable rate, and average and instantaneous rate in terms of real-world examples.  
Other writers use different terms to mean the same thing. Hauger (1995) highlights 
the importance of three types of rate: global; interval; and point-wise. Global rate, 
also used by Tall (1985a), corresponds to the term qualitative rate used by Stroup 
(2002) to mean a descriptive verbalisation of rate, which does not include numbers. 
Interval rate corresponds to the term average rate (Orton, 1984; Bezuidenhout, 1998; 
Carlson et al., 2002; Coe, 2007) meaning the amount of change in the independent 
variable over given interval of the dependant variable. Point-wise rate corresponds to 
the term instantaneous rate (Oliveros & Santos-Trigo, 1997; Carlson et al., 2002; 
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Billings & Kladerman, 2000) meaning the gradient of the tangent at a point on the 
graph of a function. Similarly, James and James (1968) in their dictionary of 
mathematical terms refer to instantaneous rate as “rate of change at a point is the 
slope of the tangent to the graph of the function, the derivative at the point” (p. 301).  
The slope or gradient of a tangent may be regarded as a measure of rate, but not the 
same as the notion of unit rate as the change in the dependent variable resulting from 
a unit change of the independent variable. Rate is sometimes referred to as rate of 
change. Barnes (1991) refers to rate of change as “the change in y per unit change in 
x” (p. 2). Likewise, Hauger (1997) stresses the importance of the unit change in the 
independent variable resulting in a change in dependent variable. 
Lesh, Post and Behr (1988) explain that extensive quantities give the magnitude of a 
quantity, whilst intensive quantities convey information regarding the relationships 
between an extensive quantity and a single unit of another extensive quantity. For 
example, speed is an intensive quantity which expresses the relationship between the 
two extensive quantities of distance and time. Likewise, density is an intensive 
quantity which expresses the relationship between the two extensive quantities of 
mass and volume.  
This thesis will use the terms qualitative, average and instantaneous when discussing 
the types of rate to which Hauger refers and the term „rate‟ refers to both constant and 
variable rate in a variety of contexts and representations.  
The next section explains why a study of rate is important for all and a necessary 
underpinning for further study in mathematics, especially calculus.  
2.3 Why learn about rate? 
“[V]irtually the entire population is now deemed to be in need of significant 
mathematical power” (Kaput, 1992, p. 518). Understanding rate is one aspect of this 
significant mathematical power to which Kaput refers. It enables people to make 
everyday choices, for example: a cricket team‟s run rate per over; water flow rate 
through a hose; variable speed requirements of the road laws; comparison of 
country‟s birth rates by age group; the interest rate on a term deposit; slope of terrain 
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taken from a map; pulse rate before and after exercise; price per orange; conversion 
rates; inflation rate; precision farming and many more (Swedosh, Dowsey, Caruso, 
Flynn, & Tynan, 2007; Glazer & McConnell, 2002; Lamon, 1999). Expertise in 
analysing the mathematics of change, such as “the relations between varying 
quantities [rate] and the accumulation of those quantities” (Kaput, 1995, p. 49) has 
become important for all (Roschelle, Kaput & Stroup, 2000). Hoyles, Wolf, 
Molyneux-Hodgson and Kent (2002) in their report to the United Kingdom‟s Science, 
Technology and Mathematics Council of mathematical skills required in the 
workplace mentioned many important rates in their report. Many of these rates 
include the notion of a unit change in an independent variable, such as production 
rates in manufacturing; dissolution rate of tablets in the pharmaceutical industry; and 
rate of return on investments 
Even the notion of variable rate is assuming more importance, for example in 
precision-farming the cost of application of a substance may be reduced by 
consideration of soil conditions (Fleming, Westfall, Wiens & Brodahl, 2001) thus 
leading to variable application rates. Another example of the importance of an 
understanding of variable rate is house mortgages where rates often vary considerably 
and home buyers find that the affordable repayments quoted at the start of a loan 
become prohibitive when rates change. So rates are not only important in working 
life, but rate-related reasoning is needed in a number of everyday decisions, such as 
mortgages with variable interest rates or determining which broadband internet plan 
best suits our needs where considerations of download rates and cost often include 
many choices. In Victorian schools, arithmetic calculations of constant rate, such as 
price per biscuit, are experienced in conjunction with a study of ratio and percentage 
in early secondary schools (see Section 2.5.4) so it is reasonable to expect that 
middle-years secondary students would be familiar with the term „rate‟. 
In addition to understanding of rate in everyday contexts, a sophisticated 
understanding of rate that coincides with the currently accepted understanding of 
experts, is crucial to the development of understanding of derivative. Derivative is an 
important calculus concept requiring more than just procedural competence (Tall, 
1985b). Indeed, Lopez-Gay, Martinez-Torregrosa, Gras-Marti and Torregrosa (2002), 
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in their study of 103 high school physics teachers and analysis of 38 Physics text 
books, stress the importance of students‟ understanding of differential calculus in 
understanding physics. They claim that physics students don‟t understand the use of 
calculus in simple real-world problems and have difficulty in applying it with 
autonomy. This suggests that the value of calculus to other fields of study is 
undermined by students‟ lack of conceptual understanding of it. Further research 
relating to calculus students‟ difficulties with the concept of rate is presented below 
(Section 2.4.5).  
The following sections outline previous research focusing on the difficulties some 
students experience with the concept of rate, beginning with research where the 
participants are students who have not yet embarked on a study of calculus, followed 
by research where the participants are calculus students. This discussion outlines the 
relevance of this previous research to this study. 
2.4 Research on students’ understanding of rate 
This section begins with a discussion of previous relevant research demonstrating the 
difficulties some students who have not studied calculus, experience with the concept 
of rate, such as Bell and Onslow (1987), who report on their study of 598 British 
secondary students aged 11 to 14 years. They claim that there was “considerable 
confusion concerning the numerator/denominator roles of the two quantities 
comprising a rate” (p.275). Other research explores students‟ understanding of several 
similar, but different concepts: speed; density; gradient; and proportion. This 
discussion is followed by a similar examination of research where the participants are 
calculus students.  
2.4.1 Research on students’ understanding of speed 
Many researchers (Bowers, Nickerson, & Kenehen, 2002; Groves & Doig, 2003; 
Hauger, 1997; Kaput & Schorr, 2002; Nickerson, Nydam, & Bowers, 2000; Piaget, 
1970; Reed & Jazo, 2002; Roschelle, Kaput, & Stroup, 2000; Schorr, 2003; 
Thompson, 1994b) have investigated students‟ understanding of speed, and so their 
conclusions relate to speed rather than rate in general. Nevertheless their findings 
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provide interesting background to this study as speed is an important rate. 
Consequently, this research is relevant to this study which probes the role speed plays 
in the development of an abstract understanding of rate, independent of context and 
including variable rate. 
Speed is an intensive quantity (see Section 2.4.1), expressing the relationship between 
distance and time. Lobato and Thanheiser (1999) warn if the rate already has a label 
in natural language, such as speed, then students are more likely to perceive the 
attribute as a single entity and so not be aware of the covariance of two extensive 
quantities comprising the rate. Similarly, Lamon (1999) suggest these labels disguise 
the comparative nature of these rates and that students who understand rate in this 
way may be unable to connect the single entity with the comparison of the two 
extensive quantities which constitute the rate, such as distance and time, in the case of 
speed. Thompson (1994b) describes a teaching experiment involving one ten year-old 
fifth-grader. He reports that this student‟s initial understanding of speed as distance 
interfered with the way she could formulate the relationships between speed, distance 
and time. He asserts that introducing speed as the formula „distance divided by time‟ 
would have little, if any, relevance to student‟s initial understanding of speed and 
inhibits the development of a concept of speed as a ratio, thus preventing an 
understanding of rate applicable to a wide range of contexts. A concept of speed as a 
formula may restrict students‟ understanding of rate and not be transferable to other 
contexts.  
In addition, physically, constant speed is hard to distinguish, for example the earth is 
spinning on its axis at a constant speed of 1674.4 km/h at the equator, but persons 
living on the earth are not aware of that speed in their daily lives. Cohen (1961) in his 
book on physics, states “no experiment can be performed within a sealed room 
moving in a straight line at constant speed that will tell you whether you are standing 
still or moving” (p.91). Motion is experienced only in relation to other objects or 
landmarks or the physical sensations of vibration or wind or noise. So students‟ 
conceptions of speed may carry too high a perceptual load for them to discern speed 
as a relationship between the variables of distance and time. 
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Doig, Groves and Williams (1997) report on a collaborative research project between 
Australian and United Kingdom researchers of upper primary students‟ 
understandings of speed and its graphical representations when a ball is rolled down 
from different heights on an inclined plane. The distances that the ball rolled after 
leaving the bottom of the plane, were represented by lengths of streamers. The 
streamers were then used to construct graphs of the motion of the ball. Doig et al. 
report that students often appeared to think that the shorter the streamer, the faster the 
ball was moving rather than the correct interpretation that if the ball rolled a long way, 
as measured by the streamer, then it was moving faster than a ball which rolled a 
shorter distance. Later, Groves and Doig (2003) adapted this project with forty 
Australian upper primary students, to include a walking activity to precede the ball 
rolling activity. The walking activity used data logging equipment to connect each 
student‟s motion to the graphical representation of that motion. Students were asked 
to predict the shape of the graph for walking at different speeds expressed 
qualitatively, for example slowly, then moved on to constructing streamer graphs. 
Groves and Doig assert that although the students could measure both the distance 
and the time, they were unable to see the relationship between them. These projects 
illustrate that rate is a difficult concept for students to understand even in the familiar 
context of motion. However, it may be that these difficulties with speed are related to 
the age of the participants in the studies and have been resolved in older students such 
as those in this study.  
Hauger (1997) in her report of four students who had not studied calculus, 
investigated the use of speed in assisting the development of students‟ understanding 
of variable rate. She claims that students approach varying speed in several ways and 
she speculates that there may be a number of ways of developing an understanding of 
the relationship between speed and the shape of the graph. She asserts that the shape 
of the graph and differences in successive values in a table provide students with 
powerful ways of thinking about constant and varying speed. 
Some researchers exploring students‟ understanding of speed (Bowers, Nickerson, & 
Kenehen, 2002; Kaput & Schorr, 2002; Nickerson, Nydam, & Bowers, 2000; 
Roschelle, Kaput, & Stroup, 2000; Schorr, 2003) used the software JavaMathWorlds 
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(JMW) to enable the students to experience the notion of rate in this context. JMW is 
animated simulation software developed by the SimCalc project (Mathematics 
Education Researchers Group, 2004) (see Appendix A5 and Section 3.4.2 for more 
detail on JMW). Students manipulate a limited number of similar contexts, thus 
forming models of these particular contexts whilst at the same time building models 
for other problems (Gravemeijer & Doorman, 1999). If successful this could emerge 
as abstract reasoning about a concept not reliant on any particular context. This 
emergent model construct is similar to notion of abstract-general expressed by White 
and Mitchelmore (1996). According to White and Mitchelmore an abstract-general 
understanding of a concept is the result of generalising from numerous examples to 
synthesising in new contexts finally becoming abstract whilst an abstract-apart 
understanding is limited to algebraic symbols and their manipulation. So JMW could 
be said to aid the development of an abstract-general understanding of rate. 
JMW has been used in a variety of ways to support learning of a number of 
mathematical concepts. This thesis will only discuss those which are related to the 
focus of this study, that is, conceptions of rate. Roschelle et al. (2000) report on an 
episode from the trialling of JMW where one teacher was able to use the JMW graph 
to develop one young student‟s facility with interpreting distance, time and rate. They 
claim that the development of these concepts in the graphical representation contrasts 
with the symbolic equations typically found in a calculus classroom. They assert 
“[t]his episode shows that students can begin tackling significant concepts in the 
mathematics of change before taking algebra and years before they would satisfy the 
prerequisites for a normal calculus course” (p. 67). This suggests that it is possible, 
and perhaps desirable, to develop students‟ understanding of rate independently of a 
study of calculus. Similarly, Bowers et al. (2002) also report on a trial of JMW. They 
conducted a study of fifteen JMW sessions over three weeks with thirty students in an 
American seventh-grade class (12 to14 years of age) to teach proportional thinking 
(see Section 2.4.4). They claim that a strong emphasis on identifying the extensive 
quantities (see Section 2.2) of distance and time on the position graph  “was a crucial 
first step in supporting students‟ efforts to understand the intensive relationship 
involved in understanding speed as a ratio” (p.186). When considering the same 
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classroom trial of JMW, Nickerson et al. (2000) emphasise the students coming to see 
the importance of a unit speed in order to compare the journeys of different characters 
in the simulation. 
Some researchers examining speed also explored variable speed by building on 
student understanding of constant speed developed using the JMW software (Schorr, 
2003; Stroup, 2005). They found that by creating piece-wise linear functions in JMW 
with associated learning activities; even young students in late primary and early 
secondary school came to understand the relationship between distance and time in 
variable speed. Roschelle (1998) reports on a microanalysis of the discussions 
between two high school girls as they talk about the concepts of velocity and 
acceleration. He claims that the students‟ understanding more closely approximated 
scientific knowledge than their prior understanding. However, this new understanding 
was unstable and was influenced by different cases of motion. He warns that the 
qualitative nature of understanding constructed by students is almost entirely different 
from textbook knowledge which is focussed on equations. This suggests that teaching 
should somehow endeavour to bridge the gap between students‟ constructed 
understanding and the understanding accepted by an expert to be complete and 
correct (see Section 2.5.4 for a discussion of rate in textbooks).  
This research about speed suggests that it is assumed to be a suitable context on 
which to build an understanding of rate in general. Barnes‟ (1991) book on rates of 
change illustrates this assumption. She devotes an entire chapter to rate where the 
variables are distance and time. Other rates not involving these variables are only 
mentioned in the introductory chapter and are not given the same prominence. This 
study of conceptions of rate investigates that assumption. 
2.4.2 Research on students’ understanding of density 
Now, turning the discussion away from speed, other rate-related research is 
considered at this point. A robust conception of rate should be transferable to contexts 
which do not include time, for example density is a type of rate without a temporal 
aspect. Physical materials may have a constant density, but density may also vary. So 
density encapsulates a range of rate-related aspects, such as non-temporal contexts 
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and constant and variable rate. Smith, Maclin, Grosslight and Davis (1997) claim 
qualitative understanding of density precedes quantitative understanding of density. 
In addition, they report on the understanding of density of the thirty Grade 8 students 
in their study. They claim that this understanding about density was restricted by the 
manner in which they understood matter. Only questions relating to constant density 
were included in their study. Whilst many students in their study were able to 
remember the formula for density and substitute accurately appropriate values for the 
variables of mass and volume, only those following a curriculum which emphasised a 
conceptual understanding were able to demonstrate integration of formal and intuitive 
understanding of density, and able to articulate a clear, meaningful verbal definition 
of density. Fassoulopoulos, Kariotoglou and Koumaras (2003) report that the majority 
of students in their study of three hundred students aged 12 to 15, saw density as a 
liquid-specific feature with few recognising it as a variable proportional to weight per 
volume. Their students found it difficult to think about both weight and volume and 
the quotient which forms density. This is the same restricted thinking about an 
intensive quantity as has been seen with speed (Section 2.4.1). In addition, students‟ 
responses were influenced by the phenomenological features of the tasks often 
providing inconsistent answers. This suggests that context is an important element in 
discerning the related extensive variables in any intensive quantity. 
2.4.3 Research on students’ understanding of gradient 
A more abstract aspect of the concept of rate is gradient or slope, a manifestation of 
rate in the graphic representations of functions.  Wavering‟s (1989) aim was to reveal 
the logical reasoning necessary to draw graphs. He found that the responses from his 
secondary school participants could be classified into nine different categories 
regarding the graphing of the relationship between the variables. The categories he 
found extended from „no attempt‟ to „complete graph‟. Information was presented to 
the participants in the form of three tables representing two linear functions and an 
exponential function. His research instruments indicate that he considered rate-related 
reasoning important in drawing graphs. He suggests that a teacher‟s knowledge of 
students‟ reasoning processes was important in developing teaching strategies to 
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address the range of responses to drawing a graph. Later, Stump (1999) stresses the 
importance of teachers‟ conceptual understanding of slope because slope is so 
important in studying calculus or physics where the slopes of lines are used to 
develop the concepts of derivatives and rates. She reports that the majority of the 
eighteen pre-service teachers in her study do not think of slope as a rate. Almost all 
participants of her study consider slope as a property of the graphs of lines. The 
teachers report using examples such as ramps and ski slopes when teaching their 
students about slope, suggesting they see slope as a measure of steepness rather than 
the change in the dependent variable resulting from a unit change in the independent 
variable. Understanding slope in this way may restrict the understanding to rate to this 
particular context. This difficulty is similar to the difficulties highlighted with speed 
and density where the relationship between the extensive variables constituting the 
rate may not be discerned. Since the teachers found slope difficult, it is not surprising 
that when she investigated the understanding of slope of twenty-two high school 
students (Stump, 2001) she reports on the difficulty many students had with the 
interpretation slope as a rate. Stump proposes that in physical contexts, such as the 
slope of ramp, slope is a ratio and in functional context, such as the change in the 
length of a metal rod when heated, slope is a rate which measures the relationship 
between two variables. It is the second of these aspects of slope that is of interest to 
this study of conceptions of rate. Walter and Gerson (2007) reports on a study of 
twenty-five practicing elementary teachers from thirteen schools undertaking a three-
year professional development program. They describe the emergence of connections 
in the teachers‟ thinking between the notions of “additive structure, recursive linear 
equations, proportional relationships in discrete measurements, graphing, rise-over-
run, data tables, and an embodied sense of slope as steepness of a mountainside” 
(p.227). They claim that an understanding of slope based on the calculation of the 
ratio „rise over run‟ limits the development of connections between slope and rate. 
This is consistent with Thompsons‟ (1994b) claim that calculation of speed from the 
formula limits the development of speed as a rate. 
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2.4.4 Research on students’ understanding of ratio and proportion 
A ratio is formed when a quotient, that is, one number divided by another number 
refers “to a multiplicative relationship between two quantities” (Smith, 2002, p. 4) 
and proportional reasoning is the thinking involved when working with ratios. The 
ratio is termed a rate when the two quantities measure different things, for example 
mass and volume in the case of density. Ben-Chaim, Fey, Fitzgerald, Benedetto & 
Miller (1998) express proportion as “a statement of the equality of two ratios” (p. 
249) whereas Karplus et al. (1983) refer to a linear relationship between two 
quantities. This linear relationship means that proportion is closely related to constant 
rate. These notions all express aspects of the concept of proportion and difficulties 
with proportion are likely to be reflected in difficulties with rate. So research into 
students‟ understanding of ratio and proportion is extremely relevant to inform this 
study of conceptions of rate. 
In their summary of early research in this area, principally from 1965 to 1984, 
Tourniare and Pulos (1985) conclude “[t]he research reviewed suggests that the 
development of proportional reasoning is much more complex than often thought” (p. 
199). They report that strategies for solving proportional reasoning problems improve 
with age and experience, but claim that a main source of error in proportion problems 
is a focus on constant difference when multiplicative comparisons are more 
appropriate. Noelting (1980) proposes stages in the development of ratio. Since rate 
may be considered a ratio expressing the relationship between two different types of 
quantity (see Section 2.2) these stages for ratio suggest that similar stages may also 
exist for rate.  
Many researchers claim that proportion is a difficult concept for many students 
(Adjiage & Pluvinage, 2007; Alatorre & Figueras, 2005 ; Behr, Harel, Post, & Lesh, 
1992; Ben-Chaim et al., 1998; De Bock, Van Dooren, Janssens, & Verschaffel, 2002; 
Heller, Ahlgren, Post, Behr, and Lesh, 1989; Litwiller & Bright, 2002; Norton, 2005 ; 
Singh, 2000). Behr et al. (1992) in their chapter in Grouw‟s Handbook on Research 
on Mathematics Teaching and Learning call for clarity in the definitions of rational 
numbers and fractions. They claim that in real-world problems, fractions and rational 
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numbers have multiple “personalities” and they discuss these in their chapter. In 
doing so, they bring together research from 1980‟s.  
Like Carlson et al. (2002), Confrey and Smith (1994) consider a covariational 
approach to be more effective than the conventional correspondence approach. The 
covariational approach to functions places emphasis on the relationship between the 
variables and the way they change in relation to each other. The correspondence 
approach emphasises building a rule of correspondence between the values of the 
variable, matching the value of one variable with the corresponding value of the other 
variable. Confrey and Smith propose that a narrow, abstract view of function “ignores 
the richness and viability in the student conceptions” (p.137). They assert that the 
initial steps to a covariational view of function are taken when rate and proportion are 
first presented to students and state that “the treatment of rate in many mathematics 
textbooks and classrooms is ambiguous and overly narrow”. They advise a broader, 
analytical approach emphasising rate as a unit by unit comparison.  
Various strategies have been trialled to improve students‟ understanding of 
proportion.  Adjiage and Pluvinage (2007) report on an experiment which tested the 
framework for the acquisition of fractions and solving proportionality problems they 
had developed by analysing the complexity of ratio problems in the middle grades. 
They claim that the concepts of fractions, ratios and proportionality are important in 
mathematics and that the teaching approach based on their framework and computer 
software, supporting trial and error methods, leads to gains in students‟ understanding 
of these concepts. Alatorre and Figueras (2005) report on a study investigating the 
development of proportional reasoning of twenty-three participants aged 9 to 65 with 
a diversity of school experience ranging from none to PhD. They claim that 
“proportional reasoning is highly context-dependent” (p. 32).  
Rules and shortcuts for symbolic operations should emerge as generalisations from 
conceptual understanding rather than being taught in place of them (Thompson & 
Saldanha, 2003). In particular, Thompson and Saldanha claim a deep understanding 
of fractions is dependent upon a deep understanding of proportionality. Person, 
Berenson and Greenspon (2004) note the disconnection between the concept of ratio 
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and manipulations with fractions for one prospective high school teacher. This is 
similar to the difficulties noted by Walter and Gerson (2007) and Thompson (1994b); 
where symbolic procedures are disconnected from the conceptions students bring to 
mathematics classrooms. This emphasises the importance of the development of 
teachers‟ pedagogical content knowledge, especially in the case of this investigation 
of conceptions of rate, to the planning and designing of learning material and 
activities to support students‟ development of mathematical concepts. For example, in 
Ben-Chaim et al.‟s (1998) study standard algorithms and procedures, such as 
operations on fractions and decimals; solving percentage problems; proportions; and 
tests for equivalence of ratios were not presented to the experimental group. They 
divided the seventh grade participants (aged 12-14 years) of their study into two 
cohorts: one control group of 128 students; one experimental group of 187 students. 
The control group followed the traditional American middle school curriculum, whilst 
the curriculum trialled with the experimental group was organised around interesting 
problem settings where students observe and discuss patterns and relationships hence 
forming generalisations. They compared the performance of these two groups on 
proportion problems. They discuss the unit-rate approach where the number of units 
of one variable associated with one unit of the other variable, within the given ratio, is 
calculated. They suggest the use of this approach is effective in improving adolescent 
students‟ understanding of proportion. They report that with time to explore and 
discuss authentic proportion problems, many students develop their own sense-
making tools to solve such problems. Singh (2000) concurs that the unit-rate approach 
is effective. His case study investigated the development of proportional reasoning of 
two Grade Six girls (aged 11 years). He advises that a child‟s experience with ratio 
and proportion should not be ignored by a focus on teaching algorithms and 
techniques disconnected from children‟s everyday experience. He suggests that 
posing problems which encourage the construction of unit co-ordination schemes, 
such as supermarket best-buys, should precede the introduction of a unit-rate strategy.  
Research suggests that some strategies related to proportion and constant rate 
problems are not helpful in solving problems where the rate is variable. De Bock, et 
al. (2002) investigated students‟ problem-solving strategies of word problems 
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involving lengths, areas and volumes of similar plane figures and solids. Their study 
compared the responses of two different groups of students: twenty seventh graders 
(aged 12-13 years); and twenty tenth graders (aged 15-16 years). They warn that the 
application of proportional reasoning to non-proportional problems is very prevalent 
and difficult to change even when strong contradictory evidence is provided.  Later, 
Van Dooren, De Bock, Hessels, Janssens, and Verschaffel (2004) trialled a teaching 
experiment aimed at overcoming this inappropriate reliance on proportional reasoning 
in non-proportional problems. The lessons specifically emphasised the limitations of 
linear functions in describing non-linear situations. They report that even after the 
lessons, students still experienced difficulties in deciding when it is appropriate to use 
proportional reasoning. These studies infer that over-reliance on proportional 
reasoning may also inhibit the development of an understanding of variable rate. 
There are a variety of different kinds of ratio problems which vary in difficulty for 
students (Heller et al., 1989; Allain, 2001). Heller et al. investigated the effects of 
context and ratio type in proportion problems with two hundred and fifty-four seventh 
graders with no previous instruction on proportional reasoning problems. They report 
that there are important differences in students‟ perceptions and thinking about 
different ratio types and claim that qualitative reasoning about the direction of 
changes in ratios should precede numerical exercises and that an abstract 
understanding of ratio and proportion is not always helpful in solving problems in 
science contexts, such as oil consumption of furnaces. Allain reports on a study of the 
proportional reasoning of seventy girls in the middle years, that many misconceptions 
surround the concept of proportion. She states that the most common misconception 
was the misinterpretation of a horizontal section in a distance-time graph where many 
students interpreted this to mean constant speed rather than zero speed. In addition, 
very few students were able to make qualitative judgements about comparisons of 
speed in different sections of the distance-time graph. In a problem about the area of a 
flag, most students demonstrated the misconception noted by De Bock et al. (2002) of 
applying proportional reasoning to a non-proportional context. Awareness of these 
misconceptions is important for this study of conceptions of rate and informed the 
design of the computer-based simulations (see Section 5.2.4).  
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Norton (2006) reports on an integrated study of mathematics and technology practice 
which was hoped to improve Year 7 (aged 10-11 years) girls‟ engagement with 
mathematics. The relevance of Norton‟s study to this study of conceptions of rate is 
that the mathematics chosen for his study related to proportion and ratio. The girls 
constructed simple machines using a Lego kit following the instructions included in 
the kit. He claims that the greatest improvement related to test items requiring a 
greater degree of abstraction and multiplicative thinking, so this activity provided 
opportunities for the development of the abstract-general thinking White and 
Mitchelmore (1996) advocates (see Section 2.4.1). 
Given the difficulties which many students experience with proportion, and hence 
constant rate, it is not surprising that calculus students experience difficulties when 
the concept of rate is needed to progress in more advanced mathematics such as 
differentiation. The next section outlines some of the research which has investigated 
calculus students‟ understanding of rate. 
 2.4.5 Research on calculus students’ understanding of rate  
Rate provides an important underpinning for the concept of derivative (Bezuidenhout, 
1998; Oliveros & Santos-Trigo, 1997; Asiala et al.,1997).  Oliveros and Santos-Trigo 
observed pairs of high school calculus students working on rate-related problems and 
stress the importance of understanding of the rate of functions to the development of 
the concept of derivative. Asiala et al. (1997) propose a genetic decomposition or 
model of cognition for the development of graphical understanding of derivative, 
describing the specific mental constructions a learner may make to develop their 
understanding of the concept of derivative. They proposed an initial theoretical model 
of cognition and then tested this genetic decomposition by interviewing forty-one 
engineering, science and mathematics students after at least two semesters of single 
variable calculus. Analysis of these interviews resulted in a revised framework. They 
emphasise that “pre-college mathematics courses must address the well-documented 
problem of students' inadequate preparation for calculus (and other higher 
mathematics courses) with respect to the function concept” (p. 422). This contention 
supports the necessity of this study of conceptions of rate to shed light on students' 
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inadequate preparation for calculus. The Representational Framework of Knowing 
Derivative developed by delos Santos and Thomas(2003) outlines three dimensions of 
knowing derivative in the numeric, graphic and symbolic representations:  procedure-
orientated; process-orientated; and object-oriented; and, in addition, outlines two 
other dimensions across all these representations: concept-oriented; and versatility. 
Their report of two case studies involving New Zealand calculus students partially 
confirms the appropriateness of the framework. Roorda et al. (2007) reporting on the 
suitability of Zandieh‟s (2000) theoretical framework for mapping the development of 
two students‟ understanding of derivative, describe the manner in which they applied 
the framework. Zandieh‟s framework was developed from observation of textbook 
descriptions of derivative and the manner in which it was discussed by mathematics 
education researchers, mathematicians, mathematics graduates and students in 
calculus classrooms. It is organised around the ideas of multiple representations and 
process-object pairs involving ratio, limit and function. Awareness of these 
frameworks guided the development of the computer-based simulations used as a 
stimulus for discussion in the interviews with the participants of this study of 
conceptions of rate. 
The traditional approach to the introduction of the concept of derivative assumes a 
sound understanding of rate and illustrates the derivative as the gradient of the tangent 
to the curve at a point, then moves quickly to emphasise symbolic manipulation. For 
example, in Garner, McNamara, Moya, Gunatilake, Neal, Nolan, and Rogers (2006) a 
mathematics text with an introduction to calculus used in some Victorian schools, the 
symbolic representations of a function are manipulated to establish a symbolic 
expression for instantaneous rate by taking the limit of the average rate. Some 
students become competent in this manipulation and can accurately produce the 
symbolic representation of the derivative (del Santos & Thomas, 2005), but may not 
appreciate its meaning and connection to other mathematical concepts studied in 
earlier years. In Anton, Bivens and Davis (2005) a recent tertiary introductory 
calculus text used in Australia, the first example of rate in their chapter on derivatives 
is the velocity of a moving body, such as a car or a ball. They emphasise this 
particular rate with a detailed discussion of displacement, velocity, average velocity 
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and instantaneous velocity. It is only after this detailed discussion that other examples 
of rate are mentioned, for example “the rate at which the length of a metal rod 
changes with temperature” (p.153). This is followed by a definition for the slope of a 
linear function as “[a] 1-unit increase in x always produces an m-unit change in y” 
which is illustrated with the metal rod example. The unit rate is emphasised by the 
diagram seen in Figure 2.1. Variable rate is introduced through reference to the 
symbolic and graphic representations of the general function y = f(x), again 
emphasising a unit rate approach (see Figure 2.1). In the exercises following this 
introduction twenty-one out of twenty-three questions relate to contexts where 
distance and time are the rate-related variables. It appears to be assumed that since 
speed is experientially real for students, it is also well understood as an abstract 
concept. Therefore, speed appears to be taken to be a familiar concept on which to 
build an understanding of derivative. This study investigates the validity of this 
assumption. 
 
Figure 2.1: Rate diagrams from Anton et al. (2005), pp.153,154 
Calculus students‟ difficulties with rate manifest in many forms. One of the most 
significant of these is the confusion between the rate and the extensive quantities 
which constitute it (Thompson, 1994a; Rowland & Jovanoski, 2004), for example 
understanding of speed as a distance. Thompson reporting on the understanding of 
rate of his study of nineteen advanced mathematics tertiary students, describes 
students‟ confusion between the notions of change and rate of change and also 
confusion between amount and change in amount, for example when discussing the 
manner in which the volume of an inverted cone changed with height, one participant 
in his study “persisted in thinking about an increment in volume unrelated to an 
increment in height” (p.263). Rowland and Jovanoski‟s study of the understanding of 
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rate of fifty-nine first year science students with previous experience with calculus, 
found that many students confused amount and rate, for example they report one 
students‟ response as “[the constant term in a differential equation] represents the 
amount of drug going into the patient‟s body” or “[the constant term in a differential 
equation] is the initial amount of drug in the body” (p. 511). They suggest this 
confusion often resulted from a reliance on constant rate ideas not valid in the 
differential equations presented. Their findings indicate that the confusion between 
amount and rate, noted by Thompson (1994a) still persists.  
Other difficulties with understanding of rate include: confusion relating to symbols 
and their use as variables (White & Mitchelmore,1996); lacking awareness of the 
relationship between slope, rate and the first derivative (Porzio, 1997); 
misunderstandings related to average and instantaneous rate (Orton, 1984; Hassan & 
Mitchelmore, 2006); and related-rates problems in speed (Billings and Kladerman, 
2000); and geometric contexts (Martin, 2000). White and Mitchelmore (1996) report 
on their study of forty first year Australian tertiary mathematics students, that an 
underdeveloped concept of variable is responsible for many students‟ difficulties with 
calculus. Students‟ responses to an item on rate suggest that difficulties with rate may 
be attributed to difficulties with symbolisation, especially where students‟ 
manipulation focus emphasises manipulation of “symbols without any regard to their 
possible contextual meaning” (p.91) rather than recognising them as representing 
quantities. White and Mitchelmore warn that symbolic manipulation may lead to an 
abstract-apart understanding of the concept of variable limiting of students‟ 
understanding to algebraic symbols. They claim that relationships between symbols, 
such as in rates, are limited to routine procedures and  that in order to symbolise rate 
in complex problems students need to have developed abstract-general concepts to 
apply to specific contexts.  
Some researchers note confusion between average and instantaneous rate. Hassan and 
Mitchelmore (2006) report on their study of  fourteen Australian senior secondary 
students‟ understanding of average and instantaneous rate. Their study was 
undertaken after their participants had received an initial introduction to calculus. 
Their results suggest that the previous introduction to calculus had not influenced the 
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students‟ understanding of average rate or instantaneous rate. The students were 
interviewed twice, before and after a teaching intervention designed to address the 
difficulties with rate expressed in the first interview. The interview tasks were 
embedded in the contexts of motion, population growth and cooling rate. None of 
these rate contexts address a rate where time is not a variable. Hassan and 
Mitchelmore assert that whilst most students seemed to have a fair qualitative 
understanding of rate, few demonstrated an understanding of either average or 
instantaneous rate at the start of the first interview. Their teaching intervention, 
emphasising Tall‟s (1997) zooming-in approach, appears to facilitate the learning of 
instantaneous rate independently of average rate. Hassan and Mitchelmore emphasise 
the importance of a sound understanding of average and instantaneous rate before 
teaching more advanced concepts. Bezuidenhout‟s (1998) study involved five 
hundred and twenty-three South African first year calculus students and investigated 
these students‟ understanding of rate. He asserts that rate is a very important calculus 
concept. His study involved a diagnostic calculus test, including items on rate, with 
follow-up task-based interviews with fifteen students. He identifies the main 
confusion about rate involves the “relations between the concepts „average rate of 
change‟, „average value of a continuous function‟ and „arithmetic mean‟”(p.397).  
Similarly, Oliveros (1999) reports on one team of four twelfth-grade (aged 17-18 
years) introductory calculus students solving instantaneous rate problems in the 
context of the flow of water into a tank and states that rate was often seen as a 
numerical operation, similar to the treatment of rate in early secondary years, rather 
than a relationship between quantities. 
Martin (2000) reports on the ability to solve geometric related-rates problems of fifty-
eight university students taking an introductory calculus course. Related-rates 
problems often involve finding the time-dependant rate of some variables based on 
their relationship to other variables where their rates are known, for example 
“[c]onsider a balloon being inflated over time. Suppose the balloon is considered to 
be a perfect sphere and its radius is changing at the rate of 3cm/sec. How fast is the 
volume of the balloon changing when the radius is 20 cm?”(p. 80). Her results 
indicate that overall performance on these kinds of problems was poor.  
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Hauger‟s (1995) study is interesting in that her participants span the divide between 
calculus students and those who have not studied calculus. She conducted task-related 
interviews with twelve high school students who had not studied calculus, fifteen 
second semester college calculus students and ten upper division college mathematics 
majors. She compares the responses to questions relating to qualitative rate, average 
rate and instantaneous rate in the variable rate context of population change. Her 
results indicate that almost all of the students who had not studied calculus held a less 
developed understanding of qualitative rate than those who had studied calculus, as 
they did not attend to the manner in which the rate was changing. Only two of these 
students were able to relate average rate to the slope of the curve in the given interval. 
All students demonstrated little understanding of instantaneous rate from the graph, 
finding the average rate over the interval, zero to four, to represent the instantaneous 
rate at four.  Provision of the table assisted some students to consider intervals around 
four. She found that calculus and post-calculus students considered what was 
happening either side of t = 4 to determine what is happening at t = 4, but most 
students who had not studied calculus only considered intervals before t = 4. 
Therefore, average rate provided calculus and post-calculus students with a strategy 
for thinking about instantaneous rate.  
Since the 1980‟s concern has been expressed regarding the difficulties some calculus 
students have with the concept of rate. The older research is cited in this thesis to 
emphasise the persistence of these difficulties. Orton (1983a) reports on the 
understanding of derivative of held by one hundred and ten undergraduates in an 
introductory calculus course and states that these students showed some fundamental 
misconceptions such as confusion between: rate of a straight line versus rate of a 
curve; rate at a point versus rate over an interval; and the derivative at a point versus 
the point‟s y-coordinate. More recently, Rasmussen and King (2000) observe that the 
confusion between rate of a straight line versus rate of a curve, noted by Orton many 
years earlier, was still evident in the initial understandings of rate brought by students 
to their project. In addition, the participants of Ubuz‟s (2001) study of one hundred 
and forty-seven first-year engineering students exhibited misconceptions indicating 
little understanding of the concept of derivative and its relationship to a robust 
2-23 
understanding of the concept of rate. Some students do not realise that the formal 
definition of derivative is in any way related to gradients they calculated for linear 
functions much earlier and do not connect derivative to rate (delos Santos & Thomas, 
2005). Ubuz asserts this limited understanding of derivative indicates the need for a 
strong connection between the concepts of derivative and slope.  delos Santos and 
Thomas report on two calculus students‟ development from a “mainly procedural 
perspective to a more concept-oriented view of derivative” (p.383). However, they 
describe these students‟ conceptual understanding of derivative as lacking versatility, 
citing an inability to move seamlessly between representations, possibly restricted by 
their preference for the graphic representation (see Chapter 3 for more detail 
regarding representations). Ubuz (2007) reports that the same difficulties described by 
Ferrini-Mundy and Lauten (1994) still exist; students still experience difficulties 
matching the graph of a function with the graphic representation of its derivative. 
Similarly, Hassan , Mohamed and Mitchelmore (2000) report that the twenty-seven 
tertiary Maldivian students in their study had the same difficulty linking tangents to 
rate and derivatives. The students in Hassan et al.‟s study relied on formulae and 
rules. These students found it difficult to visualise the changing tangent as a point 
moves along a curve and were confused about the difference between average and 
instantaneous rate. 
Despite the implementation of many innovations, such as the use of technology, 
designed to improve the outcomes of calculus courses, students‟ lack of 
understanding of the fundamental ideas of change and rate persist (Hassan et al. 2000; 
Rasmussen & King, 2000; Carlson et al., 2002; Rowland & Jovanoski, 2004;  Coe, 
2007; Ubuz, 2007). Since these fundamental ideas of change and rate provide an 
important underpinning of derivative (see Section 2.2), researchers continue to 
persevere to find effective innovations. Carlson et al. (2002) state that the students in 
their study of twenty students after two semesters of calculus demonstrated similar 
difficulties with covariational reasoning displayed by those in Thompson‟s (1994a) 
study nearly a decade earlier. Aspects of Carlson et al.‟s (2002) theoretical framework 
for covariational reasoning may well be evident in the categories based on the 
empirical evidence of this study.  
2-24 
Awareness of the state of students‟ understanding is important in the preparation of 
instructional materials. For example, Carlson, Ochrtman, and Thompson (2007) claim 
that the revisions they have made to their calculus modules, on the basis of their 
analysis of data on calculus students‟ reasoning, are resulting in great improvement in 
calculus students‟ covariational reasoning abilities, as they take a one-semester 
introduction to calculus. Likewise, Rasmussen and King (2000) trialled the Realistic 
Mathematics Education (RME) design heuristic of guided re-invention to determine 
an appropriate, experientially-real starting point for the introduction of first-order 
differential equations. They began with a scenario involving the spread of a disease 
and asked students to sketch graphs showing the change in the numbers of 
susceptible, infected and recovered populations. Discussion of these graphs lead to 
discussions of rate. Several different contexts provided the stimulus to discuss how to 
set up an appropriate system of differential equations. Nevertheless, students still 
demonstrated difficulty in “how to use a rate of change equation to gain information 
about the quantity itself” (p. 166).  
This section presented and emphasised the persistence of the difficulties some 
calculus students exhibit in understanding the concept of derivative, often resulting 
from misconceptions of rate. So, rate may be considered a threshold concept (Davies, 
2003), that is, a concept that plays “a binding role in the structure of a subject” (p. 2) 
and as such they are critical for forward progression in a particular field of study. 
Rate is an essential underpinning for advanced study in mathematics, such as calculus 
(Bezuidenhout, 1998; Brown, 1996; Oliveros & Santos-Trigo, 1997) and so 
influences success in higher mathematics. It may be the complexity of the concept of 
rate (see Figure 1.1) which makes it such a troublesome concept and contributes to its 
importance as a threshold concept for calculus, preventing or limiting access to the 
study of calculus in the same way as Tall (1997) sees calculus as a “gateway to 
further theoretical developments” (p. 289) in mathematics. If this is the case with rate, 
then the results of this study are important in the preparation of appropriate teaching 
interventions.  This in turn may provide easier access for students to this important 
concept and, subsequently, calculus.  
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2.4.6 Diversity in (mis)conceptions of rate 
Some research indicates there are a number of different ways that rate is conceived. In 
Blanton, Hollar and Coulombe‟s (1996) study of forty-two calculus students, the 
context of population growth was utilised to probe students‟ understanding of the 
concept of rate. They report on the misconceptions and valid alternative conceptions 
of rate held by calculus students. Conceptions held by students which are not 
considered correct by an expert may be referred to as misconceptions and the valid 
alternative conceptions may be considered correct, but incomplete. Blanton et al. 
classified the (mis)conceptions into six categories expressed in terms closely 
dependant on the context. More generally, they relate most strongly to difficulties 
with expressing information in graphical form, but also indicate a lack of 
understanding of rate in terms of population growth. Similarly, Gomez, 
Steinborsdottir and Uselmann (1999) in their project involving high-school students, 
outline five levels of understanding of rate, as demonstrated by the students‟ written 
responses for each of three problems about constant temporal rates. The first two 
problems asked students to quantify constant rate. The first problem was a table 
showing a schedule of constant payments over time where students were asked to fill 
in missing values. The second problem involved extracting information from linear, 
distance-time graphs. The third question was more open-ended where students were 
asked to choose the best summer job to take and explain their choice. Gomez et al.‟s 
project was limited to constant rate in the numerical and graphical representations 
with a strong focus on quantifying the rate. No attempt was made to combine the 
levels of understanding for each problem into global descriptions of levels for rate in 
general. In a later paper about this project, Gomez (2000) acknowledges that the 
representation of the problem influences the solution strategy (see Chapter 3 for more 
literature related to representations).  
However, Gomez et al.‟s project informed the current study to the extent that its 
findings indicate that there was some hierarchy in understandings of rate. This study 
extends Gomez et al.‟s project to variable rate and explores Year 10 students‟ 
expression of their understanding of both constant and variable rate in the numeric, 
graphic and symbolic representations. It also extends the temporal contexts used 
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including a geometric rate in which time is not a variable (i.e. area vs. height) because 
the geometric rate may be a possible intermediate step between temporal rates and an 
abstract understanding of rate applicable to any context. Gomez (2000) acknowledges 
that it was difficult for her to ascertain the manner of students‟ thinking from their 
responses, as they did not give explanations rather just extracted their answers from 
the table or the graph, so the video-recorded interviewing of students may be 
expected to give deeper insights into students thinking as it allows for further probing 
of responses and interpretation of non-verbal communications not possible in a 
written test. Moreover, this study adheres to the guidelines set out for 
phenomenographic analysis of qualitative data (see Chapter 4 for justification of the 
employment of phenomenography for this study and details of the phenomenographic 
process of data collection and analysis) as this study seeks to determine the 
qualitatively different ways (Marton, 1981) that Year 10 students conceive rate. 
Although the work of Gomez et al.(1999) and Blanton et al. (1996) is based on 
American students, nevertheless it indicates that there are a number of different ways 
that rate is conceived. So it is expected that the Australian participants of this study 
(see Section 5.2.2 for details of the participants of this study) would also conceive 
rate in a number of different ways. This study seeks to reveal and describe these 
different conceptions of rate by interviewing Year 10 students in a diversity of 
Victorian secondary schools. This is significant since many students do not have the 
opportunity to investigate the fundamental ideas of change, rate and the accumulation 
due to change traditionally found in the study of calculus (Tall,1990a), because this 
mathematical topic is usually undertaken by only a small number of students at senior 
levels of secondary school or at tertiary levels. In addition, many researchers have 
shown that difficulties with calculus often coincide with difficulties with the concept 
of rate.  
Although some work has been done to explore possible teaching interventions to 
rectify these difficulties (see Section 2.5), they have not yet been successfully 
addressed. So, a mapping of Year 10 students‟ conceptions of rate will assist in 
locating possible origins of the misconceptions demonstrated by calculus students and 
provide a framework on which to build effective interventions.  
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2.5 Teaching rate 
Many authors call for calculus students to bring a robust understanding of rate to their 
study of calculus (Asiala et al., 1997; Brown, 1996; Carlson et al., 2002; Carlson, 
Persson & Smith, 2003; Confrey & Smith,1994; Coe, 2007; Hassan & Mitchelmore, 
2006; Hauger, 1995; Oliveros & Santos-Trigo, 1997; Orton, 1983a, 1984; Tall, 
1985a). Such a robust understanding would include qualitative rate, average rate and 
instantaneous rate with awareness of the relationships between extensive variables to 
enable students to apply this robust understanding of rate to a variety of contexts. 
Indeed, Ubuz (2007) calls for research to “enhance the understanding of the 
conceptualizations of calculus students” claiming “there is a need to deepen our 
understanding of students‟ prior knowledge about calculus and pre-calculus concepts 
and how that knowledge can serve as an anchor for subsequent learning” (p.635). 
This study does just that, in that it investigates Year 10 students‟ conceptions of rate, 
that is, the prior knowledge these students bring to a study of calculus.   
The concept of rate is foundational to concept of functions and, hence, rate and 
calculus (Ferrini-Mundy & Gaudard, 1992; Confrey & Smith, 1994) implying that 
greater attention should be given to the teaching and learning of rate in the middle 
years of schooling. Indeed, Ferrara, Pratt and Robutti (2006) claim “calculus needs to 
be studied across many years of school, from early grades onward, much as a subject 
like geometry should be studied” (p. 266). Similarly, Carlson et al. (2003) agree that 
rate is an important foundation concept for a study of calculus and the development of 
a process view of function and covariational reasoning abilities, such as facility with 
the amount and direction of change in one variable resulting from change in the other 
variable, average rate and instantaneous rate, before studying calculus (Carlson et al., 
2002). However, unlike Ferrara et al.(2006), Ferrini-Mundy and Gaudard (1992) and 
Confrey and Smith (1994), Carlson et al. (2002) advise that the time taken at 
secondary school on a brief introduction to calculus would be better spent on “a solid 
grounding in the understanding of functions and the conceptual underpinnings of 
calculus” (p. 68). Orton(1983a) suggests that teachers “take every opportunity to lay 
foundations of ideas of rate throughout a pupil‟s school life and … not leave the study 
of this important idea until it is required in order to make sense of differentiation” 
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(p.243). Likewise, Coe (2007) asserts that thinking about rate should start when 
beginning algebra early in secondary school. In Victorian schools, rate is included in 
the curriculum at Year 8 (students aged approximately 13 years old) level but not 
addressed again until the introduction to calculus some years later. Many 
opportunities to lay the foundation for conceptual understanding of rate, are missed in 
the intervening years when functions of several types, such as linear and quadratic, 
are studied. Even in Year 8, rate is presented in textbooks as an arithmetic calculation 
usually without emphasis on rate-related reasoning (See Section 2.5.4 for more 
detail). This view is shared by Confrey and Smith (1994) who assert that including a 
study of rate when introducing functions leads to a better understanding of functions.  
2.5.1 Importance of pedagogical content knowledge of rate  
Pedagogical content knowledge (PCK) relates to choice of appropriate teaching 
strategies addressing the content and sequence of presentation of concepts. It is a 
combination of the knowledge of an expert in the discipline and the general 
pedagogical knowledge shared by teachers of any discipline. PCK refers to 
knowledge of the development of students‟ conceptions and includes awareness of 
aspects of concepts seen by students to be difficult; strategies to address these 
difficulties; and students‟ prior knowledge especially any possible misconceptions. 
Prior knowledge is the basis on which new knowledge is built. Even and Tirosh (2008) 
discuss the importance of focussing on the knowledge students bring to a study of 
new knowledge and what they can already do, demonstrating how this limited prior 
knowledge can be best utilised. They also stress the importance of teachers 
constructing a path from students‟ conceptions to an expert‟s conception of a 
mathematical idea. Likewise, Runesson (2005a) outlines the importance of teachers‟ 
awareness of the variation in students‟ mathematical conceptions to facilitate the 
planning of targeted teaching interventions. So, it is important that teachers have 
some idea of the state of students‟ prior knowledge in order to design instructional 
sequences which connect new knowledge to prior knowledge. In the conclusion of his 
thesis about the effectiveness of teaching strategies to improve middle secondary 
students‟ understanding of rate, Onslow (1986) states “[t]eachers must become aware 
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of the difficulties hindering children‟s progress and make a determined effort to 
remedy them”, but warns that “teachers must realise that deeply held misconceptions 
are not easily overcome” (p.226). Vital to the development of curriculum materials 
and teaching strategies for the effective learning of rate, is informed knowledge of the 
possible conceptions of this important mathematical idea. For example, Hill, Rowan, 
and Ball (2005) highlight the impact of teachers‟ awareness of students‟ prior 
knowledge on the outcomes of students‟ mathematical learning. It has long been 
acknowledged (Schulman, 1986; Sowder, 2007) that there is an important difference 
between content knowledge, that is, knowledge of the content of instruction (CK) and 
pedagogical content knowledge (PCK), that is, knowledge on how the content may be 
taught. It may be that not all students‟ conceptions of rate are mathematically correct 
or complete and an awareness of the possible state of students‟ understanding may 
guide teachers and textbook authors as they develop targeted learning experiences for 
middle-years students. In addition, such information will be useful to teachers and 
textbook authors of introductory calculus material so that they base their material on 
valid assumptions of students‟ prior knowledge.  
So, since teacher‟s PCK is important, it is also important that teachers‟ content 
knowledge is correct and complete. Thompson and Thompson (1994) describe one 
experienced teacher‟s struggle to lead one primary student to thinking about speed as 
a rate. The teacher had previously studied two semesters of college calculus. 
Thompson and Thompson claim that the teacher‟s difficulty in helping this student 
was due to the teacher‟s difficulty in explaining his own understanding of rate. He 
seemed unable to discuss or verbally explain mathematical ideas, possibly due to his 
conceptions having calculation orientation and being thought about in terms of 
numbers, operations and procedures. Thompson and Thompson‟s study reinforces the 
importance of teachers‟ ability to express conceptual understanding in language 
accessible to their students. Later, Thompson and Thompson (1996) report on an 
intervention by one of the authors at the time of the study reported above, expected to 
address the same child‟s misunderstanding of speed as a distance. They highlight the 
dependence of a teacher‟s approach to teaching on the teacher‟s understanding of the 
2-30 
material to be taught. They assert that a calculation orientation held by teachers 
inhibits a conceptual orientation to the teaching of mathematics.   
Even teachers who have studied calculus have difficulties with the concept of rate. 
Billings and Kladerman (2000) in their study of nineteen elementary school teachers 
with a mathematical background of at least one semester of college calculus, highlight 
several “cognitive obstacles” teachers may encounter as they reason about speed as 
represented graphically. These were: confusion between instantaneous speed and 
average speed; misinterpretation of slopes by confusing the variables of speed and 
distance; and misinterpretation of slopes by overlooking what the steepness of a line 
segment in a distance versus time graph implies about corresponding speeds. Coe 
(2007) reporting on a doctoral study of “how [three experienced secondary 
mathematics] teachers think about different types of rate of change and how those 
types interconnect in their thinking”, claims that each teacher thought about rate 
differently. This suggests that are a number of different conceptions of rate. He notes 
a lack of consistency when thinking about constant, average and variable rate and 
difficulties with explaining why division is used to calculate rate. He reports “[n]one 
of the teachers appeared to have a quantitative understanding of rate of change [or] … 
a fully coherent model of thinking that allowed them to work with the average rate 
tasks” (p.479). This suggests that none of these three teachers demonstrated the fully 
developed covariational thinking (Carlson et al., 2002) so necessary for calculus 
(Thompson, 1994; Carlson et al., 2002; Stroup, 2002). Coe suggests that if teachers 
have inconsistent ways of thinking about constant, average and variable rate, it is 
likely that they will be unable to foster coherent understandings of rate in their 
students.   
Teachers‟ awareness of students‟ prior conceptions of rate is an important aspect of 
their PCK. Bezuidenhout (1998) asserts that lecturers should become aware of 
students‟ possible misconceptions and take them into account when developing 
teaching strategies and advises that mathematical concepts should be explicitly 
connected to prior knowledge. Indeed, Silverberg (1999) claims if teachers assume 
that students interpret a graph, mathematical expression or section of text in the same 
way as the teacher, this assumption may prevent effective communication with 
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students and prevent improvement in students‟ understanding. Cox (2000) suggests 
that diagnostic testing may reveal the state of students‟ understanding of pre-requisite 
concepts, such as rate, and that this testing provides the basis for the development of 
effective learning activities. The testing produced probabilities of preparedness for 
many concepts assumed to have been mastered before beginning a degree. On the 
basis of the results he advises that calculus should be taught from scratch to students 
who have not studied A-Level mathematics, because the results indicate that these 
students‟ background in this area is particularly poor. A-Level mathematics is a 
qualification in mathematics taken in the United Kingdom usually by 18-year-olds 
after a two-year course at secondary school which includes calculus.   
2.5.2 Issues related to procedural competence 
This section discusses difficulties associated with procedural competence without an 
emphasis on conceptual understanding (see Section 1.1). Ferrini-Mundy and Gaudard 
(1992) suggest that even if a study of calculus is undertaken, most students only 
achieve, at best, procedural competence in the symbolic manipulations of functions, 
their derivatives and integrals rather than a deep understanding of the concepts 
underlying the procedures. Indeed, Tall (1985b) asserts that an approach to teaching 
calculus where the topic is broken up into small chunks and presented in a sequential 
logical series of lessons is not the most appropriate sequence as it restricts 
understanding to procedural competence and later (1997) he claims that the emphasis 
on the logic of the processes in the traditional approach to calculus hampers 
conceptual insight. The sequence may only appear logical to the teacher who can see 
the whole picture, whereas the isolated pieces presented may provide no structure for 
students and little access to the whole picture (Tall, 1991). Students may not even be 
aware that there is a whole picture. Similarly, Ferrini-Mundy and Graham (1993) 
suggest that procedural approach to derivative, emphasising symbolic manipulations 
but, not well connected to graphical understanding may restrict conceptual 
understanding. Repo (1994) reports on a study of thirty-nine upper secondary school 
calculus students, with twenty-two of them in the control group following the 
“standard mathematics teaching of differential calculus” (p. 208) and the remaining 
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seventeen used worksheets based on Derive, a computer-based, computer algebra 
system (CAS). Repo claims the conceptual understanding of the experimental group 
was much better than the control group, with no difference in computational skills. 
However, the results of a further, delayed post-test indicate that the experimental 
group retained their conceptual understanding and computational skills at a higher 
level than the control group. The students in the control group of Repo‟s study 
exhibited poor conceptual understanding of derivative and did not retain even their 
procedural competence over time. This suggests that procedural competence had been 
added to students‟ cognitive structures in isolation from existing schemata and so was 
easily forgotten. So, if teachers had a better understanding of students‟ existing 
schema about rate they would be better equipped to design suitable instructional 
activities to facilitate the connection of new information to existing schemata (see 
Chapter 4 for more detail). 
Long ago, Orton (1985) and Tall (1985a) expressed the concern that understanding of 
rate should be promoted. Orton advocates that “blind manipulation of a notation or 
the mechanical application of rules” (p.13) was not good enough and that an intuitive 
introduction with a gradual development of concepts was required. Likewise, Tall 
suggests students‟ introduction to a mathematical concept should be qualitative and 
global followed by more formal description of concepts. He proposes the use of a 
graph to demonstrate the manner in which the dependent variable changes when the 
independent variable changes at a constant rate, in order to develop an intuitive feel 
for the derivative. This suggests the desirability of emphasising rate during a study of 
linear functions and again whenever a new function is introduced. Later, Silverberg 
(1999) reporting on a large scale study of the effectiveness of the „reform‟ approach 
over three semesters of calculus instruction, compares the new approach to the 
traditional approach. He counsels patience and persistence for both teachers and 
students in order to overcome resistance to new ways of teaching and learning 
calculus. He states, 
The dramatic changes in student performance were not observed the first or 
even second time the course was offered. It required an ongoing process of 
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evaluation, modification, and revision before achieving a form which appears 
to work for our students (p.5).  
Hacker (1994), who reports on an investigation of fifty-seven first semester calculus 
students, claims that their understanding of rate was not substantially changed by a 
semester‟s instruction in calculus. She states “the most compelling reason students 
performed poorly seems to be that they did not understand rate of change deeply 
enough to reason appropriately” (p.155). This indicates that inadequate 
understandings of rate acquired before commencing a study of calculus, persist in 
spite of rate being the conceptual underpinning of differentiation. So, the successful 
application of the rules for differentiation does not indicate a conceptual 
understanding of derivative.  The value of procedural competence without conceptual 
understanding is called into question when the new generation of calculators and 
other advances in technology are considered. The next section considers some of 
these advances.  
2.5.3 Advances in technology 
Advances in the availability of a range of technology-based tools have enabled 
modification of the mathematics curriculum at middle-school levels, so it is possible 
that Year 10 students‟ understanding of rate may now include aspects which were 
previously absent. In particular, some calculators are loaded with a computer algebra 
system (CAS) which can perform procedures accurately and quickly. The availability 
of these CAS calculators challenges much of what was seen as essential mathematical 
knowledge (Dubinsky, 1995; Tall, 1997; Coupland, 2000), but may facilitate new 
ways of studying mathematics (Norman & Pritchard, 1993), for example, students 
could experience many correct graphs using the graphing facility of a calculator to 
examine common features of families of graphs. In this way, they could experience 
many more correct examples than they could prepare accurately by hand. In addition, 
many correct examples of other concepts can be generated quickly making numeric, 
symbolic or graphic patterns (see Chapter 3 for a discussion of these multiple 
representations of function) explicit for student to consider, thus exposing them to 
variation in critical aspects of a concept (see Section 4.3.6).  
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In addition, a CAS calculator may be used to support students‟ problem-solving in 
circumstances where the symbolic representation of the function is more complex 
than is usual, perhaps resulting from some authentic data collection. The calculator 
performs the procedural tasks and allows the learner to focus on the underlying 
mathematics without the burden of accurate, tedious, by-hand calculations or 
manipulations (Kaput, 1992; Tall, 1994), for example: the calculator can perform 
regression to provide the symbolic representation of the function approximating real-
world data; find the symbolic form of the derivative; and supply graphs of the 
function and its derivative; thus allowing the student to concentrate on interpreting 
the results and directing the solution of the problem. So, students can be provided 
with opportunities to engage with more complicated and authentic mathematics and 
tasks. The facility of a CAS calculator to perform procedures accurately and quickly, 
challenges mathematics curricula with an emphasis on procedures, especially if many 
students only achieve procedural competence and are unable to apply these 
procedures to novel problems.  
In addition, a calculator may facilitate the exploration of the rate of a non-linear 
function by the magnification of its graph to examine „locally-straight‟ sections (Tall, 
1994). This may provide a link for students between constant rate and variable rate. 
Indeed, Confrey and Smith (1994) assert that recognition of variable rate to be 
essential for students moving into calculus. In Tall‟s locally-straight example, the 
calculator is used to provide the graph and has the affordance of zooming-in, thus 
allowing the student to concentrate on the notion of rate without the time-consuming 
effort and distraction of plotting a magnified graph. The use of CAS enables a shift in 
the teaching and learning of mathematics from procedural competence to conceptual 
understanding.  
2.5.4 Treatment of rate in textbooks  
This section discusses the manner in which rate is treated in some commonly used 
textbooks since aspects of rate not in the textbooks are unlikely to have been learned 
from classroom instruction. The content of mathematics textbooks is of great 
importance (Meel, 1997; Jakobsson-Ahl, 2006). Meel (1997), reports on forty-five 
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calculus students‟ reliance on polynomial functions and examples with restricted 
domains, privileged by their textbook, leading to mis-generalisations about functions. 
Since the influence of textbooks is so important, it is interesting to note that many 
introductory calculus text books (for example Stewart, 2007) use motion as a first 
example of derivative. It may be that students‟ reliance on motion, favoured by their 
textbooks, may lead to mis-generalisations about derivatives and rate in general. This 
study questions that choice by investigating students‟ conceptions of rate including 
conceptions with respect to both speed and a non-temporal rate.  
Rate is included in the mathematics curriculum of Victorian schools as specified in 
the Victorian Essential Learning Standards (VELS) (VCAA, 2010) which governs the 
content of Victorian curricula.  Rate is usually introduced in Year 8 (more than two 
years before for the participants of this study at the time of data collection) at the 
same time as ratio and percentage.  Two representative series of lower secondary 
mathematics texts were examined (Bull, Howes, Kimber, Nolan, & Noonan, 2003a, 
2003b, 2004a, 2004b; Ganderton, McLeod, & Creely, 1990, 1991, 1993). Each series 
was examined for instances of the word „rate‟. Appendix A3 summarises the 
treatment of rate the series Maths for Vic commonly used in Victorian mathematics 
classrooms. Examination of these texts reveals that rate is presented, in Year 8, as 
arithmetic calculations rather than the covariational approach advocated by Carlson et 
al. (2002). Later, in Years 9 and 10, some functions where rate varies are studied, but 
rate is rarely mentioned. Usually rates appear in application questions, often near the 
end of a chapter after the „theory‟ for the chapter has been completed. Typically, rate 
is viewed as an arithmetic calculation and is not connected to the concept of slope 
studied in linear functions. Rate is not presented as “describing the behavior of the 
function in a dynamic way” (Coe, 2007) nor as a numerical relationship expressing 
the change in the independent variable resulting from a change in the dependent 
variable. This may lead to the conception of rate noted by Oliveros (1999) where 
“rate was seen as only a numerical operation not as a relationship between quantities” 
(p. 232). The manner in which speed is usually introduced in these texts ignores 
Thompson‟s (1994b) advice that using the formula for speed restricts the 
development of a robust, transferable understanding of rate. 
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So this study of conceptions of rate of Year 10 students and the influence of context 
and multiple representations of functions, will reveal the extent that this prior 
experience with rate has had on students‟ understanding of rate. So, keeping in mind 
the previous research and the difficulties highlighted by its findings, the next section 
suggests a way to move research in this area to provide educators with further 
information on which to base more effective teaching materials and strategies for the 
learning of the concept of rate. 
2.6 Summary  
The literature reviewed above outlines many of the difficulties students experience 
with the concept of rate. The results reported in this research often focused on the 
identification of incorrect thinking. This study of conceptions of rate seeks to 
determine actual conceptions of rate, some of which could be referred to as 
misconceptions, in order to provide a platform on which teachers and students may 
build an effective and inclusive concept of rate. 
Most of the research examined discusses the understanding of rate of American 
tertiary students who are studying or have studied calculus. Much less has been 
established about the understanding of the concept of rate of students who have not 
studied calculus. Some research has been undertaken to explore students‟ 
understanding of speed, but no clear evidence exists that an understanding of speed is 
an effective underpinning for an abstract understanding of rate, transferable to any 
context. Year 10 students‟ understanding of rate may be just incomplete such as only 
speed, but this may lead onto the misunderstandings of calculus students noted above, 
without appropriate, strategic, targeted teaching interventions. The success of the 
design of these interventions is dependent on the information to hand regarding the 
current understanding of the concept of rate of students who have not studied 
calculus. This study seeks to provide the required information on a group of 
Australian Year 10 students‟ current understanding of rate.   
The next chapter describes an overview of research into the employment of multiple 
representations in the teaching and learning of mathematics, and the efficacy of 
technology in facilitating access to multiple representations.  
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3 Review of Multiple Representations Literature 
3.1 Introduction 
This chapter reviews the literature related to the use of multiple representations in 
the learning of mathematics to provide background for the second research 
question. 
In what way does representation affect Year 10 students' expressions of their 
conceptions of rate? 
This chapter is concerned with the use of the term representation in mathematics 
education research. Goldin (2008) claims that a representation may have many 
purposes in mathematical learning, such as “act in place of, be interpreted as, … 
substitute for, suggest, or symbolize the represented one” (p. 179) and stresses the 
relationship between a representation and that which it represents. He suggests 
that several representations form a representational system and that any particular 
representation is connected to many other representations. So the term 
representation has broad application across a diversity of domains.  
Pape and Tchoshanov (2001) propose “that the development of students‟ 
representational thinking is a two-sided process, an interaction of internalization 
of external representations and externalization of mental images” (p. 119). In this 
thesis, no attempt is made to theorise on the manner in which internal 
representations are formed. Instead, it focuses on what understandings of rate may 
be expressed when considering external representations, that is, observable 
manifestations such as text, numbers, graphs, diagrams, gestures and physical 
structures.  
In this study, participants attempt to express their understanding of rate through 
reference to several mathematical representations and contexts provided by 
computer-based simulations (see Section 5.2.4). Individuals produce a wide 
variety of external representations for meaningful interpretation by other people, 
such as spoken word, text, drawings, mathematical symbols and a whole range of 
non-verbal communications (Goldin, 2008; Brenner, Mayer, Moseley, Brar, Durán, 
Smith Reed & Webb, 1997).  This study employs the interpretation of words and 
gestures to provide insights into the conceptions of rate held by the participants. 
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This chapter discusses the use of representations in the teaching and learning of 
mathematics. It pays specific attention to the numeric, graphic and symbolic 
representations of the functions presented to the participants in the computer 
simulations which provided a stimulus for the interviews (Section 5.2.4). Previous 
research on the influence of multiple representations, and related technology, on 
the learning of mathematics is considered along with issues about the effective use 
of multiple representations. This research guided the manner in which multiple 
representations were applied in the data collection for this study.  
3.2 Mathematical learning with multiple representations 
In mathematics, representations, such as symbols and graphs, have acquired 
conventional norms with shared assumptions and agreed-upon applications, such 
as in the order of operations in arithmetic. Goldin (2008) refers to conformity with 
these norms as the „correct‟ use of the representations. So teaching mathematics 
entails establishing awareness of and facilitating the „correct‟ use of these 
conventional representational systems and applying them to solving problems. 
The usefulness of any particular representation is constrained by the extent to 
which an individual understands and can apply them, for example, investigating 
families of functions by considering their graphs.  
A wide variety of representations have been employed in the teaching and 
learning of mathematics (Griffen, 2004 – fingers representing numbers; Moreno 
& Durán, 2004 – computer-generated number line; Cheng, Lowe, & Scaife, 2001 
– diagrams; Nemirovsky & Tierney, 2001 – drawings created by children 
depicting situations that change over time; Gravemeijer, 1999 – empty number 
line; Doorman & Gravemeijer, 2009 – discrete graphs).  Nemirovsky and Tierney 
suggest that the concepts of function and rate can be expressed in several 
different representations, such as in this study. Further, it has been suggested 
(Brenner et al., 1997; Borba, 1994; Kaput, 1999; Keller & Hirsch, 1998; Kendal 
& Stacey, 2000; Ozgun-Koca, 1998; Pape & Tchoshanov, 2001) that the use of 
multiple representations facilitates learning in a number of ways. Multiple 
representations may enable students to view and explore mathematical concepts 
in a variety of ways, such as considering the concept of rate in a graph or a table. 
Working with multiple representations may emphasise that there is not 
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necessarily only one mathematical strategy which results in the successful 
solution of a problem. Different representations clarify different aspects of the 
concept by providing complementary roles where understandings in one 
representation are re-enforced in another, for example, seeing the pattern in the 
numbers in a table may give greater meaning to the slope of a line in the 
corresponding graph.  Interpretation of meaning is constrained by comparisons of 
representations and connections between representations facilitate the 
construction of deeper understanding. However, Amit and Fried (2005) who 
video-recorded fifteen consecutive 8th grade lessons on linear equations,  warn 
that students may not understand that multiple representations show “different 
mutually reinforcing views” (p.63) and see a graph as a solution method rather 
than a representation.  Borba (1994) developed a model of students‟ 
understanding of mathematics in a multi-representational environment on the 
basis of interviews with three students over eight sessions. His model emphasises 
connections between representations. Later, Borba and Confrey (1996) report on 
a case study of one sixteen year old student, investigating the efficacy of a 
computer-based multi-representational environment for exploring 
transformations of functions. They claim the success in transformations of 
functions resulting from the use of the computer environment, Function Probe, is 
largely due to the careful construction of tasks and instructional sequences. In his 
book chapter, Kaput (1999) discusses classroom experiments with elementary 
and middle-school students‟ experiences with the mathematics of change, 
emphasising connections between everyday experiences and multiple 
representations. He concludes that it is possible for such students to make sense 
of complex situations and simultaneously build big mathematical ideas. Brenner 
et al.(1997) examined the degree of success of one hundred and twenty-eight pre-
algebra students learning to use symbols, words and graphics to represent 
mathematical problems involving functional relationships. They report that the 
analysis of test scores of seventy-two students in the experimental group, who 
experienced a contextualised representation-based unit on functions, 
demonstrated a better understanding of functional relationships than those 
following the conventional textbook lessons on algebra. They suggest that 
understandings developed in one representation support understandings in other 
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representations and together the representations provide more depth in students‟ 
understanding of function.  
In addition, multiple representations may allow learners to follow their preference 
in the choice of the most appropriate representation to use in any given setting. 
Keller and Hirsh (1998) reporting on a study of fifty-two first semester calculus 
students, claim that students did exhibit preferences for particular representations 
of functions and that these preferences depended on the nature of the problem 
setting. So the availability of multiple representations allows students to make 
their own choice as to the suitability of a particular representation for solving a 
particular problem. Kendal and Stacey (2000) report on the influence of two 
introductory calculus teachers‟ preference for a particular representation. They 
claim that the group taught by the teacher favouring the graphic representation 
developed relative strengths in this representation, whilst the group taught by the 
teacher favouring the symbolic representation developed strengths in the 
manipulation of symbols. The mean and standard deviation of the test results of 
the classes were very similar, but closer examination of the test scripts revealed 
that students from the class emphasising the graphic representation gained marks 
on test items related to the graphic representation and lost marks on test items 
related to the symbolic representation. Conversely, students from the class 
emphasising the symbolic representation gained marks on test items related to the 
symbolic representation and lost marks on test items related to the graphic 
representation. The representational preference of the teachers had a marked 
impact on the representational performance of their students. Ozgun-Koca (1998) 
claims that multiple representations provide an environment for students to 
abstract and understand major mathematical concepts. Their study involved a 
survey of a remedial college freshman class of sixteen students, exploring 
students‟ preference for representation. Results indicate that previous knowledge 
and experience with a representation was the major factor in the choice of 
representation. He claims that educators should provide students with the choice 
of representations instead of favouring a particular representation, thus allowing 
students to choose the representation most useful to them.  
Implementing a multiple representational approach to teaching mathematics may 
be challenging for some teachers. Patterson and Norwood (2004) report on a study 
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investigating the impact of two teachers‟ beliefs on their ability to put into practice 
a curriculum emphasising multiple representations. They claim the more 
experienced teacher maintained a more positive attitude to the use of multiple 
representations than the novice teacher. They suggest that training in how to make 
connections between representations would be useful in the implementation of a 
multiple representations curriculum. 
This section has discussed some of the literature relating to the use of a variety of 
representations in the teaching and learning of mathematics. Research evaluating 
the traditional mathematical representations: numeric, graphic and symbolic is the 
focus of the next section. 
3.3 Three common representations of functions 
The numeric, graphic and symbolic representations are commonly used in schools. 
This section discusses research relating to their use in the teaching and learning of 
mathematics. Since the participants of the study reported in this thesis were 
familiar with the use of graphics calculators with easy access to these three 
important representations, it seemed appropriate to focus on these representations, 
in conjunction with computer-generated simulations and verbal discussions. This 
section now restricts the discussion to the numeric, graphic and symbolic 
representations. 
When researchers use the term multiple representations in the context of functions 
and rate associated with particular functions, they are usually referring to the 
numeric, graphic and symbolic representations. Different features of functions are 
more apparent in graphic representations than they are in symbolic representations. 
The symbolic representations of two different quadratic functions may appear 
very similar, for example, f(x) = x 
2
 – 2x + 1 and g(x) = – x 2 +2x + 1, but their 
graphic representations (see Figure 3.1) look very different (Kaput, 1992).  
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Figure 3.1: Graphic representations of f(x) =x 
2
 – 2x + 1 (left) and  
g(x)= –x 2 +2x + 1 (right) 
In particular, the graphic representation better illustrates the zeroes and turning 
points of these functions, whilst the numeric representation (see Figure 3.2) may 
emphasise the relationship between the variables. Reed and Jazo (2002) suggest 
that multiple representations provide complementary roles, and working with 
them focuses interpretation assisting students to notice different aspects of 
concepts and so construct deeper understanding of them. In addition, Thompson 
and Thompson (1990) assert that the effect of working in linked representational 
systems focuses attention on the connections between the systems and between 
representations.  
x y 
- 2 9 
-1 4 
0 1 
1 0 
2 1 
3 4 
 
x y 
- 2 -7 
-1 -2 
0 1 
1 2 
2 1 
3 -2 
 
Figure 3.2: Numeric representations of f(x) =x 
2
 – 2x + 1 
(left) and g(x)= –x 2 +2x + 1 (right) 
Noble, Nemirovsky, Dimattia and Wright (2004) videoed classroom sessions of a 
Grade 6 to explore the manner in which students make sense of software 
simulations. They claim an image, such as a graph, may be interpreted in a variety 
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of ways. They refer to the importance of the viewer‟s ability to discern a variety of 
possible interpretations of an image. They suggest that this ability is constrained 
by one‟s experiences and expertise in seeing something in different ways. They 
emphasise students‟ sudden noticing of an aspect not immediately apparent on the 
first viewing of a visual display. So the extent of previous knowledge of, and 
experience with, graphs may influence the interpretation of graphic 
representations of functions seen at a later date. A student may not interpret a 
graphic representation in the same way as their teacher. They may not even see a 
graph as an entity rather only be able to perceive particular aspects, such as the 
scale on an axis, or not recognise some aspect as similar to something they have 
seen before, such as a different scale. Students‟ interpretations grow and change as 
they recognise aspects with which they are already familiar. Over time “the viewer 
becomes capable of seeing the image as something that she was not able to see 
before” (p.117), so students may be expected to become more adept with reading 
and understanding graphs as they have more graphical experiences. 
Noble et al. emphasise the importance of the way in which “experienced members 
of a discipline” assist less experienced members come to perceive important 
features of visual displays used in the discipline. The term exploratory vision is 
applied when seeing is active and localised and the image is interrogated for 
specific information based on the leading questions posed by the teacher. What 
students attend to when looking at a graph depends on the question posed. 
Looking is active, purposeful and related to past experience. The importance of 
searching questions encouraging a focus on particular aspects of graphs, highlights 
the critical influence of the teacher and the materials they use. Experienced 
mathematicians see layers of meaning in graphic representations and these layers 
need to be built, by students, one step at a time. Ideally, they come to notice the 
same salient features of graphs as their teachers. The teacher‟s guidance is a 
necessary component in the development of the discernment of these salient 
features of graphs. So the tasks, materials, and social interactions provided by 
teachers influence the ways in which students interpret and use graphs.  
Some researchers (Gagatsis, Christou, & Elia, 2004; Abramovich & Norton, 2000; 
Drier, 2001; Dreyfus, 1994) emphasise the importance of students transferring 
understandings between representations to facilitate deeper learning of concepts. 
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Gagatsis et al. (2004) report on a study of seventy-nine Grade 6 Cypriot students 
exploring their abilities to translate from one representation to another. Test items 
presented ideas in one representation and required students to express the same 
idea in a different representation. Responses were examined to reveal students‟ 
comprehension and interpretation of the symbolic representations of mathematical 
concepts and relationships with a focus “on students‟ misconceptions in relation to 
the meaning of mathematical symbols” (p. 152). They claim that the graphic 
representation may serve as a model for information given verbally or in the 
numeric representation and that the numeric representation may provide a way for 
students to handle symbolic forms of information. Abramovich and Norton (2000) 
along with Drier (2001) suggest the use of spread sheets to facilitate the 
connection between the numeric and graphic representations of functions. 
Similarly, Dreyfus (1994) in his chapter on the role of cognitive tools in 
mathematics education supports the use of spreadsheets. He claims that a dynamic 
process involving consideration of the effects of changes to a function, with 
dependence on parameters, numerical sequences and various graphic 
representations may change the manner which mathematical objects and processes 
are experienced by the learner. He suggests this leads to better learning outcomes. 
Multiple representations of functions afford the exploration of rate from different 
perspectives. Asiala et al. (1997) present their study of forty-one engineering, 
science and mathematics students after at least two semesters of calculus. They 
report that some students seemed unable to find the derivative at a point from the 
local data on the graph and suggest that an understanding of derivative depends on 
the pre-requisite understanding of the graphic representations of points and lines 
with the concept of slope and experience with graphic representations of functions, 
including graphic interpretation of (x,y) when y is given by f(x), overcoming the 
need to have a symbolic representation for a function. They assert that pre-college 
mathematics courses should respond to the findings of research showing that these 
courses provide inadequate preparation for calculus, especially the function 
concept, including rate. Their findings are consistent with Orton (1984) who 
observes that some calculus students had difficulty with rate even in the context of 
linear graphs. He maintains that using straight lines as an introduction to rate 
causes confusion between average rate and rate at a point. The students in his 
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study displayed a limited understanding of rate on non-linear graphs and he 
expresses surprise at the difficulties these students had obtaining average rate from 
graphs. He proposes that some of the language of calculus, such as stationary 
points, should be introduced before beginning formal calculus. Similarly, Ferrini-
Mundy and Graham (1993) note students‟ inability to sketch the graph of a 
derivative from the graphical representation of the function. Indeed, Ferrini-
Mundy and Lauten (1994) report that students have difficulty matching the graph 
of a function with the graphical representation of its derivative. Norman and 
Pritchard (1993) refer to the difficulty of connecting the definition of a derivative 
of a function at a point to the slope of the tangent line at that point. In addition, 
they report students‟ difficulty with graphic representations of first and second 
derivatives. They infer that the students‟ reliance on symbolic manipulations 
hampered their ability to gain a comprehensive understanding of derivative.  
In her comparative study of thirty-nine students taking an applied calculus course 
with one hundred students taking a traditional first semester calculus course, Heid 
(1988) points to the improved performance demonstrated by students when 
emphasis was placed on conceptual understanding introduced through the use of 
multiple representations of functions.  However, Kendal and Stacey (2002) warn 
only a couple of weeks‟ instruction was insufficient for most Year 11 students to 
develop fluency in moving between the numeric, symbolic and graphic 
representations of functions.  
Over time, a number of teaching strategies and research techniques have been 
trialled (Oliveros & Santos-Trigo, 1997; Porzio, 1997; Rasmussen & King, 2000; 
Schwalbach & Dosemagen, 2000; Roorda, Vos & Goedhart, 2007; McClure, 1996) 
to improve calculus students‟ understanding of derivative.  Rasmussen and King 
(2000) report on a study of three students following a Realistic Mathematics 
Education (RME) approach of guided reinvention to differential equations, by 
starting with a realistic instantaneous rate. They show that this approach led to 
improved conceptual understanding of rate, but cite instances of difficulties with 
rate along the way. Their work suggests that understanding of rate may be a 
gradual process and starting with realistic contexts is more helpful that an abstract 
approach. McClure (1996) reports on a comparison of the teaching approaches to 
teaching quadratics undertaken at two different schools. School 2 followed the 
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traditional approach of translating from decontextualised symbolic representation 
to numeric representation and, finally, to the graphic representation. School 1‟s 
approach emphasised context to give purpose to the mathematics and meaning to 
the symbols involved. In addition, they began with the numeric representation 
using “difference tables to develop both the idea of covariation of two variables 
and the quantification of the relative change” (p.32). She asserts that this approach 
was more effective than the traditional approach undertaken at School 2. Her work 
in this area is critical to this study as it highlights the importance of the numeric 
representation and the information it can give students about rate, so participants 
of this study viewed numeric, graphic and symbolic representations of the 
functions involved in the computer simulations (see Section 5.2.4 for details) to 
stimulate their discussion of their conceptions of rate.  
An emphasis on connections between representations supports problem solving. 
Oliveros and Santos-Trigo (1997) observed pairs of high school calculus students 
as they grappled with a problem related to the growth of a tumour with the 
information presented as a table, a graph and a symbolic representation clearly 
stating that they all represent the same situation. Their conclusion, supporting 
Orton‟s (1983a) findings, suggests the presentation of data in different 
representations assists students to discuss the meaning of instantaneous rate within 
the context of the problem. Porzio (1997) used a question relating to the size of a 
herd of deer to investigate why different teaching strategies had different cognitive 
effects on calculus students' understanding of rate. His findings indicate students 
who had more experience with problems designed to emphasise the connections 
between multiple representations when presenting concepts and solving problems, 
were better able to recognise the relationship between first derivative, slope and 
rate than students following an approach with emphasis on symbolic 
representations. In addition, Porzio reports that instruction using computer-
supported, multiple representations with an emphasis on the connections between 
representations, resulted in a greater understanding of the relationship between 
slope, rate and the first derivative. Schwalbach and Dosemagen (2000) reporting 
on thirty-two senior secondary calculus students, claim connections between 
disciplines such as calculus and physics can improve conceptual understanding 
along with procedural knowledge. The students in their study were able to move 
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easily between numeric, graphic and symbolic representations and demonstrated 
facility in the use of the representations to explain problems. They also 
demonstrated the ability to apply the calculus concepts to novel physics-related 
contexts.  
In recent times, technology has enhanced the way that multiple representations, 
and the connections between them, may be experienced by students. The next 
section discusses some of these innovations. 
3.4 Technology-supported access to multiple 
representations  
Technology can be used to both develop students‟ understanding of rate and to 
explore their existing understanding of rate. A major claim, made by advocates 
(Dreyfus, 1994; Thompson & Thompson, 1990; Tall, 1987; Heid & Zbiek, 1995, 
2008; Kaput & Roschelle, 1997; 1998; Kaput, Noss & Hoyles, 2008) of the use of 
technology for building students‟ understanding of mathematics, is the ease with 
which multiple representations of functions are made available to students. So, 
technology may be used to assist students develop a deeper understanding of 
mathematical concepts, such as function and rate, by providing numerous 
experiences where a particular concept can be explored in a variety of 
representations (Kaput, 1991; Zbiek & Heid, 2008). In their book chapter, Kaput 
et al. (2008) show how the development of technology-supported external 
manifestations of knowledge and transformational skill, thus changing 
representational infrastructure, have the potential to make this intellectual power 
available to all, not just the mathematically privileged elite. They assert that 
employing multiple representations extends students‟ processing power and ability 
to solve a wider range of problems that were previously only accessible to 
intellectual elite. The next section presents an overview of the manner in which 
technology may support learning.  
 3.4.1 Technology-supported learning  
Technology-supported learning can take the form of distributed intelligence (Pea, 
1997); exploratory environments (Roschelle & Kaput, 1996); analysis of the data 
collected, by devices such as data loggers and video cameras, with appropriate 
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software such as GridPic (RITEMATHS, 2004), Vidshell (WebPhysics, 2000) or 
even MSExcel (Battista & Borrow, 1998). In addition, technology, such as 
simulations, can be used to enhance and explore students‟ understanding of 
concepts (Cohen, Manion & Morrison, 2007). Laurillard (1988) suggests that 
„goal-orientated manipulation‟ of a computer microworld, such as a simulation, 
affords access to the content and control of the relationships within the particular 
domain of the microworld. Consequently, students are empowered to make sense 
of the domain in their own way. 
In distributed intelligence, the partnership of student and technology works as a 
team to solve problems that the user alone could not solve. The user plans and 
directs the processes undertaken by the artefact to structure activity, solve mental 
work, or to avoid error (Pea, 1997). The artefact is seen as an action mediator 
helping to perform tasks and allowing the learner to focus on the underlying 
mathematics without the burden of accurate, by-hand calculations or 
manipulations (Kaput, 1992; Tall, 1994). In this way, learners are provided with 
the opportunity to engage with more complex and authentic mathematics and tasks.  
An example of distributed intelligence is seen in the case where a CAS calculator 
is used to support student problem-solving in circumstances where the symbolic 
representation of the function is more complicated than is usual, perhaps resulting 
from some authentic data collection. The calculator can perform regression to 
provide the symbolic representation of a function fitting the data and easily 
portray the function in numeric, graphic and symbolic representations showing 
different aspects of the concept of rate. So the student can concentrate on 
interpreting the results and directing the solution of the problem. In addition, a 
student may approach a mathematical problem in several different ways, so 
allowing for a variety of strategies for problem solution. Indeed, National Council 
of Teachers of Mathematics (NCTM)(2001) and Victorian Essential Learning 
Standards (VELS)(VCAA, 2010) suggest that since calculators compute 
efficiently and accurately, they allow students to focus on higher level thinking, 
such as reflection, reasoning, decision-making and problem solving, by making 
mathematical concepts more tangible. For example, a CAS calculator may 
facilitate the exploration of the rate of a non-linear function by the magnification 
of its graph to examine „locally straight‟ sections (Tall, 1994). This may provide a 
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link for students between constant rate and variable rate. In this example, the 
technology provides not only the graph but also the affordance of zooming-in, 
thus allowing the student to concentrate on the notion of rate without the time-
consuming effort of plotting a magnified graph.  
The ease of access to multiple representations of functions afforded by technology 
opens up new ways of using multiple representations to enhance students‟ 
understanding of functions. Kaput (1992, 1998) raises the question of the impact 
of technology, such as exploratory environments, on the ways mathematical ideas 
and processes may be represented and suggests the dynamic possibilities afforded 
by technology may provide different ways of considering mathematical concepts 
than the traditional static display of mathematical representations. Kaput asserts 
that automatic translations between representations, afforded by technology, can 
be seen to dramatically reduce the time needed to move between representations. 
This allows for quick and easy comparisons between representations so that 
common features may be more easily discerned and ideas generated in one 
representation may be quickly checked in another. Kaput (1992), in his chapter in 
the book „Handbook of research on mathematics teaching and learning‟ claims 
“the ability to link different representations helps reveal the different facets of a 
complex idea explicitly and dynamically” (p.542). He claims that computers are 
able to make explicit the connections between different representations, so that 
students become aware of these connections and gain a better understanding of the 
represented mathematical concepts. Kaput suggests that technology may assist in 
shifting a study of algebra from skill-building in symbolic manipulations to 
studying functions and their properties in a variety of representations, since off-
loading of routine calculations and procedures allows a stronger focus on the 
particular concept under investigation. The sharing of the representational burden 
and automation of routine symbolic manipulations frees cognitive load for deeper 
conceptual understanding of mathematical ideas unhampered by tedious, error-
prone calculations and procedures. Kaput (1998) claims linking different 
representations may reveal different aspects of complex concepts, like speed, in an 
explicit and dynamic manner. The graphic and symbolic representations, specific 
to the contexts privileged by the JMW software, can also be used as purely 
abstract mathematical constructs unrelated to any context. 
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Likewise, Zbiek and Heid (2008) in their chapter in the NCTM Yearbook, suggest 
a refocussing of attention from using calculators to perform routine calculations 
and procedures to consideration of different ways of learning about algebra which 
may be afforded by technological tools. They stress the importance of task design 
which encourages learners to look for patterns and familiar shapes and foster the 
sense that these may be in some way connected to symbols to describe and predict 
things about the shapes and patterns. Such tasks should encourage students to use 
technology to connect graphic and symbolic representations and foster deeper 
thinking, question misconceptions and appreciate the power of symbols. Tall 
(1994) also asserts “the computer can carry out internal procedures, allowing the 
learner to focus on other facets of importance in the cognitive growth of 
mathematical knowledge. This can help develop a concept image of higher order 
concepts in a different sequence from traditional methods” (p.198), for example 
the magnification of a graph to examine „locally straight‟ sections of the graph of 
a function leading to a starting point for a discussion of differentiability.  
Reed and Jazo (2002) report on a study of tertiary psychology students‟ 
understanding of average speed, using multiple representations, in an average 
speed microworld which, like JMW, facilitates connections between the 
simulation, graphic and symbolic representations. These students had a mix of 
mathematical backgrounds: some had studied calculus and some had not. Reed 
and Jazo assert that previous beliefs had a strong anchoring effect where students 
consistently began with an inappropriate, random estimate rather than modifying 
the initial estimate, in response to increasing experience with the problem of 
finding average speed on a return journey. In addition, they claim that students 
had difficulty in interpreting graphs, emphasising the importance of exploratory 
vision and students coming to see the information available to experts which is 
embedded in graphs (Noble et al., 2004). 
3.4.2 Real-World Contexts  
Some researchers (see Heid & Zbiek, 1995; Kaput & Roschelle, 1997; 1998; 
Brenner et al., 1995; Bardini & Stacey, 2006) suggest connecting the numeric, 
graphic and symbolic representations to students‟ real-world experiences (Pierce 
& Stacey, 2006), such as walking, in order to facilitate the connection to existing 
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internal networks (Hiebert & Carpenter, 1992). This „real world experience‟ may 
be first-hand or through observation of the experiences of others, such as on 
television. Bardini and Stacey (2006) report on responses from three classes of 15 
year old students to seven test items requiring interpretation of information about 
a linear function describing a real-world context. They stress the importance of the 
links between these three traditional representations of functions and real-world 
contexts in order to “understand and to link the multiple semiotic representations 
of the parameters m and c” (p.119). Kaput and Rochelle (1998) often began their 
teaching interventions with students walking or running to give them a „real 
experience‟ on which to build qualitative ideas of fast, medium and slow. Next 
they quantified these ideas by measuring the time taken to travel a fixed interval, 
and finally, connected this experience to a computer simulation of horizontal 
motion. They suggest there should be a connection between student movement 
and the multiple representations of that movement. Tall (1994) agrees that a 
computer-based interactive learning environment can provide a “direct link 
between physical experiences and formal symbolic notation” (p.193). 
Many researchers investigating student understanding of rate in the context of 
motion, have used the simulation software, JavaMathWorlds (JMW) developed by 
the SimCalc project (Mathematics Education Researchers Group, 2004). Figures 
3.3 and 3.4 show screen dumps of the two motion contexts simulated by the 
software, that is, the movement of elevators or lifts and the movement of 
characters walking. The functions generated by the simulations are, firstly, 
presented in the graphic representation, but the numeric and symbolic 
representations can also be located, as seen in Figures 3.3 and 3.4.  
  
Figure 3.3: JMW‟s walking context Figure 3.4: JMW‟s lift context 
3-16 
The Simcalc project was a major study investigating the use of JMW to extend 
American, middle secondary students‟ understanding of the concept of rate. The 
SimCalc project sought to collaboratively define a “Mathematics of change and 
variation” strand appropriate to a child‟s level (Roschelle et al., 2000). Its aim was 
to “ground design of learning activities in a thorough understanding of the 
experiences, resources and skills students bring with them” (p.50). Kaput, Noss, 
and Hoyles (2008) suggest that curricula design involving representational 
infrastructures should be closely linked to students‟ real-world experiences. Kaput 
and Schorr (2002) in their book chapter, describe SimCalc‟s representational 
strategies as multiple representations of functions, including piece-wise functions, 
allowing direct interactive connections between representations and simulation. 
The power of JMW is found in the interconnectivity of multiple representations 
associated with simulation, with automatic translations between representations. 
So, the time needed to move between representations is negligible. In JMW, 
students see simulated lifts (elevators) or frogs and clowns moving on a computer 
screen and manipulate related graphs or algebraic expressions to control this 
movement. Roschelle et al. claim that the main advantage of this software is the 
ease of movement between representations and in particular, the dynamic nature 
of the links enables students to easily discern differences between similar contexts. 
Exploratory environments, such as JMW, allow students to examine a simulated 
experientially real context in order to build on the understandings students bring to 
the classroom, thus facilitating incremental and continual growth from these 
present understandings and skills to a deeper understanding of the content. The 
context, modelled by JMW, is experientially real for students because it is likely 
that most students have prior experience of walking or using lifts in buildings. The 
use of these contexts facilitates the connection of the model to students‟ existing 
schemata about lifts and walking. Students see simulated lifts or characters 
moving on a computer screen and can manipulate related graphs or symbolic 
expressions to control this movement. The simulation and the numeric, graphic, 
symbolic representations are dynamically linked so that changes in one 
representation of the movement are mirrored in corresponding changes in the 
other representations. Illustrations of this dynamic linking can be found in 
Appendix A5.   
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Nickerson et al. (2000) report on a trial of JMW and SimCalc materials in a three-
week sequence of lessons with seventh grade students. They found ongoing, better 
understanding of graphic representations of functions even without the support of 
the technology. As the developers of JMW intended, Nickerson et al. found that 
students‟ prior knowledge and experience with lifts assists them in understanding 
the simulated lift on the JMW screen. Eventually, students came to realise what 
aspects of the graph represented downward movement and grappled with how to 
make the elevator return to the „lobby‟. They came to recognise in the graphic 
interpretation of upward movement, the similarities and differences for the graphic 
interpretation of downward movement and vertical movement in general. Such 
multiple, linked representations demonstrate or clarify the results of an action in 
one representation by showing the effects in other representations. Noble et al. 
(2004) reports on a class of sixth grade students as they learned to see the meaning 
in the velocity-time graphs in SimCalc‟s JMW simulation of the movement of lifts. 
They comment on the variation in the ways the graphs were interpreted.  
So it seems that technology-supported learning using multiple representations in 
the context of motion has been extensively researched. However, the extent of 
transfer of this understanding of rate developed as a relationship between the 
variables of distance and time to contexts not involving these variables, has not 
been examined. In addition, it is not clear whether long-term learning gains are 
achieved.  
Whilst, it has been claimed that the use of technology has positive effects on 
mathematical learning through the ease of access to multiple representations of 
functions, an important consideration is the long-term retention of concepts 
established with the support of technology. Many writers (Pea, 1997; 
Agostino,1999; Quintana, Fretz, Krajcik, & Soloway, 2000; Salomon, Perkins, & 
Globerson, 1991) in the fields of Computer Based Learning (CBL) are using the 
term cognitive residue to refer to the lasting effects of instructional sequences 
based on the use of technology and use this term to refer “subsequent changes in 
mastery of knowledge, skill or depth of understanding  away from the 
computer”( Salomon et al., 1991, p.3) implying more than just the learning of 
knowledge and skills, and inferring that strategies and general approaches are an 
effect of exposure to a technology-enriched instructional sequence. They suggest 
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that higher order thinking skills encouraged or demonstrated during a technology-
based activity may be transferable to other problem-solving activities. So in the 
case of multiple representations of functions, it appears that technology use results 
in a cognitive residue of individual representations thus facilitating more 
flexibility in their use in problem solving.  
Implementation of technology-supported access to multiple representations will 
depend on whether the technology is perceived, by teachers and school decision-
makers, to help mathematics educators assist student development of 
mathematical concepts (Kaput, 1992; Roschelle & Jackiw, 2000). The design of 
useful tasks requires moving beyond the constraints of traditional pedagogy based 
on static media to embrace the possibilities of a dynamic, interactive environment 
(Kaput, 1992). D‟Sousa and Wood (2003) note some students‟ reluctance to 
engage in technology-assisted learning. The initial overhead of learning the 
technology, as well as the mathematics, was seen by students as too great an 
imposition on their time. Some researchers (Oncu, Delialioglu & Brown, 2008; 
Kaput et al., 2008) question the benefits of technology, asking do “applications 
yield the avalanche of learning they are supposed to?” (Salomon & Perkins, 1996, 
p.112).  
This section has discussed the important role played by technology in facilitating 
easy access to the three traditional representations of functions. The next section 
discusses some issues about students working with multiple representations. 
3.5 Issues relating to multiple representations   
Although multiple representations have the potential to enhance learning of 
functional relationships, some researchers have found that this potential is not 
always realised (Dreyfus, 1991; Ainsworth, Bibby, & Wood, 2002; Gagatsis et al., 
2004; Seufert, Jänen, & Brünken, 2007; Adu-gyamfi, 2007). Two important issues 
which may limit the learning in a multiple representations environment are 
implications on cognitive load of working with multiple representations; and 
development of working flexibility within and between representations. 
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3.5.1 Cognitive load and multiple representations 
Whilst many researchers suggest that the use of multiple representations can 
deepen students‟ understanding of mathematical concepts, others note that this is 
not always the case. Ainsworth et al. (2002) in their study of forty-eight mixed 
ability Year 5 students, explored the factors that influence students‟ ability to 
translate between representations. They claim that “combinations of different 
representations do not always produce the optimum benefits” (p. 47). It may be, as 
Gagatsis et al. (2004) suggest, that the cognitive demand of moving between 
representations are not the same across representations and recommend that each 
one requires explicit instruction, for example, specific experiences in working 
with graphs is needed before attempting to connect the graphical representation 
with the symbolic representation of a function. Thinking about different 
representations and the connections between them adds to the cognitive demand 
imposed on students, so competence with individual representations may alleviate 
the cognitive load. Likewise, Seufert et al. (2007) express concern about the 
degree of the mental integration of corresponding information involved in learning 
with multiple representations. Whilst, Stillman and Galbraith (2003) stress the 
importance of task design in managing cognitive load, paying particular attention 
to avoiding cognitive overload.  
3.5.2 Working flexibly with multiple representations 
The advantages of working with multiple representations are limited by the 
facility with which students can work flexibly within and between representations 
in mathematics. Dreyfus (1991) in his chapter on advanced mathematical thinking 
processes, refers to four stages to learning to work in this flexible manner, 
beginning with familiarisation with a single representation, and then working with 
more than one representation at the same time, eventually progressing to linking 
representations and finally, moving flexibly between them. He suggests that fully 
integrated representations lead to abstraction of mathematical ideas and the ability 
to select the most appropriate representation to assist problem-solving. JMW can 
be described in terms of Dreyfus‟ four stages.  Students begin with becoming 
familiar with a single context and the graphic representation. Manipulations of the 
graph, such as dragging the end-points of the pierce-wise linear sections of the 
graph, result in corresponding changes in the motion of the lifts or walking 
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characters. Dynamic connections are then made to the numeric and symbolic 
representations, by observing the results of changes in the graphic representation 
on the other representations. In this way, students link representations and finally, 
develop the ability to move flexibly between them, demonstrated by being able to 
explain the effect on other representations of changes in one representation 
without needing to actually see the effect. 
Similarly, Adu-gyamfi (2007) asserts that even specific instruction, emphasising 
connections between representations, does not ensure that students develop 
flexibility in working with representations. He suggests working with multiple 
representations emphasising regularities and discrepancies between 
representations may facilitate the development of foundational conceptions 
associated with linear functions. Mackie (2002) emphasises the facility of 
mathematicians to move flexibly between representations, selecting the 
representation most suitable for solving a particular problem and she suggests that 
students may not have this flexibility. Further, Pape and Tchoshanov (2001) 
propose that developing this flexibility requires tasks combining multiple 
representations and then “through activity, the learner begins to abstract meaning” 
(p.126). Brenner et al.(1997) suggest that training in problem representation skills 
results in improved outcomes for solving word problems; translation between 
representations; and understanding of functional relationships.   
This section has discussed the issues of flexible utilisation of multiple 
representations and the effect of tasks involving multiple representations on 
cognitive load. The next section sums up the main points of this chapter. 
3.6 Summary 
Mathematics, as a discipline, relies heavily on many representations and 
mathematics education initiates the learner into the conventions and meaning of 
the particular representations employed by mathematicians. This study utilises 
external representations, such as words and gestures in response to questions 
about rate in the numeric, graphic and symbolic representations of functions 
shown in the computer-based simulations, to contribute insights into the 
conceptions of rate held by the participants of this study. 
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This chapter has considered the use of the term „representation‟ in mathematics 
education research and discussed the research on the importance of multiple 
representations in mathematics teaching and learning, in particular the numeric, 
graphic and symbolic representations. Research on the use of technology to 
provide ease of access to numeric, graphic and symbolic representations was 
considered, including an evaluation of its effectiveness. The reviewed literature 
demonstrates the efficacy of the employment of the numeric, graphic and 
symbolic representations in supporting students‟ learning about functions in 
general and rate in particular. 
Mindful of the research discussed in this chapter, this study employs simulations 
in Geometers‟ SketchPad (GSP) ( Key Curriculum Press, 2006) and 
JavaMathWorlds (JMW) (Mathematics Education Researchers Group, 2004) to 
explore students‟ understanding of rate (see Section 5.2.4). These software 
solutions were used because of the ease of access they provide to the multiple 
representations of the functions demonstrated in the simulations, thus providing a 
focus for participants‟ expression of their understanding of rate. JMW allows 
students to explore rate in the context of motion, connecting to students‟ prior 
knowledge through the animation of experientially real situations. GSP is less 
restricted in terms of contexts, but requires the preparation of appropriate material 
in order to make use of its dynamic properties. 
Whilst much of the literature reviewed in this chapter refers to linking of 
representations, the concerns about cognitive load (see Section 3.5.1) influenced 
the decision to allow the participants of this study of conceptions of rate to view 
the numeric, graphic and symbolic representations one at a time.  However, 
linking of representations may well be a useful strategy for guiding students‟ 
conceptions of rate. The next chapter outlines some theories of learning with 
particular relevance to learning in mathematics. It includes a justification of 
phenomenographic video-recorded interviews as a suitable methodology to collect 
and analyse data related to students‟ understanding of rate.  
 
4 -1 
4 Theoretical Framework 
4.1 Introduction  
In Chapter 2, the importance of investigating Year 10 students‟ conceptions of the 
concept of rate was presented. This chapter considers some views on learning, 
especially learning mathematics, and justifies the choice of phenomenography as a 
suitable methodology to employ to reveal conceptions of rate. It explains how these 
conceptions may be utilised in the classroom to improve the teaching and learning of 
rate.  
Hiebert and Carpenter (1992) stress the importance of the teacher‟s role in 
facilitating the attachment of new knowledge to existing cognitive structures. Many 
(for example Runesson, 2005a) claim that it is important for teachers to be aware of 
students‟ conceptions in order to design teaching sequences which allow students to 
experience variation in the critical aspects of the concept being taught. So, greater 
attention paid to students‟ conceptions of rate in earlier years of secondary school 
may facilitate the preparation of effective teaching materials for calculus students. 
Research into student learning, undertaken by Booth (1997), Cope (2000), Marton 
and Booth (1997) and many others, emphasises the importance of teachers‟ 
knowledge of educationally critical aspects of a concept (see Section 6.8) in 
facilitating the development of deep understanding of that concept by their students. 
For example, Cope‟s (2000) thesis revealed critical aspects necessary for a deep 
understanding of information systems. Subsequently, knowledge of these aspects has 
led to the design of teaching interventions to encourage students‟ deep learning of 
the concept of information systems (Cope & Staehr, 2005).   
Studies of students‟ understanding of proportional reasoning reveal that students find 
proportion a difficult concept (see Section 2.4.4). Proportion can be considered as 
constant rate, so it is not surprising that students also find the concept of rate 
difficult. Speed has been the focus of much research about rate. However, there have 
been no studies exploring what middle secondary students do know about rate in 
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general, so this study seeks to gain information about Victorian Year 10 students‟ 
conceptions of rate, including variable rate and another non-temporal rate in addition 
to speed. 
Since rate-related reasoning is so important, for both further study in mathematics 
and many everyday instances of the mathematics of change, we need to know what it 
means to understand rate. This chapter discusses the importance of existing schemata 
when introducing new concepts, in particular mathematical concepts (Section 4.2). 
The manner in which phenomenography may be employed to reveal students‟ 
conceptions may be revealed to the researcher (Section 4.3); and the importance of 
attending to students‟ non-verbal communications in order to find out more about 
their conceptions (Section 4.3.4) are discussed. The justification for using 
phenomenography to investigate Year 10 students‟ conceptions of rate (Section 
4.3.1) is presented. Variation theory, and its connection with phenomenography, is 
explained (Section 4.3.6) with a discussion of the teaching implications of variation 
theory.  In this study, the results of the phenomenographic analysis (see Chapter 6) 
provide a framework for a subsequent content analysis (see Chapter 7) of the data 
focussing on the role played by context and representation in participants‟ expression 
of their conceptions of rate.  
4.2 Learning mathematical concepts 
Students may demonstrate varying degrees of understanding of a concept, but one 
way of disclosing their conceptions is to investigate if it can be applied to new 
problems (Marton et al., 2005). Their phenomenographic study of the meaning of 
understanding, held by children and adults, reveals four qualitatively different ways 
of describing the nature of understanding (see Figure 4.1). 
Category 1: to be able to do the same thing again 
Category 2: to be able to do the same thing again in different circumstances 
Category 3: to be able to do the same thing again in different ways 
Category 4: to be able to do entirely different things 
Figure 4.1: Outcome space 
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In this study of conceptions of rate, the results of Marton et al.‟s study guided the 
preparation of the computer-based simulations to stimulate students‟ responses 
regarding rate in the interviews. The simulations represented two real-world contexts 
involving rate, thus enabling investigation of the participants‟ conceptions of rate in 
these different contexts. The categories resulting from this study emerged from the 
participants‟ responses in the interviews, rather than from the categories supplied by 
Marton et al.. The next section discusses the foundation on which new learning is 
built. 
From Piaget‟s constructivist viewpoint, learning is seen as the adaptation of, or 
addition to, a student‟s existing cognitive structure in response to their experiences, 
whereby they build a coherent mental representation of their experiences. This 
cognitive structure was labelled, by Piaget, as a schema (Wadsworth, 1984) and this 
term is used by others in a similar fashion (Skemp, 1962; Dubinsky, 1991; Sfard, 
1991; Davis & Tall, 2002). Tall and Vinner (1981) refer to the term concept image, 
which may be likened to the term schema as they describe it to be “all the cognitive 
structure in the individual‟s mind that is associated with a given concept” (p. 151). 
Hiebert and Carpenter (1992) extend Piaget‟s notion of schema by emphasising the 
connections between schemata. They claim that the degree of understanding is 
related to the strength and number of the connections between internal 
representations and that new concepts are best internalised when they can be 
attached to an existing schema. They, like Tall and Vinner, assert that each student‟s 
interpretation of new ideas differs according to their existing schemata, accounting 
for the variation in learning outcomes for different individuals exposed to the same 
learning experience.  
The cognitive structure related to a mathematical concept is not necessarily complete 
or correct, for example, procedural competence in symbolic manipulations may be 
part of a students‟ schema for derivative, which may omit other aspects of the 
concept such as a graphical interpretation. Completeness and correctness are relative 
and determined by experts in the community of practice. In the case of rate, the 
community of practice refers to mathematicians, including teachers of mathematics 
(hereafter the term community of practice will refer to mathematicians, including 
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teachers of mathematics). The schema for a particular mathematical concept has 
been constructed through an individual‟s entire life experience related to the concept, 
possibly acquired outside the classroom, and may be different (Tall & Vinner, 1981) 
from the mathematical definition accepted by the community of practice.  
Sfard (1991) suggests that in mathematics, the establishment of a schema for a 
concept is a long and arduous process, but once established it is used without 
conscious thought to the individual components of the schema. It becomes a single 
unit which can be used as a whole in problem solving. For example, a line graph on 
the Cartesian plane consists of many aspects, such as, the vertical axis, the horizontal 
axis, the origin, the scaling on the axes, co-ordinate points and the line itself. All of 
these aspects are brought together in the schema for graphs and the graph is 
interpreted by taking all the aspects as a whole whilst focusing on the position and 
shape of the line.  
Existing cognitive structures form the foundation on which new learning is built. 
New learning, disconnected from an existing schema, may be soon forgotten 
(Hiebert & Carpenter, 1992), so it is important that the design of instructional 
material takes into account students‟ current conceptions. A student‟s current 
conception may include aspects labelled as misconceptions by the community of 
practice. Students are inventive when constructing new schemata and connections to 
existing schemata, possibly leading to misconceptions. Explicit connections help 
students to link current learning to established networks of schemata (Hiebert & 
Carpenter, 1992), so the instructional designer‟s knowledge of the possible state of a 
student‟s existing schemata, is crucial in the design of appropriate material. 
Runesson (2005a) stresses the importance of a teacher being aware of the variation 
in students‟ conceptions of mathematical concepts so that the teacher can plan 
targeted teaching interventions which address this variation in conceptions. Marton 
et al. (2005) further suggest that in order for teachers to teach mathematics for 
understanding, they need to be aware of the qualitatively different ways in which 
students may understand a concept. The learning environment can then be arranged 
so that students come “to experience something [a concept] in a qualitatively new 
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and more powerful way, so that it can be accomplished in different circumstances, in 
different ways, and facilitate doing altogether new things” (p.10).  Ramsden (1988) 
advocates that teachers need to be aware of the conceptions that students already 
have and emphasises “the importance of helping students change their ways of 
thinking and understanding” (p. 14). Ubuz (2007) concurs when he reminds us “that 
what the learner already knows is also an important factor influencing learning” (p. 
630). Research in other key areas of mathematics (see for example Steinle & Stacey, 
2004, research on students‟ understanding of decimals) show that, in any class, we 
may expect to encounter students who demonstrate varying degrees of 
understanding, which may include partially correct, but incomplete conceptions or 
misconceptions.  
An awareness of students‟ possible conceptions may guide teachers and textbook 
authors in their preparation of appropriate learning activities. Sowder (2007) 
emphasises the importance of pedagogical content knowledge (PCK) in the manner 
in which experienced teachers are able to plan to scaffold knowledge, so that later 
stages of development of a complex concept are supported by a foundation to the 
concept, leaving open the extension of the concept. For example, teaching constant 
rate in a manner that leaves open the extension of the concept of rate to variable rate, 
average rate and instantaneous rate. In addition, such information will be useful to 
teachers and textbook authors of more advanced topics such as introductory calculus, 
so the learning activities they prepare may be based on valid assumptions of the 
students‟ current conceptions. This project seeks to reveal the current conceptions of 
rate of Year 10 students, in order to facilitate the preparation of appropriate 
instructional materials. Consequently, designers of curriculum, authors of textbooks 
and teachers could take the knowledge of the critical aspects of rate, based on the 
outcome space from this study, into account when planning learning activities for 
students. Some of these learning activities may well include the use of computers 
and sophisticated calculators since some researchers (Pea, 1997; Kaput, 1992; Tall, 
1994) assert that using technology may lead to gains in academic achievement and 
attitudes to mathematics. Technology has been used in this study to provide a 
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stimulus for students to talk about their conceptions of rate in multiple 
representations.  
4.3 Revealing conceptions of rate 
4.3.1 Choice of methodology 
This study aims to empirically establish the conceptions of rate held by Year 10 
students and, thus provide a framework to guide the development of the concept of 
rate. Research questions guide the choice of methodology, so for this study, which 
seeks to determine what these conceptions might be, an in-depth investigation was 
required. This means that a qualitative methodology was more appropriate than a 
quantitative methodology because “qualitative methods typically produce a wealth of 
detailed information about a much smaller number of people” than quantitative 
methods (Patton, 2002, p.14). Silverman (2005) suggests qualitative methods “have 
come up with new findings that would be difficult to establish through quantitative 
methods” (p.14). Silverberg (1999) claims that for his study “[t]he goal of the 
qualitative assessment [he employed] was to gain a more complete idea of what the 
student is actually thinking when he or she struggles with learning the material in the 
course” and provided a “rich and fertile source for ideas for improvement” of the 
effectiveness of course delivery. He employed this qualitative assessment in addition 
to quantitative assessment which “[a]lthough rich in numerical and statistical detail … 
offered few clues [regarding] directions for change, modification, and improvement” 
(p.2).  
There are many qualitative methodologies from which to choose. Phenomenography 
was chosen for its efficacy in exploring conceptions of a wide variety of phenomena, 
especially mathematical concepts (see Section 4.3.5) and providing useful guidance in 
teaching troublesome concepts (see Section 4.3.6). Phenomenography is similar to 
phenomenology as both phenomenography and phenomenology seek to understand 
the full rich experience of an individual taking the participants' perspective. In this 
study, the focus of the interviews was the participants‟ personal conceptions of rate, 
but phenomenology would highlight an individual‟s perspective, whereas 
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phenomenography systematically describes a limited number of qualitatively different 
categories based on the responses of the group as a whole, providing “a description on 
the collective level, and in that sense individual voices are not heard” (Marton & 
Booth, 1997, p.114). “[A]nalysis [is] focused on key aspects of the collective 
experience” (Akerlind, Bowden & Green, 2005, p. 82) concentrating on the 
phenomenon under investigation as seen by the participants. The „pool of meanings‟ 
approach enables greater decontextualisation of the data, thus facilitating the 
“phenomenographic focus on collective meanings, and away from individual 
meanings” (p.92). So, “categories of description are not intended to necessarily 
correspond to the perception of any particular individual … [rather they are an] 
aggregate of similar perceptions … [where] texts [are examined] as a group rather 
than singularity of individual experience … [so that] any one transcript could 
contribute to a number of categories” (Akerlind et al., 2005, p. 92). In this way, the 
group of participants is the unit of analysis rather than the participants as individuals. 
Indeed Reid (1997) acknowledges that individuals may express a range of 
conceptions of any given phenomenon. This group focus contributes to the 
applicability of the results to other similar groups.  
In grounded theory, the categories or themes emerge from the analysis of the 
transcripts as a whole “through processes of iteration” (Green, 2005, p. 35) rather 
than forcing the data to fit into a pre-determined model. Phenomenography also seeks 
to reveal the finite set of categories of conceptions of a phenomenon, but it is 
different from grounded theory because the categories are logically connected in an 
outcome space, usually displaying a hierarchical nature.  
Phenomenography is similar to content analysis as the transcripts of the interviews 
are analysed to make inferences about the meanings evident in the text. Content 
analysis, like phenomenography, is an interpretive, empirical research approach, but 
in phenomenography no aspect of the text is quantified. In her book explaining 
content analysis, Neuendorf (2002) claims that  “[c]ontent analysis has as its goal a 
numerically based summary of a chosen message set” (p. 14) whereas a 
phenomenographic study provides detailed  descriptions of the range of conceptions 
found in the data (Marton, 1981). In this study of conceptions of rate, the set of 
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conceptions generated by phenomenographic analysis provided a basis for a 
secondary content analysis of the data. The next section describes phenomenography 
in more detail. 
4.3.2 Phenomenography 
The word „phenomenography‟ is derived from two Greek words: „phainomenon‟ 
meaning appearance and „graphein‟ meaning description. These words convey the 
idea that phenomenography is a description of how a particular aspect of the world 
appears to the participants of a study (Pang, 2003).  Phenomenographic studies 
investigate the participants‟ conceptions of phenomena in the world around them. 
These conceptions of phenomena are influenced by a person‟s focus – the lens 
through which they look at the world. An individual‟s focus is determined by their 
motivation and their previous experiences.  
“Phenomenography is an interpretive research approach that seeks to describe 
phenomena in the world as others see them, the object of the research being variation 
in ways of experiencing the phenomenon of interest” (Bruce et al., 2004, p.147), for 
example, the  concept of rate as in this study. The aim of phenomenographic research 
is to reveal this variation. This study aims to reveal the variation in the conceptions of 
rate exhibited by this group of Victorian Year 10 students; hence phenomenography 
was a suitable methodology to employ. Webb (1996) reports that in such studies, 
students are usually asked to describe their understanding of a concept, a text or a 
situation. In this study, participants were asked to describe their conceptions of rate. 
It is important to emphasise that a phenomenographic researcher attempts to describe 
a phenomenon as others see it, not as it is seen by the researcher, that is, a second 
order perspective. Typically, in research of this nature there are a limited number of 
qualitatively different conceptions of a particular phenomenon, so it is expected that 
this will be the case with conceptions of rate and that participants‟ conceptions may 
be grouped into a limited number of categories. “Phenomenography is a research 
method adapted for mapping the qualitatively different ways in which people 
experience, conceptualise, perceive, and understand various aspects of, and 
phenomena in, the world around them” (Marton, 1986, p.31). In particular, this study 
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aims to uncover the set of different conceptions students demonstrate of a particular 
aspect of their world, that is, the concept of rate. Whilst the findings of this study are 
based on a particular group of twenty students, this group is diverse (see Section 5.2.2 
for details of the participants of this study) and so similar findings may be expected 
from another group of Year 10 students exhibiting the range of diversity of this group.  
Like Bruce et al. (2004), Bowden and Green (2005) describe the object of study in 
phenomenographic research as the relation between the participants and the 
phenomenon under investigation, such as rate. Figure 4.2 shows the relations existing 
in a phenomenographic study. Relations do exist between the researcher and the 
participants and also between the researcher and the phenomenon, but “the focus of 
the research is on the researcher trying to find out about the object of study” (Bowden 
& Green, 2005, p. 12) that is, the concept of rate as seen by the participants of this 
study. 
 
Figure 4.2: Object of study in phenomenographic research (Bowden & Green, 2005, p. 13) 
The researcher attempts to minimise the influence of the relations between the 
researcher and the subjects and the phenomenon, sometimes referred to as bracketing. 
The researcher focuses on the object of study, that is, the relation between the 
participants and the phenomenon. Participants‟ responses are interpreted in terms of 
what they reveal about the different ways the participants experience the 
phenomenon. Phenomenography takes the participants' perspectives rather than the 
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preconceived notions, which the researcher may have, of what constitutes a „correct‟ 
understanding of the concept.  It is often difficult for the researcher to bracket their 
expertise in a domain and focus on the participants‟ perspective. The researcher seeks 
to uncover the qualitatively different ways in which the participants, in the group 
under investigation, describe their conceptions.  In the interviews, the researcher 
endeavours to gain as much information as possible about each participant‟s 
conceptions.  
So, this phenomenographic study of conceptions of rate seeks to reveal the 
qualitatively different ways in which the participants experience or understand 
various aspects of the concept of rate. Cope (2000) describes a way of experiencing a 
phenomenon under investigation in terms of a structure of awareness (see Figure 4.3). 
[A] way of experiencing a phenomenon can be described as a particular 
structure of awareness. A particular structure of awareness contains a theme 
made up of a number of aspects of a phenomenon simultaneously present and 
related in a particular way. A different way of experiencing the phenomenon 
involves more or less aspects of the phenomenon simultaneously present in 
thematic awareness and/or related in different ways. More complex ways of 
experiencing a phenomenon, that is those higher in a hierarchy, involve 
either focussing simultaneously on more aspects of the phenomenon and/or 
recognising more and better defined relationships between the aspects (p.27). 
Researchers from the phenomenographic research tradition, describe learning as a 
change in the way a student conceives the object of learning (Booth, 1997; Ramsden, 
1988). They gather data about the current conceptions of their participants and focus 
on interpreting the descriptions given by them. So, learning is then demonstrated by a 
change in the expression of the students‟ conceptions of the content of the 
instructional sequence. Marton and Ramsden (1988) propose that content and process 
are intertwined aspects of learning. What is learnt depends on how the learning takes 
place. Students‟ conceptions are related to the context in which the learning takes 
place. “A careful account of the different ways people think about phenomena may 
help uncover conditions that facilitate the transition from one way of thinking to a 
qualitatively 'better' perception of reality” (Marton, 1986, p.33). So, the results of 
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phenomenographic research may be used by curriculum designers and teachers, to 
prepare material, which assists students to move from one conception to a better 
conception.  
Terminology 
Phenomenographic researchers have developed a vocabulary to facilitate discussions 
of their research. This section explains some of these terms so that the reader will 
have a better understanding of their meaning when they are used elsewhere in this 
thesis. The aim of phenomenography is to reveal and systematically describe the 
limited number of qualitatively different categories of description (hereafter referred 
to as categories) of the conceptions a particular group of people have of a particular 
phenomenon (Marton, 1981). This study aims to reveal and describe the qualitatively 
different ways in which Year 10 students, aged 15-16 years, conceive rate. The 
aspects of the particular phenomenon under investigation referred to by Cope (2000) 
are usually termed dimensions of variation (hereafter referred to as dimensions). 
These dimensions emerge from the data and may take a variety of values suggested 
by the data. The categories are based on the dimensions. Akerlind (2005a) refers to 
dimensions as “themes of expanding awareness” (p.122).  
 
Figure 4.3: Structure of awareness illustrating the relationship between the theme, thematic 
field, and margin (Cope, 2000, p.16) 
The structure of awareness (see Figure 4.3) guides the analysis of the data, enhancing 
the validity of the results (Cope, 2004) by including explanations of both the 
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referential and structural aspects of each category in its description. The referential 
aspect “denotes the global meaning of the object conceptualized; and the structural 
aspect, which shows the specific combination of features that have been discerned 
and focused on” (Marton & Pong, 2005, p.335). The structural aspect refers to the 
internal and external horizons. The internal horizon, or theme, refers to the 
dimensions and their values which are the focus of awareness of each category. It 
“represents the focus of the participants‟ attention, or that which is figural in 
awareness and simultaneously attended to” (Bruce et al., 2004, p. 147). The theme is 
supported by the thematic field which includes aspects of the student‟s experience 
related to the theme. “The external horizon represents that which recedes to the 
ground, essentially the perceptual boundary associated with participants‟ ways of 
seeing” (Bruce et al., 2004, p. 147). So the external horizon represents all aspects in a 
participant‟s experience related to the focus of attention. It consists of their life 
experience which sits in the background of their awareness (Marton & Booth, 1997). 
The diagram seen in Figure 4.3 summarises the relationship between the theme, 
thematic field and margin. A similar diagram extends the detailed description of each 
category found in the phenomenographic analysis, appearing in Chapter 6, of the data 
collected for this study showing which values of the dimensions are in focus in each 
category. 
The detail of the structural aspect should include the dimensions of variation 
simultaneously present in the internal horizon, the „values‟ of each dimension 
of variation, the existence and nature of relationships between dimensions of 
variation, and the nature of the boundary between the internal and external 
horizons (Cope, 2004, p. 12). 
The set of categories, together with the relationships between the categories, is 
defined as the outcome space. More sophisticated levels of understanding, involve 
discernment of more dimensions and/or more values of the dimensions. The 
categories must “differ with respect to the number of dimensions of variation and/or a 
new value in a dimension of variation” (Cope, 2004, p. 12). The hierarchical nature of 
the outcome space does not imply a flow of developmental stages, so there is no sense 
of a student being at a particular stage in their development of the concept.  
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Overview of the conduct of phenomenographic research 
Rigorous guidelines are set down about the conduct of phenomenographic interviews 
and their analysis (Bowden & Green, 2005) (see Figure 4.4). A phenomenographic 
study begins with a research question which influences the choice of the phenomenon 
under investigation. Data are collected following phenomenographic protocols which 
encourage trialling of interviews; selection of participants to capture a wide range of 
conceptions; and the conduct of consistent, open interviews. Scrutiny of the 
transcripts is focussed on extracting the diversity of ways in which the phenomenon 
under investigation is described by the participants. These descriptions are interpreted 
by the researcher in terms of the information any specific response conveys about the 
particular way the phenomenon is experienced.  Categories and dimensions are 
developed through an iterative process (see Chapter 7 for details of the iterative 
process employed in this study) resulting in an outcome space which structures the 
categories. Figure 4.4 summarises the conduct of a phenomenographic study. 
 
Many phenomenographers would see the finalisation of the outcome space as the end 
of the phenomenographic investigation (Marton, 1981), however in developmental 
phenomenography, research is “undertaken with the purpose of using the outcomes to 
help the subjects of the research, usually students, or others like them to learn” 
Figure 4.4: Overview of phenomenographic research.  
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(Bowden, 1995, p. 147).  There is no difference in the manner in which the outcome 
space is determined, rather the difference lies in the purpose behind the study and the 
way the outcome space is then used in educational contexts. This study is a 
developmental phenomenographic investigation as it seeks to reveal the variation in 
conceptions of rate of this study‟s cohort in order to provide suggestions regarding the 
instructional sequence for rate for other middle secondary students.  
Since the main aim of phenomenography is to reveal the set of the different ways in 
which people express their experiences of specific features of their world, the 
phenomenographic approach is appropriate for this study due to its potential for 
revealing variation in the conceptions of rate held by students of this age and stage 
who have not begun a study of calculus. So, this study provides insights into these 
students‟ conceptions of rate, informing choices of teaching practice which address 
these conceptions.  
Validity and reliability  
Like grounded theory, “the rigour of phenomenography as a method is tied to the 
imperative to stay with the transcript … [and] the reliability of phenomenographic 
analysis is ensured through the researcher engaging in an iterative dialogue with the 
text and not predicting outcomes in advance by imposing categories of description” 
(Barnacle, 2005, p.49). So “the validity of the outcomes is related to the processes 
that are used at all stages of phenomenographic research” (Akerlind et al., 2005, p. 
89), that is: the selection of the sample to capture as much variation as possible; the 
conduct of consistent, open interviews; the iterative analysis which remains focused 
on the meanings expressed in the transcripts taken as a whole; and “seeking feedback 
on one‟s interpretations from other researchers” (p. 91). Cope (2004) advises that 
interview questions be designed to establish the phenomenon‟s dimensions and the 
values each dimension may take. Further, he advocates a clear explanation of the 
steps taken to collect unbiased data, including the diversity of the sample and the care 
taken in interviewing with follow up questions using the interviewee‟s terms, so that 
“[t]he interviewing has a structure to it that can be justified as minimising the 
influence of the interviewer‟s prior knowledge of the phenomenon” (Cope, 2004, 
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p.14). Data collected in this way minimises any possible bias of the researcher. 
During data analysis, Cope emphasises that “[a] researcher is more likely to make 
appropriate interpretations, and become aware of correct problems, if the analysis and 
description are underlain by an elucidated, structured framework” (p.14), such as the 
structure of awareness (see Figure 4.3). This means that the dimensions and their 
possible values clearly differentiate the categories and structure the hierarchy of the 
outcome space. Finally, he proposes that the presentation of results should be based 
on a structure of awareness. Indeed, it is his view that the employment of a structure 
of awareness at all stages of a phenomenographic study contributes to the overall 
validity and reliability of the research. 
Central to the idea of remaining “faithful to the meanings in the transcripts” (Akerlind 
et al., 2005, p. 87) is the bracketing of the researcher‟s understanding of the concept 
under investigation (Bowden, 2005). It is often difficult to focus on a participant‟s 
way of experiencing the concept, when the researcher may very well regard that way 
of experiencing the concept as incorrect, or at variance with the correct understanding 
as accepted by the community of practice. This may be particularly difficult when 
exploring mathematical conceptions, where the researcher may belong to the 
mathematical community of practice and be influenced by their knowledge of the 
standard mathematical definitions of concepts. The hierarchical structure of the 
outcome space is a summary of the actual conceptions found, rather than any notion 
of correctness. “The phenomenographic focus on participants as a collective group, 
rather than a series of individuals, also makes member checking inappropriate as a 
validity check for phenomenographic analyses” (Akerlind et al., 2005, p. 81), but 
another researcher should be able to recognise the categories. This interjudge 
reliability is the degree to which another researcher, in the same field of research, 
could identify with the categories provided. It should be possible for another 
researcher to examine the transcripts, along with the categories and be able to classify 
statements, relating to the concept under investigation, into the categories provided 
(Sandberg, 1997). In addition, Sandberg suggests that interpretive awareness, where 
the researcher‟s subjectivity is acknowledged with appropriate demonstration of the 
interpretation process, enhances the validity of analysis.  
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The next section discusses issues of phenomenographic analysis. 
4.3.3 Phenomenographic analysis 
Phenomenography is a second-order, interpretive empirical research approach. The 
categories emerge from the data rather than from a theoretical standpoint. Data are 
not collected to affirm or refute preconceived hypotheses. Usually phenomenographic 
interviews are audio-recorded and transcribed, with the analysis based on the 
utterances of the interviewees as presented in the transcriptions. The researcher gives 
the interpretation of the transcripts a second-order perspective, by describing how a 
phenomenon under investigation appears to the participants, rather than how it 
appears to the researcher (Marton, 1981, 1986; Marton & Booth, 1997). Analysis of 
these interviews is focussed on the “meanings found in the text of the participants 
rather than applying concepts drawn from elsewhere”, so the participants‟ words are 
used “in the development of categories through processes of iteration … of transcript 
analysis” (Green, 2005, p.35). In this study, the non-verbal communications revealed 
by the video also provided insights into the gist of students‟ explanations. 
Interviewees‟ responses, usually words, are interpreted according to the insights the 
responses give the researcher about how the phenomenon appears to the participants. 
The focus of such research is the relationship between the participants and the 
phenomenon, that is, the nature of the phenomenon from the participants‟ point of 
view. Typically, transcriptions of interviews are examined to find ways of grouping 
the participants‟ conceptions into categories according to the dimensions. The 
categories are carefully described so that any response can be classified into one of 
the categories.  
Phenomenographic analysis consists of a series of iterations to refine the categories 
by repeated reading of the transcripts (Bowden, 2000). The group is the unit of 
analysis. Meaningful quotes, relating to the phenomenon, are taken from the 
individual transcripts and pooled, shifting attention, from the individual, to the 
meanings expressed by the group as a whole. “Thus each quote has two contexts in 
relation to which it has been interpreted; first the interview from which it was taken 
and second the „pool‟ of meanings to which it belongs” (Marton, 1986, p.42). The 
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focus of the analysis is on the ways in which the participants experience the 
phenomenon under investigation. Each relevant communication is examined to 
develop a list of meaning statements representing the researcher‟s interpretation of the 
participants‟ responses in relation to the phenomenon.  “The meaning statements are 
collated, grouping those with similar meaning, until all elements have been 
identified” (Bramer, 2006, p.699). This represents the first steps in the development 
of the categories. The researcher constantly returns to the transcripts to check for 
accuracy. Specific utterances are identified according to their relevance to the 
research question (Barnacle, 2005).  
Over successive iterations of data analysis, dimensions become apparent. These 
dimensions are aspects of the phenomenon which differentiate the emerging 
categories. The descriptions of the categories are refined and the number of categories 
is gradually reduced. When it is finally decided that no further refinement is possible, 
the outcome space is prepared where each category is placed in relationship to the 
other categories. Hierarchically inclusive relationships between the categories are 
sought and “the ordering of categories within the hierarchy emerged through an 
iterative process, involving an interactive alternation between searching for logical 
and empirical evidence of inclusiveness” (Akerlind, 2005a, p. 119). The hierarchical 
nature of the outcome space, structured according to the dimensions, infers that some 
categories indicate a higher level of perception of the phenomenon in question 
(Bowden, 1994; Marton, 1988). The outcome space is considered to be the final 
results of a phenomenographic investigation.  
The decision to employ phenomenography to investigate conceptions of rate directly 
influenced the manner of data collection. The next section outlines the deliberations 
which shaped the decisions about the collection of data. 
4.3.4 Collection of data  
A phenomenographic study aims to explore the diversity of conceptions of the 
phenomenon under investigation. The participants are chosen in order to obtain as 
much variation in conceptions as possible rather than to provide a statistically 
representative sample. The aim is that “nothing in the collective experience as 
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manifested in the population under investigation is left unspoken” (Marton & Booth, 
1997, p.125). Probing interviews are usually conducted and transcribed from the 
audio-record in as much relevant detail as possible.  
Phenomenographic interviews are semi-structured, with the researcher 
clearly setting the interview topic(s) through the use of a number of set 
questions, but then making substantial use of unstructured follow up 
questions to further investigate interviewees’ responses to questions. 
(Akerlind, Bowden & Green, 2005, p. 80)  
Audio recording of an interview is often very successful in capturing participants‟ 
verbal communications of their conception of the phenomenon. An interviewer can 
ask focussed questions and adapt subsequent questions to clarify a participant‟s 
response, allowing a researcher to probe more deeply into individual participant‟s 
conception, although they may give answers they feel the researcher wants to hear. 
The audio recording documents the audio elements of the context of the interview and 
can be replayed repeatedly to ensure accuracy in the transcription.  
However, “[s]peech and gesture together can often provide a clearer and more 
accurate picture of what children really know about a given concept than either 
modality alone” (Kelly, Singer, Hicks & Goldin-Meadow, 2002, p. 22). The teenage 
participants of this study may have found it difficult to discuss an abstract 
mathematical concept such as rate (Reynolds & Reeve, 2002; Gough, 2007). 
Therefore, consideration of the non-verbal communication used by participants as 
they explain their conceptions, is vital in revealing the meaning behind their 
utterances. So, for this study it was important to supplement the utterances captured in 
the transcriptions of the interviews with a visual record captured by video.  
Video provides access to data not available in other forms of data collection. It 
enables the researcher to take advantage of participants‟ non-verbal communications 
to enhance their understanding of the participants‟ explanations, since “video data are 
also much richer than audio data because they capture both linguistic and 
paralinguistic features of the context” (Abasi & Taylor, 2007, p. 291). Whilst it is 
more common to audio-record phenomenographic interviews, there have been a 
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number of phenomenographic studies using video for data collection (see for 
example, Aberg-Bengtsson, 1998) and Akerlind (2005) claims that “a range of other 
data types is also accepted” (p. 67), so analysing non-verbal communications, even 
though unusual, is acceptable as a data source in the formation of the categories. In 
addition, Cope (2000) reports that, in his phenomenographic study, “body language 
and voice inflection were lost when the interviews were transcribed. … This loss of 
body language and voice inflection makes a phenomenographic analysis more 
difficult” (p. 201). Similarly, Dortins (2002) reports that body language conveyed 
information not available in the words used in her interviews investigating law 
students‟ perceptions of learning and working in law. Further, Cope recommends that 
phenomenographic analysis would be improved by video-recording interviews rather 
than audio-recording, so that during analysis “the transcribed text, body language and 
voice inflection would be available to the researcher, promoting improved analysis” 
(p. 201). Another difficulty faced by the researcher is the interpretation of pauses in 
the audio record as the visual record is missing and the researcher cannot see what is 
occurring during the pauses. Detailed written records taken by experienced 
researchers, may provide a permanent record of richer, and perhaps more reliable, 
data about certain students‟ understanding. However, such detailed notes may detract 
from a focus on probing a participant‟s responses or interfere with the flow of the 
interview and the rapport with the interviewee.  
Video enables the researcher to formulate interpretations of these gaps in the audio 
record. The data captured by video may provide a more comprehensive understanding 
of the gist of participants‟ responses (Pea, 2006). Such data may include sound and 
images containing facial expressions, tone of voice and gestures, together giving 
insights into emotions and depth of understanding of concepts. Video is especially 
useful for fast moving and complex events and can be replayed repeatedly to ensure 
accuracy of transcripts and analysis, by picking up subtle details and checking 
interpretations. This fine-grained analysis may disclose insights into students‟ 
understanding not otherwise available.  
Pea (2006) advocates the “capture of the complexity of … situations, where multiple 
simultaneous „channels‟ of interaction are potentially relevant to achieving a full 
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understanding” (p.1323) by using video. He claims that video enables the collection 
of richer and more reliable data about complex social interactions, such as interviews. 
He emphasises the advantages of re-use and sharing of video files where data 
collected can be viewed from different perspectives. He asserts that video fosters 
distinctive insights and provides more “complete records of complex phenomena than 
earlier methods” (p.1325). The value of this means of data collection lies in the access 
it affords to participants‟ non-verbal expression of their conceptions.  
Consideration of participants‟ gestures may improve the researcher‟s awareness of 
their conceptions. The importance of gesture in illuminating students‟ conceptions, 
with particular regard to mathematics education research, is discussed in the next 
section.  
The role of gesture in illuminating students’ meanings  
Feyereisen and de Lannoy (1991) defined gesture to be “any kind of movement 
performed during speaking, not only hand movements but also head, eye and face 
movements” (p.4). Classification of gestures may assist a researcher‟s interpretation 
of participants‟ gestures. McNeill‟s (1992) classification consists of four types of 
hand gestures: beat, deitic, iconic and metaphoric. Beat gestures reflect the tempo of 
speech or emphasise aspects of speech. Gestures are classified as deitic when the 
participant is pointing at a real item, indicating directions or referring to something 
previously discussed. Iconic gestures resemble physical phenomena, such as when 
hands are held to represent the shape of a ball, and are usually easy to interpret. 
Metaphoric gestures clearly have some meaning representing an abstract idea, but are 
more difficult to interpret. Awareness of the gestures which may accompany speech 
in a particular domain is an advantage in interpreting the meaning of a participant‟s 
comments (Kelly et al., 2002).  “Gesture thus lets speakers convey thoughts they do 
not have words for” (Goldin-Meadow, 2006, p. 38) and it privileges “access to 
information that children know but do not say” (Goldin-Meadow, 2000, p.231).   
Edwards (2005b) proposes a revision of McNeil‟s iconic classification to include 
iconic-physical, for iconic gestures resembling the physical phenomenon referred to 
in speech, and iconic-symbolic, for iconic gestures referring to mathematical symbols 
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or written processes. In addition, she conjectures that the special role of semiotics in 
mathematics may need further classifications to facilitate the interpretation of 
gestures used in explaining mathematical understanding. Arzarello and Robutti 
(2004) use the term  „iconic-symbolic‟ in the same manner as Edwards, but extend the 
categorisation further to include iconic-representational gestures that are gestures 
related to graphs. Of special interest to this project, Rasmussen et al. (2004) allude to 
particular forms of gesture relating to rate, such as a “slope shifting gesture”(p.312), 
“moving rate gesture”, “slope hand gesture”, “pointing function gesture” and 
“pointing moving slope gesture”(p.309). One type of gesture, also noted by Noble 
(2003), frequently used by the participants of this study was tracing out of curves on 
the screen either with a finger or using the mouse as a pointer. Another related gesture 
was drawing graphs in the air which served a similar purpose as tracing out the graphs 
on the screen to convey the participants‟ understanding about the shape of the graph. 
Gestures may be deliberate with the intention of communicating meaning or 
unintentional acts. Regardless of a gesturer‟s intentions, gestures “may provide a 
window onto knowledge that is not readily expressed in speech” (Alibali, Bassok, 
Olseth Solomon, Syc, & Goldin-Meadow, 1999). Goldin-Meadow (2004) 
investigated, “what a teacher might learn about a child‟s knowledge state from 
observing that child‟s gestures” (p.314) and suggests that teachers can and do 
interpret children‟s gestures, but do not always take them into account in their 
teaching. However, gestures are sometimes difficult to interpret (Williams & Wake, 
2004) but practice in interpretation of gesture can lead to a better assessment of 
participants‟ knowledge (Kelly et al., 2002; Garber, Alibali and Goldin-Meadow, 
1998). When speech adequately conveys a speaker‟s meaning, gesture only plays a 
supportive role, but when gestures convey information which differs from the 
information provided by speech (Goldin-Meadow, 2000) interpretation of gestures 
becomes especially important. In addition to complementing speech, gestures may 
also contradict speech (Alibali & Goldin-Meadow, 1993), so the researcher 
scrutinising video for students‟ conceptions needs to be alert for instances where 
gestures contradict speech as well as instances where gesture elaborates on speech.  
The gesture-speech mismatch may afford teachers an opportunity to guide students 
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towards a more correct and complete understanding of a mathematical concept 
(Alibali, Garber, & Goldin-Meadow, 1993; Goldin-Meadow, 2000). Such a mismatch 
may signal that the student is ripe for teachers to progress their understanding by 
timely intervention (Alibali et al., 1993).  
However, it is interesting to note that Iverson and Goldin-Meadow (1998) report that 
blind people spontaneously gesture in the same way as sighted people. This suggests 
that gesture performs the function of assisting gesturers to clarify their own thoughts, 
as well be used to convey information to other people. In this study, the participants 
are young adolescents who may not be able to express their conceptions of rate 
clearly. Indeed, Broaders, Wagner Cook, Mitchell, and Goldin-Meadow (2007) assert, 
“speakers‟ gestures can reveal knowledge that they have but cannot yet articulate” (p. 
539), so a close examination of students‟ gestures may offer insights into students‟ 
conceptions not available from the transcriptions of their utterances, for example, 
pointing to a particular part of the screen of the computer-based simulations used in 
this study.  
Recently, researchers have been investigating the importance of considering gesture 
in the domain of mathematics education (See for example, Godfrey & O‟Connor, 
1995; Goldin-Meadow et al., 1999; Reynolds & Reeve, 2002; Radford, 2003; Noble, 
2003; Rasmussen et al., 2004; Sabena, 2004; Williams & Wake, 2004; Arzarello & 
Robutti, 2004; Schnepp & Chazan, 2004; Radford, 2004, 2005; Arzarello et al., 2005; 
Singer & Goldin-Meadow, 2005; Arzarello & Edwards, 2005; Edwards, 2005a, 
2005b; Ferrara & Nemirovsky, 2005; Williams, 2005; Kaput, 2005; Ehrlich et al., 
2006). Goldin-Meadow et al. (1999) report on an investigation of the effectiveness of 
eight teachers‟ gestures accompanying problem-solving strategies, in promoting 
problem-solving strategies in their students. Their findings indicate that verbal 
explanations accompanied by matching gestures were more effective than verbal 
explanations alone.  Reynolds and Reeve (2002) in their study of the significance of 
two students‟ gestures in the interpretation of speed-time graphs, suggest that gesture 
is particularly important in domains where “concepts may be difficult to explicate” (p. 
447) or where participants may lack “sufficient domain language” (p.457), such as 
this study investigating conceptions of rate. Indeed, Gough (2007) asserts that many 
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mathematical concepts, including rate, are difficult to discuss without ambiguity. In 
addition, Reynolds and Reeve claim, “pauses appeared to indicate a state of cognitive 
uncertainty”. So, participants‟ representational gestures along with significant pauses, 
give “a more complete picture of the students‟ actual understanding of the problem 
domain” (p.457). Therefore, close attention to participants‟ non-verbal 
communication is crucial in determining their conceptions. For example, when 
interactions between students are videoed and the visual images are examined, these 
images may record instances where one student facilitates the learning of another, and 
possibly their own learning, by drawing their attention to a particular aspect of a task 
(Rasmussen et al., 2004). Rasmussen, Nemirovsky, Olszewski, and Johnson (2005) 
warn against assuming that articulation of a concept and correct use of corresponding 
notation, indicate the concept has been learnt. In particular, they claim that rate-
related notions are not fully understood only in the form of formal definitions, which 
may have been studied earlier, but are re-constituted in each new context. Williams 
and Wake (2004) claim that gesture assists workers to explain their mathematical 
practices to researchers and students, for example, the use of pointing to connect 
items in a spreadsheet. Arzarello et al. (2005) in their study of middle-years students‟ 
conceptions of „variable‟ and „function‟, claim that “gestures … play an important 
role in interpreting the students learning processes” (p.64). Ehrlich et al. (2006) in 
their study of eighty, five-year olds‟ understanding of spatial concepts, suggest 
exploring “how people communicate about space, [by] paying particular attention not 
only to their words but also to their gestures” (p.1260). 
Some researchers in mathematics education, such as Radford (2003, 2004, 2005), 
Goldin-Meadow (2004), Arzarello and Robutti (2004) and Ehrlich et al. (2006) 
suggest that gesture is not only used to enhance communication, but also as part of 
the individual‟s learning process in acquiring mathematical concepts. Radford (2005) 
asserts that “gestures were not merely ancillary aids to communication [rather] they 
appeared as crucial parts of their [students‟] mathematical experience” (p.116). In 
addition, teachers‟ gestures are also important to students‟ learning (Singer & Goldin-
Meadow, 2005). So, it is important for researchers and teachers to learn more about 
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the information conveyed by students‟ gestures (Alibali et al, 1997; Goldin-Meadow 
et al, 1999; Kelly et al, 2002).  
Godfrey and O‟Connor (1995) describe young children‟s use of their hand spans as a 
unit of measurement. Since the concept of rate involves an understanding of 
quantities and their measurement, it may be that gesture provides an intermediary 
stage between qualitative and quantitative descriptions of rate when used to 
demonstrate non-standard units. Rasmussen et al. (2004) identify a number of rate-
related gesture types in their study of classroom practices in a class studying first-
order differential equations. Images in their paper clearly convey gesture type and its 
interpretation. Indeed, Garber et al. (1998) suggest that an observant researcher is able 
to interpret gestures, thus supporting “a research methodology that captures 
knowledge that would be missed using a purely verbal protocol” (p.82). 
Consequently, in this study, video has been used to capture this important 
information. 
So, in addition to the rigorous processes required for a phenomenographic study, it 
was decided to use video-recording for the collection of the data from the interviews. 
It was anticipated that this would enable the researcher to better understand the 
substance of these adolescent students‟ responses as they attempted to convey their 
thoughts about the interview questions. This was considered to be a solution to the 
problem Barnacle (2005) highlights that “some moments will remain in the transcripts 
where it is difficult to make sense of what is being said” (p. 51). The rich data 
obtained from, both, the transcriptions of audio recordings and the videos gave 
insights into participants‟ understanding of rate not available from the audio record 
alone. 
The preceding sections have discussed the use of the methodology of 
phenomenography, in general, with its application to a wide variety of research 
endeavours. Of particular interest to this study is previous research which employs 
phenomenography to investigate research questions related to mathematics. The next 
section outlines some of the phenomenographic research which has taken place 
focusing on the domain of mathematics.  
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4.3.5 Using phenomenography to explore mathematical 
conceptions  
Phenomenography has been used as a research methodology for investigating 
students‟ understanding of conceptions related to mathematics and science (see for 
example Marton et al., 2004; Ramsden et al.,  1993; Walsh, Dall'Alba, Bowden, 
Martin, Marton and Masters, 1993; Prosser, 1994; Svensson & Hogfors, 1988; Walsh, 
Bowden & Dall'Alba, 1995; Neuman, 1987, 1999; Lee & Gerber, 1999; Kordaki & 
Potari, 2002; Kordaki, 2003; Attorps, 2006; Runesson, 2005a, 2005b, 2006; Asghari 
& Tall, 2005). Neuman(1999) investigated conceptions of division; Attorps 
(2003;2006) revealed the diversity in conceptions of the concept of equation; Gerber, 
Boulton-Lewis & Bruce, (1995), Aberg-Bengtsson(1998) and Lee and Gerber (1999) 
explored children‟s understanding of graphs;  Ramsden et al. (1993) examined 
tertiary students‟ conceptions of frames of reference; Walsh et al. (1993) investigated 
tertiary physics students‟ conceptions of relative speed; Asghari & Tall (2005) probed 
variation in the meaning of equivalence relations; Ahlberg and Csocsan (1999) 
explored the meaning of numbers for blind children; Ramsden et al.,  1993 explored 
tertiary physics students conceptions of frames of reference; and Ahlberg (1992) 
investigated students approaches to solving mathematical problems. Further details of 
phenomenographic studies involving mathematical concepts can be found in 
Appendix A1. 
Most closely aligned to the focus of this study of conceptions of rate is a 
phenomenographic study conducted by Walsh et al. (1993) reporting on conceptions 
of relative speed held by ninety tertiary physics students. They helpfully describe the 
manner in which their categories were established.  Their description provided 
guidelines for the conduct of this study of conceptions of rate. They began with task-
based interviews presenting students with the following question in written form:  
Martha and Arthur are running along a straight level road at constant speed. 
Arthur is ahead of Martha. Arthur‟s speed is less than Martha‟s speed. How 
far must Martha run before she catches up to Arthur, and how long will this 
take her? (p.1137). 
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During interviewing they used probing questions such as “Could you explain that 
further?, “What do you mean by that?, Why does that happen?” (p. 1137). The 
interviews were audio-taped and transcribed. All transcriptions were read “with the 
purpose of identifying the ways in which the students understood relative speed in the 
question” (p.1138). These different ways of understanding relative speed formed a 
draft set of categories, which was further refined, iteratively, based on evidence from 
the transcripts.  The characteristic features of each category were described. These 
characteristic features can be likened to Akerlind‟s (2005a) dimensions of variation. 
“The final descriptions reflect these characteristic features of each category and the 
differences between categories [and] … reveal the relationship of one category to 
another” (p.1138) thus forming an outcome space (Figure 4.5).  The outcome spaces 
given by Ramsden et al. and Walsh et al. are highly relevant for this study of 
conceptions of rate. They show that different conceptions of relative speed in the 
context of frames of reference do exist, so it is highly likely that similar categories 
will also exist for conceptions of rate in general.  These studies, of conceptions 
closely related to rate, inform this study of the conceptions of rate providing guidance 
in the conduct of such a study.  
 
Category 1: Relative speed as a new entity: Initial distance as a fixed quantity 
Category 2: Relative distance as a variable quantity, a function of time  
Category 3: Distance (Martha) = Distance (Arthur) + initial distance  
Category 4: Distance (Martha)  : Distance (Arthur) 
Category 5: Discontinuous perspective: unitizing time 
Category 6: Discontinuous perspective: unitizing distance 
Figure 4.5: Walsh et al.‟s outcome space for the concept of relative speed 
These studies demonstrate that phenomenography is a suitable methodology to 
employ to investigate a specific concept in mathematics. The hierarchical nature of 
the outcome space of participants‟ conceptions depicts the depth of understanding of 
the concept (Bowden, 1994; Marton, 1988). It is likely that participants would express 
qualitatively different descriptions of their conceptions, based on their previous 
experiences related to the concept. Each student will attend to different aspects of a 
concept depending on their motivation and their previous experiences. Common 
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themes will emerge, but individuals will describe different aspects and place different 
emphasis on certain features.  
A number of phenomenographic studies of mathematical or scientific conceptions 
have been undertaken, with respect to concepts which had previously been 
extensively researched in order to shed light on actual conceptions students 
demonstrate of these concepts. This is an emerging approach, to investigating 
students‟ understanding of mathematical or scientific concepts, suggests that 
phenomenography is a useful methodology to employ in such circumstances.  
4.3.6 Variation theory  
A learning theory which applies the results of phenomenographic studies is variation 
theory where learning is viewed as a change in an individual‟s conceptions of the 
phenomenon, that is, the particular concept, being explored (Cope, 2000; Dahlgren 
& Marton, 1978). The object of learning is the concept or collection of related 
concepts that the designer wishes the students to learn. It is “the end towards which 
the learning activity is directed” (Lo et al., 2005, p.14). Learning may be seen as 
displaying a change to a deeper, more inclusive level of understanding of the 
concept. More dimensions are focal in awareness and more values of the dimensions 
are discerned. Webb (1996) suggests that one of the categories in the outcome space 
will concur with the „correct‟ definition as commonly accepted by the community of 
practice, whilst other descriptions of conceptions may provide a starting point for 
teaching interventions, which result in a change in students‟ conceptions to the 
„correct‟ view. Therefore, it is reasonable to expect that one of the categories of this 
study will include the formal, mathematical definition of rate as the change in the 
dependent variable resulting from unit change in the independent variable (Hauger, 
1997). 
Advocates of variation theory (Runesson, 2005a; Dahlin, 2007) assert that a concept 
should be explored in a wide variety of contexts. Further, variation theory 
emphasises the importance of a student‟s awareness of critical aspects of a concept 
(Cope, 2000). Variation theory proposes that full understanding of a concept can 
only take place if the critical aspects of the concept are discerned and that 
4 - 28 
discernment requires explicit exposure to the variation in the critical aspect, for 
example, the shape of a triangle is discerned only when shape is varied to display 
triangles of different sizes and shapes and contrasted with shapes which are not 
triangles. Difficulties with the concept of triangle may occur when young students 
are only exposed to equilateral triangles, may believe that isosceles and scalene 
triangles are not really triangles, so their understanding is limited and their 
application of the concept of triangle flawed (Oberdorf & Taylor-Cox, 1999). 
Therefore, for a student to discern a critical aspect it is necessary to vary that aspect 
alone whilst holding other aspects invariant. Runnesson (2006) in her paper 
explaining the use of variation theory in a student‟s conceptions of graphs, claims 
“to learn is to be aware of critical aspects of what is learned” (p. 397). However, 
different students discern different critical aspects depending on their prior 
experiences, so different students have different learning outcomes. Further 
examples of the use of variation theory in the teaching of mathematical concepts are 
given by other mathematics education researchers (Leung, 2003; Gordon & 
Nicholas, 2005; Watson & Mason, 2005, 2006; Bills, Mason, Watson, & Zaslavsky, 
2006; Watson, Beswick, & Brown, 2006; Al-Murani, 2006; Kullberg, 2007; 
Runesson & Mok, 2004). Runesson and Mok (2004) provide a number of good 
examples, such as “learning the operator aspect of the fractional concept” (p. 67); 
“discerning parts and wholes” (p. 74); and “learning about problem solving” (p.75).  
Variation theory explains the differences in conceptions as differences in awareness. 
Indeed, Piaget (1970 translation of 1946 text) informs us “the child momentarily 
fixes on one aspect of the phenomenon and neglects the others” (p.165). In their 
book describing classroom experiments based on variation theory, Lo, Pong, and 
Pakey (2005) state “what a student actually learns depends on what he or she 
experienced. … Each student may experience the same situation in different ways” 
(2005, p.15). The simultaneous discernment of a greater number of aspects implies a 
more sophisticated level of understanding, with more aspects of a concept in the 
foreground of a student‟s awareness. “Whenever people attend to something they 
discern certain aspects of it, and by doing so pay more attention to some things and 
less attention or none at all to other things” (Marton, Runesson & Tsui, 2004, p.9). 
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Similarly, when Kaput (1992) reminds us that the abstraction of invariance, of seeing 
what stays the same in mathematical thinking, requires awareness of variance, he is 
expressing the same idea about variation as Marton et al. (2004). Kaput claims that 
the employment of dynamic media in mathematical instruction facilitates students‟ 
exposure to variation. The difficulties of parametric variation of functions may be 
eased with electronic media designed to assist this variation. For example, 
exploration of families of functions is a tedious manual exercise, but a graphics 
calculator can produce quickly, many correct examples of members of the family by 
varying the parameters of the function. Therefore, this can be considered an 
application of variation theory, since the learner‟s focus is on the effect of variation 
of the parameters rather than on calculations and graphing, especially since it has 
been shown that graphing itself is difficult, and slow to master for many students 
(Noble et al., 2004). This may lead to deeper conceptual understanding and the 
awareness of the interconnectedness of mathematical concepts. Similarly, Wilhelm 
and Confrey (2003)  claim that multiple contexts encourage the learner to see the 
„like‟ in a different context. However, Kaput warns that it cannot be guaranteed that 
a student will attend to the variation simply because it exists.  He claims that 
“[p]articular encouragements must be present … to cause students to attend to the 
educationally important events” (p. 541). 
In order to discern a particular aspect a student needs to be aware that there is 
possible variation in that aspect. For example, to be aware that linear functions result 
in straight line graphs, a student needs to be aware that there are other possibilities 
for the shape of a graph; that there are straight lines with different slopes; and that 
there are straight lines which pass through the vertical axis in different places. 
Learning occurs when a student is able to discern more aspects, more variations of 
an aspect or connections between aspects. In this way, variation theory can be seen 
as a guide for designing learning activities which expose students to the greatest 
possible variation in the widest range of aspects related to the object of learning.  
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Application of variation theory  
Watson and Mason (2006) regard the use of exercises in mathematics classes as an 
opportunity to provide variation in the critical aspects of an object of learning in 
mathematics. They suggest that careful design of the questions in an exercise raises 
the effectiveness of an exercise from merely practising a procedure to exposing 
students to the dimensions of possible variation in the object of learning. Indeed, 
Mason, Bills, and Drury (2007) stress generalising from the particular and the 
importance of selecting examples which lead the student to the awareness of the 
“ranges of permissible change” (p.50). Therefore, the critical aspects of the object of 
learning are determined and the curriculum designer or teacher designs activities 
which help to focus students‟ attention on them, so that students experience variation 
for any particular object of learning. In the case of this study, the object of learning 
is the concept of rate and it aims to determine its critical aspects. Marton et al. 
(2004) suggest that “[t]he critical features [aspects] have, at least in part, to be found 
empirically - for instance through interviews with learners” (p 24), thus the 
participants of this study have been interviewed to determine the critical aspects of 
rate.  
This view of coming to understand a mathematical concept is not inconsistent with 
the views of other mathematics education researchers. For example, understanding 
rate, in an abstract-general way (White & Mitchelmore, 1996) means that a student 
can apply this understanding to new problems involving rate. When a new problem 
is presented, students have the opportunity to detect the similarities and differences 
and transfer their understanding to the new context (White & Mitchelmore, 1996; 
Hiebert & Carpenter, 1992). Hiebert and Carpenter (1992) assert that many and 
varied external models will assist in the transfer from concrete models to internal 
mathematical objects, because exploring a concept in a wide variety of contexts 
provides students with many opportunities to link to their individual existing 
schemata, so is more likely to result in the formation of strongly connected 
schemata. Cognitive conflicts occur when a new experience cannot be absorbed into 
an existing schema because the new experience contradicts some part of it, resulting 
in a re-structuring of a schema in order to assimilate the new experience (Hiebert & 
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Carpenter, 1992). Exposure to variation in a concept may be likened to setting up 
opportunities for cognitive conflict. 
Educators, who espouse a constructivist approach in their teaching, strive to provide 
opportunities for students to construct their own knowledge and encourage reflection 
and interpretation of their experiences in an active and purposeful manner (Reeves, 
1998; von Glasersfeld, 1989). The teacher‟s role is to act as a cognitive guide 
providing useful tasks and the student‟s role is to make sense of the experience by 
re-organising information and connecting it to their existing schemata (Mayer, 
2003). Meaningful learning is seen as a result of selection, organisation and 
integration. The student actively builds systematic internal connections perhaps with 
the assistance of the teacher to suggest connections to existing schemata (Mayer, 
2003). For example, a teacher might remind students of when and where a previous 
experience in a particular area had occurred. Sfard (1991) cautions that beginning 
instruction with a structural definition may lead to a reliance on processes, rather 
than assisting the student to construct a concept image which is accepted by experts 
to be complete and correct. A teacher may provide experiences which approach the 
concept from a variety of views, thus allowing the student to compare their current 
conceptions with the new aspects of the concept. Many mathematics educators (for 
example Dreyfus, 1994; Tall, 1987; Thompson & Thompson, 1990) claim that one 
way, to assist students to develop strongly interconnected networks of schemata, is 
to provide numerous experiences where a particular concept can be explored in 
several different representations (see Chapter 3). 
4.4 Summary 
One aim of this research study is to identify the different ways this group of  Year 10 
students conceive the concept of rate, and by the analysis and description of the 
variation, map an outcome space of Victorian Year 10 students' conceptions of rate. 
The preceding discussion outlines the reasons for choosing phenomenography as a 
methodology for investigating this research question. This chapter presented the 
rationale for choosing to use video-recorded phenomenographic interviews for data 
collection, including details of other phenomenographic research exploring students‟ 
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conceptions of mathematical concepts. In addition, it discussed the relative benefits 
of various means of data collection.   
The results of this study are expected to influence the design of instruction of middle-
years students regarding the concept of rate. This chapter also discusses how other 
researchers have probed students‟ conceptions through the use of phenomenographic 
interviews paying particular attention to students‟ gestures. The literature reviewed in 
this chapter informs this study‟s methodology for collecting data with video, about 
students‟ conceptions of rate and the analysis of the data following rigorous 
phenomenographic procedures.   
Although Marton (1981) considers that the outcome space is the final result of a 
phenomenographic investigation, other researchers employing phenomenography, 
such as Boulton-Lewis and Wilss (2007), assert that phenomenographic data can 
also be analysed in other ways to investigate other research questions to provide a 
more complete picture of the data. In this study, the results of the phenomenographic 
analysis provided a framework for further examination of the data considering the 
other research questions given in Section 1.1 where the focus is on the influence of 
context and representation on participants‟ expression of their conceptions of rate. 
Details of the content analysis can be found in Chapter 7.  
The next chapter describes the methodology of this study.  
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5 Methodology 
5.1 Introduction  
Chapter 4 outlined the various aspects of the theoretical framework of this study. 
It described phenomenography and justified the choice of phenomenography as a 
suitable methodology to employ to explore conceptions of rate held by Year 10 
students.  In addition, it discussed the need to capture with video all participants‟ 
attempts to communicate their conceptions of rate, since it was anticipated that the 
teenage participants of the study might not be able to articulate clearly their 
thoughts regarding this complicated mathematical concept. Finally, it described 
the connections between phenomenography as a research methodology and 
variation theory as a learning theory. This chapter describes the application of 
these methodological considerations to this study. 
Figure 5.1 illustrates the conduct of this phenomenographic study. It shows how 
the researcher has carefully followed established phenomenographic protocols to 
enhance the reliability of the research and the validity of the results. It closely 
matches the outline of the phenomenographic process given in Chapter 4 (see 
Figure 4.4). This figure structures this chapter and the sections of this chapter are 
aligned with the main stages of a phenomenographic study: interviews; immersion 
in data; development of categories and dimensions; and finalising of outcome 
space.  In this report of a phenomenographic study, a detailed description of the 
process of analysis is included because it clarifies the manner in which 
phenomenography has been employed to reveal conceptions of rate (see Figure 
5.1). This detailed description will enable the reader to see clearly how the 
methodology has been applied.  
This study aims to explore the current understanding of the concept of rate held by 
Victorian Year 10 students. Rate is a complex concept (see Figure 1.1), so this 
exploration includes constant and variable rate in two different contexts. These 
contexts represent two different types of rate: rates involving distance with respect 
to time i.e. speed; and rates where time is not a variable. Data were collected in 
the form of phenomenographic, context-based interviews.  
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5.2 Data Collection 
5.2.1 Devise and trial interview protocol 
In order to refine the interview protocol, pilot interviews were undertaken. The 
participants of the pilot interviews were similar to those in the full study. They 
were twelve Year 10 students from the same five schools (see Table 5.1) and 
chosen by their teachers to include a range of mathematical ability. 
In accordance with Akerlind‟s (2005b) suggestion, extensive trialling of the 
interview process was undertaken to ensure that the interview prompts were 
effective in eliciting in-depth information about participants‟ understanding of 
rate. The trialling process also assisted in developing technical competence with 
the equipment; proficiency with the phenomenographic style of interviewing; and 
Figure 5.1: Overview of this study 
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refinement of the interview prompts in terms of the questions asked and the 
computer-based simulations presented.  Bowden (2005) expounds the importance 
“that all subjects receive the same information from the researcher … so the 
responses are to the same phenomenon” (p. 14). Thus, the intention was to ensure 
that the interview protocol developed would assist in remaining true to the 
phenomenographic style of interviewing (Akerlind et al., 2005).  
Pea‟s (2006) advice on the importance of unobtrusive data collection using video 
was also taken into consideration. He suggests that all equipment should be set up 
and positioned before the participant arrives. Several pilot interviews were 
necessary to ensure that all the equipment would function correctly and capture 
the images and sounds required without distracting the interviewee. 
The interviews probed participants‟ understanding of the concept of rate. 
Questions relating to both constant and variable rate were asked. The interview 
questions explored participants‟ understanding of the concept of rate in the 
computer-based simulations showing of a blind covering two windows of different 
shape (in GSP) and horizontal motion (in JMW) (see Section 5.2.4). The 
interviews began with questions intended to establish some rapport with the 
participants, such as asking about their school and teachers. It was expected that 
most participants would have some understanding of speed and this may have 
some influence on the participants‟ thinking of rate in the other context. 
Therefore, it was decided that the next stage of the interview would consider a 
non-temporal context involving the variables of area and height in the context of 
the blind in GSP simulation (see Section 5.2.4). Hereafter referred to as the Area-
Height context. The intention was to establish the influence of any pre-existing 
speed-related ideas might have on participants‟ conceptions of rate in this context, 
where distance and time are not the variables involved. This context was followed 
by a Distance-Time context simulated in JMW to probe the nature of participants‟ 
conceptions of rate as speed. Care was taken to avoid participants‟ consideration 
of the Area-Height simulation to be related to motion.  The position of the 
simulated blind was changed in stages, with a focus on the variables of area and 
height, to avoid any impression of continual movement. 
The participants were shown the multiple representations of the function 
associated with the GSP simulation, beginning with the symbolic representation. 
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They were asked to explain „how‟ and „what‟ things were changing, and requested 
to think aloud as they looked at the computer screen. The 'think aloud' strategy is 
often used in educational research as a means of gaining insight into thought 
processes not otherwise available to the researcher. Participants are asked to talk 
about their thoughts whilst undertaking a given task (Van Someren, Barnard, & 
Sandberg, 1994), in this case, discussing rate as seen in the representations of the 
computer simulations (Section 5.2.4).  
In the first three pilot interviews, the word „rate‟ was not used. Unfortunately, this 
approach did not obtain much, if any, information about the participants‟ 
understanding of rate. In addition, it was found that explaining the different 
contexts took quite a lot of time and was confusing for the participants. It was 
important that the interviews would take about fifty minutes, so that they could 
take place within the time span allocated for one school class, as the participants 
were to be interviewed during their normal mathematics class times, and still 
extract as much as possible about the participants‟ understanding of rate. Another 
consideration was “to create a situation of empathy and trust” (Akerlind, 2005a, p. 
115) in the interview. It was found that participants required constant reassurance 
that they should not regard the interview as a test rather that the purpose of the 
interview was for the interviewer to learn about their thinking.  
The next round of five pilot interviews included the use of the word „rate‟, but 
began with participants giving some examples of rate to focus their attention on 
the phenomenon under investigation, that is, the concept of rate. The interview 
protocol and simulations were edited accordingly and the order of revealing the 
multiple representations was finalised. One of these interviews was transcribed 
and perused by an experienced phenomenographer. He considered that the word 
„rate‟ should not be used because it might influence an interviewee‟s responses so, 
in the next four pilot interviews, it was again omitted from the interviews. These 
interviews re-confirmed that the use of the word „rate‟ was necessary, and that it 
was not possible to explore participants‟ understanding of this concept without it. 
So it was appropriate, indeed necessary, to use the word „rate‟ providing it was 
used in the same way for all participants in the planned structure (Green, 2005a) 
of the interview protocol (see Appendix A4). It appears that when investigating 
students‟ understanding of mathematical concepts the use of special language 
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associated with the concepts may be necessary. For example, Dunphy (2004) used 
the words „number‟ and „count‟ in her interview questions probing students 
understanding of the concept of number. Likewise, Attorps (2006) used the word 
„equations‟ in her phenomenographic study of mathematics teachers‟ conceptions 
of equations. 
The interview protocol and computer-based simulations were also shown to 
several other experienced phenomenographers for their advice. In this way, the 
pilot interviews and advice from other researchers assisted in refining the wording 
and ordering of the interview questions and the simulations. Together the 
interview questions and the simulations formed the planned interview structure, 
which facilitated all participants receiving the same information (Bowden, 2005). 
In addition, this extensive piloting enabled the researcher to hone technical skills 
in collecting data with video and broaden experience in conducting a 
phenomenographic interview before collection of the data used in developing the 
categories of description (see Section 6.2).    
5.2.2 Select participants 
Akerlind (2005a) advises that the “variation within the sample reflects the 
variation within the desired population” (p. 104). The participants of this study 
were Year 10 students attending five different secondary schools. In addition, the 
participants‟ teachers were requested to select students so that the sample included 
a range of mathematical ability and had experienced at least one function where 
rate varies but before any introduction to calculus. Consideration was also given 
with respect to the willingness of participants to be videoed whilst discussing their 
thinking. The schools were partners in a large research project and “encompass 
several important dimensions of diversity” (RITEMATHS, 2007), for example, 
two girls‟ schools, two regional schools; two on the outer-suburban fringe of 
Melbourne; one inner-city, one in a suburb with a high level of cultural diversity; 
and two independent schools.  The varied nature of schools and the selection of 
the participants by their teachers resulted in a suitably divergent sample (see Table 
5.1).  
Twenty-two participants were interviewed, but it was found that two participants 
had previous experience of calculus, so their data were deleted from the sample, 
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leaving the data of twenty participants to be analysed. This final sample size lies 
within the range suggested by (Bowden, 2005) as a suitable number for 
phenomenographic research of this nature. 
Table 5.1: Breakdown demonstrating diversity of sample  
Gender Boys Girls 
6 14 
School  State schools Private schools 
14 6 
Location  Regional schools City schools 
10 10 
Mathematical background of participants 
According to the Victorian Essential Learning Standards (VELS) (VCAA, 2007) 
these participants, in Year 10, may be expected to have previously studied 
constant rate and some functions where rate varies, such as quadratic, exponential 
and logarithmic functions. Rate is usually studied in Year 8 in conjunction with 
ratio and percentage (Bull et al., 2003b). Rate is mentioned three times in the 
VELS specifications for Levels 5 and 6: 
 develop simple mathematical models for real situations (for 
example, using constant rates of change for linear models); 
 derived rates such as density, concentration and speed; and  
 calculate constant rates such as the density of substances (that is, 
mass in relation to volume), concentration of fluids, average 
speed and pollution levels in the atmosphere (VCAA, 2007).   
Similarly, functions are included in VELS Level 5 and 6:  
 linear and other functions such as f(x) = 2x − 4, xy = 24, y = 2x 
and y = x
2
 − 3 to model various situations; 
 work with functions (for example, linear, quadratic, reciprocal, 
exponential), simple transformations of these functions, their 
graphs and related algebraic properties; and  
 identify and represent linear, quadratic and exponential functions 
by table, rule and graph. (VCAA, 2007).   
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Ethical considerations 
Ethics approval from the University of Ballarat‟s Human Research Ethics 
Committee (HREC) for this data collection was granted under the umbrella of the 
RITEMATHS project. Participants were identified and invited to participate by 
their class teacher, but were free to decline the invitation. Participants and their 
parent/guardian gave specific permission for the interviews to be audio and video 
recorded. These interviews were converted to a typed transcript and participants‟ 
comments de-identified. It will not be possible for people from outside the 
schools to link responses to particular individual participants. Specific participant 
responses were not shared with the classroom teacher until after final assessments 
had been completed. Data will be de-identified in all publications, using 
pseudonyms, if necessary, with data archived in a locked location until five years 
after the last publication.  
5.2.3 Interviews 
Context-based, semi-structured interviews were used to probe participants‟ 
understanding of rate. Each participant took part in one interview approximately 
forty-five minutes in duration. The interviews were based around the discussion of 
two computer simulations: a blind covering two windows of different shape (in 
GSP); and horizontal motion (in JMW) (see Section 5.2.4). As Van Dooren, De 
Bok, Janssens, and Verschaffel (2005) suggest, participants were asked to think 
aloud while viewing the simulations. In order to gain as much information as 
possible about each participant‟s conception of rate, participants were also 
encouraged to clarify their explanations and thoughts, with questions such as „is 
there anything more you can tell me about that?‟. This prompting took place when 
there was a pause in a participant‟s response indicating they had finished what 
they were saying. The interviews were audio-recorded for subsequent 
transcription and video-recorded to capture non-verbal communications which 
would normally be absent from the audio record. The transcriptions include all 
communications relevant to the participants‟ understanding of the concept of rate. 
Interruptions and external noises have been ignored, but significant pauses and 
gestures were considered. Non-verbal communications were considered relevant if 
the gesture or pause was being used, by the participant, to clarify their description 
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of their understanding of the concept of rate, for example, looking or pointing at 
the computer screen; looking at the task sheet or the interviewer. Each video was 
viewed several times, and the position of the student‟s hands, when they were 
listening to a question, was noted.  This varied from student to student.  Most 
participants held their hands together in their lap, but for others, their hands were 
not at rest.  Some participants played with a pen or their hair; scratched their nose 
or head; or fiddled with some item of clothing.  After observing the position of the 
student‟s hands when they were listening to a question, that position was taken to 
indicate the start and end of a gesture episode for that particular student. 
Being mindful of Bowden‟s advice (2005) regarding the necessity to ensure that 
participants‟ responses target the same phenomenon, great care was taken to make 
sure that all participants obtained the same information in the same order. The 
consistent structure of the interview was shaped by the tasks and contexts chosen. 
This meant that all participants were presented with the computer-based contexts 
in the same order, that is, the Area-Height context (see Figures 5.4 and 5.6) 
preceded the Distance-Time context (see Figure 5.8). Computer simulations 
assisted in standardising the interviews hence providing participants with the same 
contexts and the same representations of the functions seen in the simulations.   In 
addition, every attempt was made to avoid leading the participants‟ responses. 
Feedback was limited and, even if it was clear from a participant‟s response that 
no new information would be forthcoming, the participant was encouraged to 
make any further comments they felt clarified their response. It was particularly 
important to avoid using the interview to extend a participant‟s knowledge or 
skills.     
However, whenever participants expressed unexpected lines of reasoning leading 
to useful new information, unobtainable otherwise, interview questions followed 
on from what the participants had to say, continuing until the participant had 
nothing else to say related to that line of questioning. The prompt „is there 
anything more you can tell me about that?‟ was often used. The aim of the 
interviews was to elicit from each participant a picture of their understanding of 
the concept of rate and draw out their understanding with probing questions, 
which may, or may not, have been formulated in advance. Garber et al. (1998) 
supports the assumption that accurate interpretation of gestures by an observant 
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researcher is possible. They report on a study of sixty-four fourth-grade American 
children, claiming that the meanings they assigned to the children‟s gestures 
matched the children‟s intended meanings. This assumption of the accuracy of the 
researcher‟s interpretation of participants‟ gestures was validated in this study of 
conceptions of rate by confirmation in a number of different ways. Firstly, during 
the interviews, a line of inquiry based on participants‟ responses, both verbal and 
non-verbal, elicited responses from the participants that indicated that the 
researcher was correctly interpreting the meaning of the participants‟ 
communications. Later, a section of the interviews was presented to fellow 
education researchers at the University of Ballarat and the University of 
Melbourne where discussions with these researchers indicated agreement with the 
interpretation of the gestures presented. This seminar was also presented at the 
Annual Conference of the Mathematics Education Research Group of Australasia 
and generated interest among the delegates, providing further corroboration of the 
accuracy of the interpretation of the gestures.  
An initial list of potential questions (see Appendix A4) representing possible lines 
of enquiry suggested by pilot interviews were used, but an individual student‟s 
responses determined the actual questions asked. The interviews were 
approximately fifty minutes in duration and began with the student giving some 
examples of rate. The audio of the video was augmented by the use of a small 
digital audio recorder placed close to the student. The interviews were designed to 
probe the participants‟ understanding of rate and their discussion was supported 
by the use of the computer-based simulations. Participants were encouraged to 
explain their reasoning and think aloud as they were presented with different 
representational forms of rate. Each student was presented with the same 
information about the contexts, in the same order with the same initial question 
about the rate implied by the context and the same order of revealing of the 
multiple representations accompanied by the same questions. 
5.2.4 Computer-based Interview Contexts  
In this study of conceptions of rate, the interviews consisted of a discussion of two 
computer interactive simulations of real-world contexts generated by two different 
pieces of software. Each simulation showed a real world context and multiple 
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mathematical representations of the functions involved in the simulations. These 
two pieces of software were chosen due to the ease of moving between the 
multiple representations. In addition, these packages could be manipulated to 
focus on a rate where distance and time are the variables and a rate where these 
are not the variables, since time may play a particular part in an individual‟s 
understanding of the concept of rate. In addition, JavaMathWorld (JMW) was 
freely available from the SimCalc website and the University of Ballarat had a site 
license for Geometer‟s Sketchpad (GSP). In making the choice to use these 
specific contexts, consideration was given to Akerlind‟s (2005a) advice that “an 
individual‟s experience of a phenomenon is always embedded within a particular 
context, and a different context may bring different aspects of the phenomenon 
into awareness” (p.106). However, due to the time constraints on the length of the 
interviews, the interviews were restricted to only two contexts. The simulations 
displayed on the computer provided all participants with the same contexts to 
discuss. In order to conform to the protocols for phenomenographic data 
collection, all participants were shown GSP simulation followed by the JMW 
simulation and each part of each simulation in the same order. 
In addition, the use of the computer simulations allowed the young participants to 
focus on the screen, which may assist them to be more relaxed than would be the 
case in a face-to-face interview. The interactive nature of the simulations allowed 
the participants a measure of control over the interviews, using the simulations to 
help formulate their descriptions. An outline of the structure of the interview can 
be seen in Appendix A4. 
The dynamic geometry software, GSP, was used to create a simulation involving a 
blind covering two differently-shaped windows. This context was chosen as the 
rates in this context involve the covariation of two non-temporal quantities, height 
and area, which Thompson (1994a) suggests, requires a higher level of abstraction 
than temporal rates, such as speed. This simulation consists of a number of 
screens: a photograph of a blind partially shading a rectangular window (Figure 
5.2); a schematic diagram showing a blind partially shading a rectangular window 
(Figure 5.4); and a schematic diagram showing a blind partially shading a non-
rectangular window (Figure 5.6). Since the collection of data for this study 
followed phenomenographic guidelines (see Section 4.3.4), all participants were 
5-11 
shown the screens in this order. 
The photograph of a blind on a window was used to begin the phenomenographic 
interviews used for data collection in this study because Lorentzson and Trell 
(1999) report on the success of using a cartoon as a visual starter to 
phenomenographic interviews. They assert that “[t]he use of an "iconographic" 
introduction may give a more direct access to the subject's conceptions as well as 
the mistaken ones” (p. 143). 
  
Figure 5.2: Photo of a blind shading a rectangular 
window 
Figure 5.3:Photo of nonrectangular window 
This photograph was intended to provide direct access to the participants‟ 
conceptions of rate (see Figure 5.2). Likewise, diSessa (1982) used a physics 
simulation to investigate physics students‟ conceptions and misconceptions of 
Newtonian laws, so it seems appropriate to use computer simulations to explore 
conceptions of rate. In addition, the photograph was designed to connect the 
experientially real context to the diagram of a similar blind shading a rectangular 
window that appeared on the next screen (see Figure 5.4). At this time, affirming 
comments and actions were used, as the discussion of the photograph is not the 
focus of the interview. This part of the interview (see Appendix A4) was intended 
to put the participant at ease and establish some rapport. This discussion also 
ensures that the participant fully understands the context presented and hence the 
schematic diagram of the context, which appears on the next screen of the GSP 
file (See Figure 5.4).   
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Figure 5.4: GSP screen of diagram of a blind 
shading a rectangular window and „show‟ 
buttons. 
Figure 5.5: GSP screen showing multiple 
representations of a blind shading a rectangular 
window. 
The schematic diagram showed a blind, the position of which could be changed, 
with the effect on the variables, of area of sunlight and height of blind above the 
bottom of the window, illustrated in the multiple mathematical representations, 
numeric, graphic and symbolic, of constant rate associated with the simulation 
(see Figure 5.5). This simulation was used to explore participants‟ understanding 
of the constant rate in this context. They were shown the rule, the graph and the 
table, in that order, and asked what each representation told them about the rate 
the area was changing.  In addition, they were asked to speculate about the effect, 
on the representations, of changing the width of the window. 
Similarly, a blind shading a non-rectangular window was used to probe 
participants‟ understanding of the differences between constant and variable rate, 
including the multiple representations. The transition from the diagram of the 
blind shading a rectangular window to the diagram of a blind shading the non-
rectangular window (see Figure 5.6) was bridged by a discussion based on a 
photograph of a real non-rectangular window (See Figure 5.3).  In the case of the 
blind shading a non-rectangular window, participants were given the choice of 
which representation they would prefer to see first.  They were asked to explain 
this choice, and what the representation told them about the rate the area was 
changing.  They were also shown the other representations (See Figure 5.7).  In 
this way, GSP facilitated exploration of constant and variable rate, in the numeric, 
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graphic and symbolic representations, in a context where the rate is considered in 
terms of the variables area and height.  
  
Figure 5.6: GSP screen of diagram of a blind 
shading a nonrectangular window and „show‟ 
buttons 
Figure 5.7: GSP screen showing multiple 
representations of a blind shading a nonrectangular 
window. 
The second context used the simulation software, Java MathWorlds (JMW) 
(Mathematics Education Researchers Group, 2004), which simulates a frog and a 
clown going for a walk along a horizontal path (see Section 3.4.2 for more detail 
about JMW).   
 
Figure 5.8: Screen from JMW showing first file  
This context was introduced with participants being asked to describe 
circumstances (see Appendix A4) where they walked, for example, walking to 
school. Files were prepared involving the frog and clown, walking a constant rate, 
and also variable rate. Following phenomenographic guidelines for data collection 
(see Section 4.3.4), all participants were shown the files in the same order. Firstly, 
the simulation (see Figure 5.8) was activated and the participants were asked to 
describe the rate the clown was walking. Following this general introduction to the 
context, participants were asked how the graph (see Figure 5.9) was related to frog 
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and clown walking and what the graph told them about the rate frog and clown 
were walking. They were asked who was walking faster, the frog or the clown, 
based only on the graph and asked to explain how they worked that out. Then they 
were shown the table and the rule, in that order, and asked what these 
representations told them about the rate the frog and the clown were walking. The 
final file showed only the frog walking (see Figure 5.10). In this simulation, the 
frog was accelerating.  The participants were shown the graph, the table and the 
rule, in that order, and asked what these representations told them about the rate 
the frog was walking. Taken as a whole, the simulations allow for the exploration 
of constant and variable rate in the representations: the simulation; graphic; 
numeric; and symbolic.  The same questions were asked with probing to clarify 
student responses took the form of „can you tell me anything more about that?‟ or 
„what do you mean?‟ For each interview, in addition to the simulations, 
participants had paper, pen, and a calculator available for their use. The 
simulations were intended to afford insight into what the participants understood 
about rate by providing these, possibly reticent, young people with a focus for 
discussion. The participants of this study were approximately fifteen years old and 
not particularly comfortable conversing with unfamiliar adults. In addition, it was 
expected that the may have difficulty expressing their ideas without some focus 
for discussion. 
 
Figure 5.9: JMW screen with frog & clown walking & associated graph  
(time on horizontal axis, distance on vertical axis)  
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Figure 5.10: JMW screen frog accelerating and associated graph (time on 
horizontal axis, distance on vertical axis) 
This section described the data collection for this study and the manner in which 
the data collection conforms to phenomenographic principles. It includes details of 
the diversity of participants and the computer simulations employed as a focus for 
the expression of the participants conceptions of rate.  In addition, this section 
discusses the extensive trialling of the interview protocol along with the 
development of the simulations. 
The next section describes the process of the phenomenographic analysis that took 
place after the data collection. It demonstrates the strict adherence of the analysis 
of this study to the guidelines for phenomenographic analysis set out in Chapter 4, 
including steps taken in the preparation of the data and immersion in the data, 
followed by a detailed description of the development of the categories of 
description. The development to the categories begins with a set of meaning 
statements that interpret the participants‟ responses in terms of the ways in which 
they experience rate. This is followed by a series of iterations where categories are 
proposed and then checked against the data by returning to the transcripts and 
videos. During this process of iteration, the dimensions of variation also emerge 
and assist in delineating the categories one from another. 
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5.3 Analysis 
5.3.1 Immersion in data 
The video recordings of the interviews were digitised, transferring them to an 
external hard drive to enable the examination of the videos for gesture episodes. 
The audio files were transferred to computer to be sent to the professional 
transcribers. The interviews were professionally transcribed and checked for 
accuracy by another person, not the researcher. This ensured that the interviews 
were transcribed verbatim so that all expressions of uncertainty, such as ums and 
aahs, were retained and not unintentionally edited out by the researcher. The 
videos supplemented the transcripts especially when the participant was 
inarticulate or used gesture in their explanations. 
In this way, the researcher‟s perspective of the phenomenon of rate was bracketed 
from the transcripts (Bowden, 2005) so  the researcher‟s conceptions of rate did 
not influence the transcription of the audio-record of the interviews. The accuracy 
of the transcriptions was checked against both the audio files and the videos. 
Finally, gesture episodes were identified and saved as individual clips. 
Akerlind et al. (2005) suggest that interview transcripts need to be read and re-
read leading to “a series of iterative cycles between the transcript data, researcher 
interpretations of the data, and checking of interpretations back against the data. It 
is in the conduct of this iterative process that phenomenographers most clearly 
establish their interpretative rigour” (p. 87). The researcher became immersed in 
the data firstly by viewing all videos in their entirety in the spirit of an open mind, 
just to become familiar with them as Akerlind (2005c) suggests, so that the early 
stages of working with the data should be “characterized by a high degree of 
openness to possible meanings” (p. 324). The videos were digitised and gesture 
episodes were identified and saved. These processes ensured that the researcher 
was fully immersed in the data.  
The data were scrutinised for meaning statements. These meaning statements 
constitute the researcher‟s interpretation of the different conceptions of rate 
evident in the participants‟ responses.  
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5.3.2 Analysis of data 
The data collected for this study were analysed from two different perspectives. 
Firstly, the data were examined from a phenomenographic perspective where the 
emphasis is on revealing the different conceptions of rate held by the participants 
as a group. Secondly, the results of the phenomenographic analysis were 
employed to provide a structure for the content analysis of the transcripts of 
individual participant‟s interviews where the emphasis is on the role played by the 
multiple representations of the functions shown in the simulations in individual 
participant‟s expression of their understanding of rate.  
Phenomenographic analysis: Categories, dimensions and outcome 
space 
In reports of many phenomenographic studies, it is not considered necessary to 
provide a detailed description of the process of analysis. However, Chapter 6 
describes, in detail, the phenomenographic analysis of the data of this study 
because it will allow the reader a clearer understanding of the actual analysis.  
This is considered to be important, in this case, because it is possible that readers 
of this thesis may not have a background in the employment of phenomenography 
as a methodology and so need such a description to appreciate the transparency of 
the analysis of the data of this study. In addition, another researcher contemplating 
a phenomenographic study of other mathematical conceptions may be guided in 
the phenomenographic analysis of similar kind of data for a similar purpose.  
Both transcript and video analysis were undertaken to reveal variations in 
participants‟ conceptions of rate. The categories of description were identified and 
refined through an iterative process. Repeated reading of the transcripts and 
viewing of the videos allowed the researcher to seek meaning and structure to the 
distinctive ways of understanding or perceiving the concept of rate. The intention 
was to interpret the meaning of participants‟ utterances and non-verbal 
communications in the light of determining the different ways rate is conceived by 
the group and then define the dimensions of the variation based on the 
participants‟ accounts of their understanding of rate. The meaning statements 
bridge the raw data to the emergence of the initial categories and dimensions. 
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The dimensions of variation are used to structure and differentiate the categories 
of description. The categories are refined so that any communication relating to 
rate can be allocated to exactly one of the categories. The final step in the analysis 
of the data is to provide a map (outcome space) showing the critically different 
categories found and any relationships between them in order to delineate the 
differences in participants‟ understanding of the concept of rate. The next section 
outlines the process undertaken for content analysis of the individual participant‟s 
interviews. 
Content analysis 
Whilst the data for this study were firstly analysed using phenomenographic 
methods, focussing on the different ways rate may be experienced by Year 10 
students, this section considers, from a different perspective, the data collected 
during the interviews. The analysis described in this section focuses on the role 
that multiple representations play in participants‟ expressions of their 
understandings of rate. This content analysis is based on the results of the 
phenomenographic analysis. Detailed analysis of the video-record of each 
participant‟s interview provides insights into how their understanding of rate is 
expressed when presented with three different mathematical representations of the 
functions presented in the simulations.  
In this content analysis, the focus shifted to individual‟s responses rather than 
attempting to assemble responses into categories across the whole group, as was 
the case with phenomenographic analysis. In addition, focus shifted from the 
phenomenon of rate to the individual participant‟s expression of their 
understanding of rate in the different representations and the manner in which 
these representations allowed or assisted the participants to express their 
understanding of rate. 
After the completion of the phenomenographic analysis, the researcher engaged in 
re-viewing the videos and re-reading the transcripts in order to re-focus attention 
on the individual participant‟s understanding of rate as expressed in response to 
the multiple representations and contexts. This refocussing of attention was made 
possible since the computer simulations of real-world contexts (see Section 5.2.4) 
were prepared with this in mind because many researchers (see Chapter 3) have 
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suggested that the conceptual understanding of function, and hence rate, may be 
enhanced through the presentation and exploration of multiple representations of a 
variety of functions. Each simulation facilitates the interactive use of the multiple 
representations of the functions associated with the simulations and were 
employed to probe participants‟ conceptions of rate.  
Chapter 7 provides the detailed analysis of this refocussing of attention on the 
multiple representations and contexts. It presents the results of the content analysis 
of the interviews illustrated by appropriate quotations from the interview data.  
5.4 Summary 
This chapter described, in detail, the conduct of the research methodology, 
including details of the participants and their expected educational background 
associated with the concept of rate. It described the computer simulations used to 
assist participants in articulating their understanding of rate and the means by 
which this information was collected. Extensive piloting of the simulations and 
interview protocol refined these vital aspects of the video-recorded 
phenomenographic interviews. 
In addition, this chapter provided an overview of the analysis process required to 
finalise the outcome space. The iterative procedure distilled the dimensions and 
categories, and finally structuring the categories into the Rate Outcome Space, 
according to the dimensions. Further detail of this process can be found in Chapter 
6.  
A more complete picture of the data was obtained by further analysis of the 
individual interview transcripts and videos. This content analysis focussed on the 
role played by context and multiple representations, seen in the computer 
simulations, on participants‟ expressions of their understandings of rate. Chapter 7 
presents the results of this content analysis.  
The next chapter presents the results of the phenomenographic analysis, the Rate 
Outcome Space, with detailed descriptions of the categories and dimensions.  
Educationally critical aspects were determined by further consideration of the 
categories.  
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6 Results and Discussion: Phenomenographic 
Analysis  
6.1 Introduction  
This chapter describes the phenomenographic data analysis outlined in Chapter 5 and 
presents the results of the phenomenographic analysis of the data collected in the 
interviews. Chapter 5 presented a detailed description of the data collection, including 
the computer simulations which provided stimulus for participants‟ discussions of 
rate in the video-recorded interviews. Section 4.2 described phenomenography as a 
methodology and discussed its efficacy in revealing mathematical conceptions, so it is 
appropriate to employ phenomenography to investigate conceptions of rate.  
This chapter begins with a description of the development of the dimensions and 
categories (Section 6.2) which emerged from the data of this study of conceptions of 
rate. It discusses the manner in which the dimensions are related to the categories 
(Section 6.3) with a detailed description of each category (Section 6.4), based on the 
structure of awareness (see Section 4.3.2). This analysis results in the outcome space 
(Section 6.5) which provides the basis of further analysis to determine the 
educationally critical aspects of rate (Section 6.8). Suggestions for addressing these 
educationally critical aspects can be found in Section 6.9. 
Like many phenomenographic studies, in this study interviews provide the data for 
analysis. This study extends the usual analysis by also considering the non-verbal 
communications, such as gestures, made by the participants in response to the 
researcher‟s questions about rate as it is presented in the computer simulations. This 
analysis intends to reveal and structure the conceptions of rate held by the participants 
of this study. The diversity of the participants may be expected to result in a wide 
range of conceptions. The categories were identified and refined through an iterative 
process of repeated reading of the transcripts and viewing of the videos. The 
categories are delineated one from another by the dimensions which are also used to 
structure the outcome space.  
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Initially, the videos were viewed several times to achieve a general impression of the 
data. The videos were viewed with the intention of identifying the different ways in 
which the participants experienced the concept of rate, noting key similarities and 
differences. After several iterations, eight categories (Figure 6.1) based on four 
dimensions (Figure 6.2) were developed of the different conceptions of rate. 
A  Rate is experienced as a word judging a quality. 
B Rate is experienced as a word associated with a numeric value 
C  Rate is experienced as a single quantity 
D  Rate is experienced as the result of a formula calculation without recognition of the relationship 
between quantities  
E  Rate is experienced as a relationship between changes in two quantities. 
F  Rate is experienced as a constant numeric relationship between changes in two quantities. 
G Rate is experienced as a numeric relationship between changes in distance and time i.e. speed. 
H Rate is experienced as a numeric relationship between changes in any two quantities 
Figure 6.1: Summary of categories of description 
 
Focus on word 
‘rate’ 
 Focus on 
variables 
 Focus on 
relationship 
between 
variables 
 Focus on nature 
of related 
variables 
Quality  One   Qualitative  Distance & time 
Quantity  Two  Quantitative 
constant 
 Both contexts 
    Quantitative 
variable 
  
Figure 6.2: Summary of the dimensions of variation 
The categories and dimensions are so interrelated that it is difficult to discuss one 
without reference to the other. The dimensions and the categories develop together 
rather than sequentially. They emerge together through repeated interrogation of the 
data. The meaning statements (Section 6.2.1) are grouped to begin the process of 
forming the categories and these early categories suggest possible dimensions. The 
data is repeatedly re-examined to refine both the categories and the dimensions. 
However, in this chapter the dimensions are discussed first followed by the discussion 
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of the categories in order to enhance the clarity of the description of the 
phenomenographic process employed in this study.  
6.2 Development of dimensions and categories 
The process of analysis began with determining the nature of a complete response to 
an interview question. A complete response constitutes the whole answer to an 
interview question. It may consist of a single utterance or gesture or it may consist of 
several utterances or gestures related to the same question. It may also consist of the 
entire exchange between the researcher and the participant necessary to elicit more 
clarity in the participants‟ replies, such as asking participants to expand on short 
answers. Hereafter, the term „response‟ refers to a complete response as described 
above.  
6.2.1 Meaning statements  
The responses from all the participants were pooled and each response was 
interpreted regarding the object of study (see Figure 4.2), that is, the relation between 
the participant and the phenomenon of the concept of rate. So this means that 
responses were examined with a focus on what each response reveals about the way 
the participant experiences the concept of rate and asking “what does this response 
tell me about their conception of rate if they say ……?”. In this way a set of meaning 
statements (see Table 6.1) about the participants‟ conceptions of rate was generated, 
so “the search for meaning took priority over the search for structure during this early 
stage of analysis” (Akerlind, 2005a, p.119).  The meaning statements were not 
ordered in any particular way, so consideration to any hierarchical structure between 
meaning statements was not undertaken at this time.  
The meaning statements (see Table 6.1) emerged from repeated reading of the 
transcripts thus suggesting which sections of the videos to be viewed. The utterances 
combined with the associated non-verbal communication, such as gestures, provided 
insights into the different ways rate was seen by the participants.  
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Table 6.1: Meaning statements 
Meaning 
Statement 
Supportive Responses 
1. Students see 
rate, which may 
vary, as a 
quantitative 
relationship 
between two 
quantities which 
may vary.  
R: Here is the table of the frog walking [accelerating] what does the table tell you 
about how rate the frog‟s walking? 
I21: He‟s slow, he speeds up in the middle because at one meter one second; you go 
two meters at two seconds; you go five meters, so [he‟s] done three seconds; and the 
next one he goes four meters. Next one, he goes five meters. He‟s going up one meter 
per second. He‟s doing an extra meter every second so he‟s like speeding up as he 
runs, walks. 
R: What does the table tell you about the rate that the area of sunlight is changing? 
I4: These [points to the area column in the purple section of the table] are going two 
point nine [pause] They‟re changing to two point nine. They‟re going up by less rate 
instead of [three point two - points to the blue section of the window].  Because that 
area is bigger than what we have here, but of course the whole area is getting bigger so 
of course it‟d get bigger [pause] but in that section [points to the purple section of the 
window] it is going smaller because there is not as much area.  
 
2. Students see 
rate, which may 
vary, as a 
qualitative 
relationship 
between two 
quantities which 
may vary.  
R: So what does the graph [of the non-rectangular window] tell you about the rate the 
area of sunlight is changing? 
I6: Ah, it‟s showing, sorry mmm, it‟s an uneven rate, um. 
R: So what does the graph [of the rectangular window] tell you about the rate of the 
area of sunlight is changing? 
I7: It looks like the graph goes up at a steady rate.  
3. Students see 
rate as a single 
number 
measuring a 
constant 
relationship 
between two 
quantities which 
may vary.  
R: What does the table tell you about the area of sunlight is getting bigger? 
I10‟s response is rich in gesture demonstrating how she used the table to finally give 
an approximate constant rate. Her response indicates some uncertainty and difficulty 
articulating her thinking, but clearly shows awareness of a constant numeric 
relationship between the variables.  
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I10: Triples after three, or six 
actually, because  thirty five equals 
three  
I10: one times six is plus times three or 
three, six times six times six [points to 
different parts of the table] 
 
  
[Shakes hand to indicate the value of 
6 is an approximation]. 
I10: So it [rate] is one to six. 
 
4. Students see 
rate as a two 
numbers 
representing a 
constant 
relationship 
between two 
quantities which 
may vary.  
I11: So the height‟s going up at about point five [looking at the graph], the area is 
going up three point two … That distance [points to the area column of the table] is 
increasing by three point two and stays the same for the whole way.  
I7: The area increases by a rate of three point two for every point five. 
 
 
 
5. Students see I11: The area stays at the same increased rate no matter how high the blind gets, so 
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rate as a 
constant 
relationship 
between two 
quantities. 
that [rate] doesn't actually change. 
6. Students see 
rate as a 
comparison 
between two 
quantities.  
I18: The height of the blind makes more area for the sunlight 
R: What does the graph tell you about the rate?  
  
I11: Well it looks roughly like 5, 
because there's five fives in twenty-
five and to begin with [it‟s] ten and 
fifty, looks fairly even. There‟s about 
five of these about five marks in here 
where there is only one mark in here.  
Well the rate would be five to one. 
[because] we‟ve got a  red mark here 
[points at (1,5) on the line] which is on 
one 
  
so that tells us there is five up here to every one across here. 
 
7. Students see 
rate as a 
I9: Well it [the graph] just shows the higher the height of the blind, the more sunlight, 
the more area of sunlight you get through. 
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relationship 
between two 
quantities. 
R: If the window was wider, how would that affect the table? 
I2: Smaller numbers. 
R: Where would the numbers be smaller, which numbers would be smaller? 
I2: Probably both, [of the] two columns. 
8. Students see 
rate as 
something to do 
with change.  
R: Do you think there is any relationship between the height from the bottom and the 
area of the sunlight? 
I1: Um, they keep changing. 
I!0: I‟m not too sure which kind of rate you mean. 
R: Well, tell me what you think a rate is? 
I10: OK um, it would have to be the increase or decrease of a certain type of thing. 
9. Students see 
rate as speed.  
R: What can you tell me the about the rate the frog and clown are walking? 
 
 
I20: He‟s moving slower [pointing to 
the clown] because he took more 
seconds to do um, less distance. 
They‟re the same speed all the way 
through, like they‟re um yeah like, 
staying the same speed all the way 
through  [moves his left arm and hand 
from left to right to indicate steady 
speed]  
 
10. Students see 
rate as 
something to do 
with time. 
R: Can you tell me about the rate that the clown is walking?  
I14: He‟s walking at about eight seconds. 
11. Students see 
rate as 
something to do 
R: What is rate? [pause] Can you give an example of rate? 
I10: It‟s like to do with fractions and all that. We‟ve done interest rates and that, but 
we haven't done like rate. [pause] That was last year or two years ago, Year 8 or 
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with fractions.  something. 
12. Students see 
rate as an 
amount.  
R: Tell me about the rate the area is changing. 
I12: It‟s getting greater. 
R: What‟s getting greater? 
I12: Like, the area of sunlight‟s getting greater. 
I6: the rate is how much sun‟s coming through 
13. Students see 
rate as the result 
of a formula 
calculation.   
R: tell me how fast they‟re going.  
 
 
I4: There‟s a formula for that … yes 
we did that in science 
You would get those measurements 
and divide the distance by the time. 
We‟ve got time and distance, so we‟ve 
got velocity. 
 
 
Distance [indicates where distance 
occurs in the formula] 
over time [indicates where time occurs 
in the formula] 
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so 22 metres divided by 7 is [pause] [given calculator to use] he‟s going at 
3.14 metres per second. 
R: What is rate?  
I2: If you gave me a problem [formula], I could substitute the numbers in it and then I 
would be able to give you a rate.  
R: How did you work that out? 
I17: Well the formula for speed is distance over time? 
14. Students see 
rate as a single 
number 
measuring 
something at a 
particular stage.  
R: What things are changing in this situation? 
I6: Nothing was changing, it was just, even. 
R: What was even? 
I6: The rate he is walking. 
R: Can you tell me about the rate that the clown is walking?  
I14: He‟s walking at about eight seconds.  
15. Students see 
rate as a word 
they‟ve heard 
eg. birth rate, 
interest rate, 
rate a movie. 
R: Can you give me an example? 
I20: Ratings on movies and stuff. 
R: What is rate? [pause] can you give me an example of rate? 
I2: Birth rate. 
R: What do you mean by birth rate? 
I2: Um be like a birth rate in the population and in the thousands births in the 
population.  
R: Can you give me an example of rate?  
I10: Well, there‟s different kinds of rate, exchange rates, interest rates which are going 
to rise very shortly.  
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16. Students see 
rate as nothing 
at all. 
R: Can you give me an example of rate? What do you think rate might be? 
I1: Um, I don‟t know.  
17. Students see 
rate as 
something to do 
with maths 
R: Can you give me an example of rate? What do you think rate might be? 
I18: I have got no idea. I have never been really good at maths. 
18. Students see 
rate as 
something to do 
with two 
quantities  
R: Is there anything else that the graph can tell you? 
I12: The numbers, like forty and six.  
R: What does that tell you? 
I12: Ah the area of sunlight is forty and the height of the blind above the bottom of the 
window is six. 
It was sufficient for only one participant to show a particular way of seeing rate for 
that way to be included in the set of meaning statements. The transcripts were 
examined for illustrative quotes for each meaning statement, but not all examples 
evident in the data are included in the descriptions of the categories seen in Section 
6.4. The meaning statements relating to the same conceptions of rate were grouped 
together (see Table 6.2) in the same way as Bramer (2006) grouped meaning 
statements to form categories. This grouping resulted in the first set of tentative 
categories. Throughout this process the researcher was continually challenged to 
consider the participants‟ responses independently of their expertise with the concept 
of rate by such questions as “Can these be grouped?” and “Are there examples of 
things that students say which illustrate this?”. 
These initial groupings of meaning statements established both the initial dimensions 
and initial categories. The iterative process undertaken refines both the dimensions 
and categories together. The appendices to Bowden and Green (2005) illustrate the 
results of the iterations required to establish the final outcome spaces of their 
phenomenographic investigations. However, in the interests of clarity the next section 
describes the development of dimensions without reference to the concurrent 
development of the categories.  
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Table 6.2: Grouped meaning statements 
16.          Students see rate as nothing at all. 
15.          Students see rate as a word they‟ve heard eg. birth rate, interest rate, council 
 rates. 
11.          Students see rate as something to do with fractions.  
17.          Students see rate as something to do with maths 
 
12.          Students see rate as an amount.  
13.          Students see rate as the result of a formula calculation.   
14.          Students see rate as a single number measuring something at a particular stage.  
8.            Students see rate as something to do with change. 
  
9.            Students see rate as speed.  
10.          Students see rate as something to do with time. 
 
6.            Students see rate as a comparison between two quantities.  
18.          Students see rate as something to do with two quantities 
7.            Students see rate as a relationship between two quantities. 
 
5.            Students see rate as a constant relationship between two quantities. 
4.            Students see rate as a two numbers representing a constant relationship between 
two quantities which may vary.  
3.            Students see rate as a single number measuring a constant relationship between 
two quantities which may vary.  
 
2.            Students see rate, which may vary, as a qualitative relationship between two 
quantities which may vary.  
1.            Students see rate, which may vary, as a quantitative relationship between two 
quantities which may vary.  
6.2.2 Development of dimensions 
Dimensions are the means by which the categories are distinguished one from another 
and contribute to the validity and reliability of the results of the study (Cope, 2004). 
Conceptions of rate underlying each response were considered in terms of a structure 
of awareness (Cope, 2000) such as illustrated in Figure 4.3. As Cope advises, when 
6-12 
considering the internal horizon the question was asked, “What aspects of [rate] are 
implied and what is the nature of the relationship between the aspects?” (p.101).  
Akerlind (2005a) refers to the dimensions as “themes of expanding awareness” (p.122) 
as they demonstrate the changes in awareness of the critical features of the 
phenomenon under investigation, in this case, conceptions of rate.  
[If] a particular aspect of a phenomenon is related to the phenomenon as a 
whole and the aspect has a potential for variation, then the aspect can be 
recognised as a dimension of variation of the phenomenon. A discerned 
aspect of a phenomenon can then be considered as a dimension of variation 
of the phenomenon with a particular value within the potential variation. A 
way of experiencing a phenomenon, then, can be seen as a “combination of 
dimensions of variation” (Marton, 1998, p.195) with each dimension having 
a particular value (Cope, 2000, p.18). 
The dimensions that make explicit the connections between the categories are based 
on the empirical evidence in the data. More sophisticated conceptions of rate are 
differentiated, from less sophisticated conceptions, by the awareness of different or 
additional values of a dimension or the discernment of more dimensions. The 
commonalities and differences between the categories are defined by the particular 
„values‟ of the dimensions which relate to a particular category. The detailed 
descriptions of the categories (Section 6.4) include a diagram, similar to Figure 6.3, 
identifying the dimensions and values which are the focus of each category. 
The task in establishing initial dimensions is to identify “different aspects of the 
phenomenon that were referred to in some transcripts but not in others … [and] 
tentatively identify dimensions that appeared critical in distinguishing between 
transcripts and between emerging categories of description” (Akerlind, 2005a, p.122). 
In response to indications in the literature about the desired nature of rate, the design 
of the computer simulations deliberately included constant and variable rate in two 
different contexts. These aspects have a potential for variation, so may be considered 
as part of the initial dimensions. It was not intended to constrain the participants‟ 
expression of their conceptions of rate, rather to provide opportunities for participants 
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to express their understanding of constant and variable rate in different contexts. 
Whilst this did influence some aspects of the dimensions, careful consideration of the 
data revealed other dimensions and values of the dimensions. This involved a 
systematic viewing of each video and consideration of the initial groupings of 
meaning statements (Table 6.2) with respect to possible dimensions and their values. 
The categories and dimensions were re-examined several times and the transcripts 
and videos re-visited repeatedly with a focus on how rate was experienced and less 
emphasis on what the participants in the sample did or said. This led to a clearer 
definition of the dimensions and the possible values that they could take.  
The following dimensions were found to be important in distinguishing between 
emerging categories.  
1. „Focus on word „rate‟ with values „quality‟ and „quantity‟. 
2. ‘Focus on variables’ with values „one‟ and „two‟. 
3. „Focus on relationship between variables‟ with values „qualitative‟, 
„quantitative-constant‟ and „quantitative-variable‟. 
4. „Focus on nature of related variables‟ with values „distance & time‟, „both 
contexts‟. 
As the dimensions represent themes of expanding awareness, there are logical 
connections between the values and the dimensions which indicate expanding 
awareness. For example, to discern any relationship between two variables it is a 
necessary condition that two variables have been discerned. These connections are 
indicated by the arrows in Figure 6.3.  
Focus on word 
‘rate’ 
 Focus on 
variables 
 Focus on 
relationship 
between variables 
 Focus on nature 
of related 
variables 
quality  One   Qualitative  Distance & time 
quantity  Two  Quantitative 
constant 
 Both contexts 
    Quantitative 
variable 
  
Figure 6.3: Illustration of connections between dimensions 
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6.2.3 Development of categories  
Proposed dimensions and categories are repeatedly checked by reference to the data. 
At each iteration, an attempt was made to differentiate each category from other 
categories on the basis of the dimensions (Section 6.2.2).  For each category, the 
description of each category is sufficiently detailed so that another teacher of 
mathematics might recognise the conception to which the category refers and includes 
examples from students‟ utterances or videos that illustrate that particular way of 
experiencing rate. These detailed descriptions appear in Section 6.4. 
When considering each category, the aim was to determine the participant‟s focus that 
oriented them to that particular way of experiencing rate and discern whether they 
were focusing on more than one thing simultaneously, that is, the internal horizon. In 
addition, attempts were made to determine the external horizon, that is, what was in 
the margin. Further discussions of the categories and their descriptions with other 
experienced phenomenographers encouraged consideration of the structure of the 
outcome space. Intuitively this consideration of structure began with the least 
complex category, so the categories were re-arranged from least to most complex. 
Akerlind (2005b) reminds us that “the logical structure of the outcome space needs to 
emerge as directly as possible from the data … the outcomes are constituted as a 
relationship between the data and the researcher” (p. 71). She exhorts researchers to 
seek a “structural hierarchy of inclusiveness” so some categories are more complex 
and complete than others, but still include aspects of awareness of earlier categories.  
“Analytic closure was reached when nothing new emerged from continuing 
iterations” (Akerlind et al., 2005, p. 94). 
At each iteration, more detail regarding the internal and external horizons for each 
category was incorporated in the descriptions of the categories and included data from 
the videos as well as the transcripts. Headings were inserted in appropriate places in 
the transcripts to mark the start of each section of the interview. The transcripts were 
then loaded into NVivo software (QSR International, 2005) designed to assist in the 
analysis of qualitative data, and sorted according to the headings. This means that all 
the data related to the same simulation, same type of rate and the same representation 
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were grouped together, for example, all responses to the graphic representation of 
constant rate for the JMW simulation were gathered together. This sorting process 
made it easy to locate quotes to use as illustrations of particular categories. 
The outcome space resulting from a phenomenographic study depicts the relationship 
between the categories. During the development of the categories consideration is 
given to this structure. The outcome space of this study can be seen at the conclusion 
of the description of results in Section 6.5. 
6.3 Relationship between dimensions and categories 
In the first dimension, the values „quality‟ and „quantity‟ differentiate between the 
conceptions where „rate‟ is experienced as a numeric quantity or judgement of a 
quality. This dimension reflects an emphasis on the word „rate‟ and whether the word 
brings awareness of rate as a numeric quantity. Table 6.3 illustrates the values taken 
of this first dimension by each category. The categories are labelled A to H. See 
Figure 6.1 for brief descriptions of these categories.  
Table 6.3: Summary of values of  Dimension 1 seen in each category 
 Categories of Description 
Dimension  Value A B C D E F G H 
Word „rate‟ Quality                 
  Quantity                 
The second dimension refers to the number and type of variable. The values „one‟ and 
„two‟ differentiate between the conceptions where „rate‟ is experienced as a single 
quantity or involving two quantities. The discernment of two changing variables is a 
critical aspect in the discernment of rate as a relationship. This dimension illustrates 
the bridge from „incorrect‟ conceptions of rate to „correct‟ conceptions of rate as seen 
by the community of mathematicians including teachers of mathematics. Table 6.4 
illustrates the values taken of the second dimension by each category. In Category C 
only one variable is discerned, whilst in Categories D to H two variables are 
discerned, so the cells corresponding to one variable for these categories are unshaded. 
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Table 6.4: Summary of values of  Dimension 2 seen in each category 
 Categories of Description 
Dimension  Value A B C D E F G H 
Number of Variables  One                  
  Two                 
The third dimension refers to the nature of the description of the relationship between 
the variables. Its values „qualitative‟, „quantitative-constant‟ and „quantitative-
variable‟ differentiate between the conceptions where „rate‟ is experienced as a 
relationship between changes in two quantities. This dimension separates the different 
„correct‟ but incomplete conceptions of rate. Table 6.5 illustrates the values taken of 
the third dimension by each category. 
Table 6.5: Summary of values of  Dimension 3 seen in each category 
 Categories of Description 
Dimension  Value A B C D E F G H 
Relationship Qualitative                 
  Quantitative constant                 
  Quantitative variable                 
The fourth dimension refers to the context in which the concept of rate is explored. 
This dimension was considered necessary as evidence from the transcripts indicated 
that rate could be discerned in the Distance-Time context, but not in the Area-Height 
context. The values „distance and time‟ and „both contexts‟ distinguish between 
Categories G and H. This dimension establishes the difference between „correct‟ 
conceptions of rate in a motion context and „correct‟ conceptions of rate in a context 
where the variables are not distance and time. It delineates conceptions only 
embedded in the context of motion from conceptions which are transferable to other 
contexts, suggesting the formation of abstract conceptions of rate which are 
independent of any particular real-world setting. Table 6.6 illustrates the values taken 
of the fourth dimension by each category. 
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Table 6.6: Summary of values of  Dimension 4 seen in each category 
 Categories of Description 
Dimension  Value A B C D E F G H 
Nature of Variables Distance & time                 
  Both contexts                 
Table 6.7 presents a summary of values of dimensions in focus for each category. The 
rows indicate the hierarchy of qualitatively different conceptions of rate. So, for each 
category highlighting of cells in the diagram similar to Figure 6.2 indicated the values 
of the dimensions present in awareness. This diagram prefaces the description of each 
category to illustrate which values of the dimensions are present in the particular way 
of experiencing rate for the category under consideration. 
The most sophisticated conception of rate is the final category (H). This conception 
closely matches that deemed by the community of practice as correct.  Earlier in the 
hierarchy are the other seven categories of conceptions of rate resulting from the 
analysis of data. Categories that are more sophisticated appear towards the right of the 
table and less complex categories towards the left. Each shaded rectangle represents 
awareness of a possible value in a dimension of variation for a particular conception 
of rate. Unshaded rectangles indicate the values of the dimensions which are not 
discerned or have been replaced by a more advanced value.  
Table 6.7 provides “logical evidence for the proposed hierarchy” (Akerlind, 2005a, 
p.152). It illustrates the inclusive nature of the expanding awareness seen in the four 
dimensions. So, whilst the dimensions and categories emerged concurrently this 
section has discussed the relationship between the dimensions and categories. The 
next section describes the categories in detail. 
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Table 6.7: Summary of values of dimensions in each category 
 Categories of Description 
Dimension  Value A B C D E F G H 
Word „rate‟ Quality                 
  Quantity                 
 Variables One                  
  Two                  
Relationship Qualitative                 
  Quantitative constant                 
  Quantitative variable                 
Nature of Variables Distance & time                 
  Both contexts                 
6.4 Description of categories 
This section describes in detail the categories which emerged from the data of this 
study through the processes explained in Chapter 5. The categories are listed from 
least complex to most complex. Categories that are more complex than others include 
more aspects of awareness than less complex categories as seen in the examples of 
outcome spaces shown in Section 4.3.5. More complex categories may also be seen as 
closer to correct and more complete by the community of practice. The detailed 
descriptions of each category are all set out in the same way. Each description begins 
with a statement of the short label of the category. These short labels summarise the 
descriptions of each category and indicate how the categories differ one from another. 
The short label is followed by a diagram which shows which dimensions and their 
associated values are in focus for the category. The rest of the description is based on 
the structure of awareness outlined in Section 4.3.2, including appropriate evidence 
from the data. Not every instance of evidence for a category is included rather 
sufficient evidence is given to illustrate the nature of the category and confirm the 
category‟s existence in this particular data set. Some of the evidence given in the 
detailed descriptions of the categories has also been stated to illustrate the meaning 
statements from which the first version of the categories was developed. This is not 
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surprising as the final categories developed in a series of iterations, from the initial 
categories which were based on the initial meaning statements. The evidence is re-
presented here to provide clarity and depth in the detailed descriptions of the 
categories. Finally, the description of each category concludes with a diagram which 
illustrates the structure of awareness for the category. 
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6.4.1 Category A:  Rate is experienced as a word judging a 
quality. 
The values of dimensions discerned in this category are highlighted in the diagram 
(Figure 6.4) below. 
Dimensions of variation 
Focus on word 
‘rate’ 
 Focus on 
variables 
 Focus on 
relationship 
between 
variables 
 Focus on nature 
of related 
variables 
quality  One  Qualitative  Distance & time 
numeric  Two  Quantitative 
constant 
 Both contexts 
    Quantitative 
variable 
  
Figure 6.4: Values of dimensions in Category A 
Referential aspect 
In this category, rate is experienced as an ordered set values assessing the worth of a 
quality, such as the judgements of an item for sale as „poor‟, „fair‟, „good‟, „very 
good‟ or „excellent‟ which indicate increasing values reflecting the condition of the 
item. The values are discrete and represent distinctive judgments on an ordered scale 
representing the worth of something, such as accommodation where the quality of the 
accommodation is conveyed by the number of stars in its rating. Rate may appear to 
be associated with mathematics in that the judgments may be in the form of a 
numerical scale with higher numbers corresponding to higher worth of the quality, 
such as in a survey where the numbers one to five represent the judgements strongly 
disagree to strongly agree. However, in this case, the numbers are merely labels 
representing ordered categories of the quality rather than true numeric values.  
This way of experiencing rate is seen in the quotes below.    
R: What you think rate is? 
I20: Like how would you explain that? Umm, yeah, I‟m not really sure. 
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R: Can you give me an example? 
I20: Ratings on movies and stuff. 
R: What is rate?  
I4: Firstly rating someone as in what you…how well they do, or what you do if there‟s rate on 
a scale one to ten, ten being great and zero being [nothing]. 
Structural aspect 
In this category, the internal horizon comprises the word „rate‟ with its meaning as a 
judgement of a quality and awareness that it may refer to an ordered scale. The word 
„rate‟ may have been heard in a variety of contexts, but is associated with real world 
judgements of quality. The variation in judgements of a quality is discerned and there 
is awareness that the worth of the quality may take different values on a scale, so 
there is a simultaneous focus on both quality and scale. Awareness of rate is confined 
to contexts where qualities are judged. 
The external horizon comprises experiences with the world, including real world 
instances of judgements of qualities, such as movies. The word „rate‟ belongs to the 
collection of words developed through these experiences.  
Figure 6.5 illustrates the structure of awareness for this category. The inner oval 
represents the theme; the outer oval represents the thematic field; and the rectangle 
represents the margin. This diagram shows that the focus of awareness is „rate‟ as a 
word associated with a quality with no values of any of the other dimensions being 
discerned in the internal horizon. Similar diagrams are used throughout this chapter to 
illustrate which dimensions are present in the internal horizon of each category.  
6-22 
 
Figure 6.5: Illustration of structure for Category A 
6.4.2 Category B: Rate is experienced as a word associated 
with a numeric value 
Dimensions of variation 
The values of dimensions discerned, in this category, are highlighted in the diagram 
(Figure 6.6) below. 
Focus on word 
‘rate’ 
 Focus on 
variables 
 Focus on 
relationship 
between 
variables 
 Focus on nature 
of related 
variables 
quality  One   Qualitative  Distance & time 
numeric  Two  Quantitative 
constant 
 Both contexts 
    Quantitative 
variable 
  
Figure 6.6: Values of dimensions in Category B 
 
Real world instances 
of ratings 
Real world 
experience  
„rate‟ as a 
judgement 
„rate‟ as a 
word 
quality 
Vocabulary of words 
Colour Key: 
Theme – yellow 
Thematic Field – green  
Margin – dark green  
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Referential aspect 
In this category, rate is experienced as a word. This word exists in the vocabulary 
associated with a numerical quantity. Awareness of the ordinal nature of numbers is 
present. The word may have been heard in a variety of contexts, for example, real 
world encounters or classroom experiences. The following quotes illustrate awareness 
of the word „rate‟ in real world contexts. 
R: What is rate? [pause] can you give me an example of rate? 
I2: Birth rate. 
R: What do you mean by birth rate? 
I2: Um be like a birth rate in the population and in the thousands births in the population.  
R: OK, anything further, anything else you can think of? 
I2: I don‟t know. 
R: So what do you think rate is?  [pause] you have given me a good example. 
I2: [pause] I don‟t know. 
The word „rate‟ may have been used in previous mathematics classes.  
R: What is rate? [pause] Can you give an example of rate? 
I10: It‟s like to do with fractions and all that. We‟ve done interest rates and that, but we 
haven't done like rate. [pause] That was last year or two years ago, Year 8 or something. 
I18: I have got no idea. I have never been really good at maths 
The last quote (I18) indicates awareness that rate has something to do with 
mathematics classes, but the word has little meaning other than being associated with 
something numeric. In this category, only awareness of rate as a numeric quantity of 
the dimension of variation „Focus on word „rate‟’ is discerned. 
Structural aspect 
In this category, the internal horizon comprises the word „rate‟. Focus is on the word alone.  
The external horizon comprises experiences with the world, including real world instances of 
„rate‟ and previous mathematics classes. The word „rate‟ belongs to the collection of words 
developed through these experiences. 
Figure 6.7 illustrates that the focus of awareness is „rate‟ as a word associated with a numeric 
quantity with no values of any of the other dimensions being discerned in the internal 
horizon. 
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Relationship with previous category 
This category is different from Category A because awareness that „rate‟ is associated 
with a numeric quantity is demonstrated, but similar to Category A in that real world 
contexts are in focus.  In Category A, the focus is on the term „rate‟ used to refer to the 
judgement of some quality such as the quality of a movie. In Category B the focus is on the 
term „rate‟ used to refer to some numerical evaluation of a real-world occurrence of rate. 
 
Figure 6.7: Illustration of structure for Category B 
 
 „rate‟ as a word 
Real world instances of „rate‟ 
Real world 
experience  
Vocabulary of words 
Previous 
maths classes 
 quantity 
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6.4.3 Category C:  Rate is experienced as a single quantity 
Dimensions of variation 
The values of dimensions discerned in this category are highlighted in the diagram 
below (Figure 6.8). 
Focus on word 
‘rate’ 
 Focus on 
variables 
 Focus on 
relationship 
between 
variables 
 Focus on nature 
of related 
variables 
quality  One   Qualitative  Distance & time 
numeric  Two  Quantitative 
constant 
 Both contexts 
    Quantitative 
variable 
  
Figure 6.8: Values of dimensions in Category C 
Referential aspect 
Rate is experienced in terms of single quantity which may change so the dimension of 
‘Focus on variables‟ is discerned to have a value of „one‟. The magnitude of the rate 
is seen as a single entity with no relationship to any other quantities. This category is 
characterised by the awareness that rate has something to do with change. This 
awareness of change is an important stage in the development of the concept of rate. 
The single quantity may be a rate, such as speed. The following quote illustrates a 
focus on speed. 
R: What things are changing in this situation? 
I6: Nothing was changing, it was just, even. 
R: What was even? 
I6: The rate he is walking. 
R: OK, the rate that he was walking was even, was there anything else changing in this 
situation? 
I6: Umm, not that I can see. 
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The single quantity may be one of the variables associated with a rate, with a focus on 
the change in that variable, for example area and the change in area. The following 
quote illustrates a focus on area alone. 
R: Tell me about the rate the area is changing. 
I12: It‟s getting greater. 
R: What‟s getting greater? 
I12: Like, the area of sunlight‟s getting greater  
The following quote illustrates a focus on time alone. 
R: Can you tell me about the rate that the clown is walking? You can make him walk as often 
as you like. 
I14: He‟s walking at about eight seconds. 
Awareness of rate is not restricted to any particular context. 
R: Can you give me an example of rate?  
I10: Well, there‟s different kinds of rate, exchange rates, interest rates which are going to rise 
very shortly, yes I‟m not too sure which kind of rate you mean. 
R: Well, tell me what you think a rate is? 
I10: OK um it would have to be the increase or decrease of a certain type of thing. 
In this category, a pattern in the differences between the values in a table may be 
detected and rate is experienced as change in the numbers in a column. The following 
quote illustrates a focus on the additive pattern of change in the area column of the 
table. 
R: Tell me about the table? 
I2: The area‟s getting bigger.  
R: Anything else you can tell me? [pause] can you tell me anything about the rate that the 
area is getting bigger? 
I2: It‟s always like three point two, it‟s always adding three point two the area [pause] like six 
point four plus three point two as a guess   
In this category, the shape of a line on a graph is discerned without meaning with 
respect to rate. The focus is on the change in the values of the single quantity 
represented on the vertical axis. 
.  I4: It [the graph] would go straight but then it would curve at the end. 
R: So what does the graph tell you about the rate? 
I4: I‟m thinking, like, it‟s getting bigger, the area is getting bigger. Is that what the rate is? 
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Structural aspect 
In this category, the internal horizon (Figure 6.9) comprises an awareness of the 
possibility that the rate may change continuously, so a further value of the dimension 
of variation „Focus on variables‟ is discerned. Focal in awareness are a single quantity 
and the change in that quantity.  
In this category, like earlier categories, the external horizon comprises past 
experience with words and previous mathematics classes.  
Aspects of prior experience with mathematics, such as graphs and tables, come into 
focus as required. For example, familiarity with information presented in graphical 
form including line graphs and associated numeric values. 
R: In what way do you think it [the graph] represents the picture [diagram]? 
I2: I think it [the graph] is related to the picture [diagram] because there‟s a line and on the X 
axis it has [the label] „height of the blind‟. 
R: What makes you like the graph best? 
I5: Umm, I donno, we‟ve done more work in class with graphs I guess and just the numbers, 
it‟s more a visual thing. 
These quotes indicate familiarity with line graphs and the expectation that 
information may be extracted from them. The ordinal nature of the values on the axes 
is understood and the labelling of the axes provides information about the graph.  
Other aspects of previous experience with mathematics, which enter the thematic 
field as required, are patterns in tables and the manner in which a table can be used to 
generate a graph. The information in a table could be used to plot points on a graph 
and conversely, a table of values could be extracted from the graph.   
I5: Like, if you put that on the graph, you would just have like plotted all little dots and you 
would put it all on the line.  
I10: well it looks roughly like five, coz there's five fives in twenty-five and to begin with ten 
and fifty look fairly even and yeah there‟s about five of these marks in here where there is 
only one mark in here. 
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These examples illustrate an awareness of the connection between the three 
mathematical representations. The connection can be explored fully only in one 
direction, that is, rule to table to graph but only graph to table.  
 
Figure 6.9: Illustration of structure for Category C 
Relationship with previous category 
This category is similar to Category B in that rate is experienced as a numeric value, 
but differs as rate is experienced as a changing quantity rather than a single value. The 
changing quantity may refer to the rate or one of the variables involved in the rate. This 
category differs from Category D as there is awareness of only one quantity. 
6.4.4 Category D:  Rate is experienced as the result of a 
formula calculation without recognition of 
the relationship between quantities 
Dimensions of variation 
The values of dimensions discerned in this category are highlighted in the diagram 
(Figure 6.10) below. 
„rate‟ as a 
word 
Real world instances of „rate‟ 
Real world 
experience  Previous 
maths classes  
„rate‟ as single 
quantity 
change 
Previous maths classes  
involving graphs & tables 
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Focus on word 
‘rate’ 
 Focus on 
variables 
 Focus on 
relationship 
between 
variables 
 Focus on nature 
of related 
variables 
quality  One   Qualitative  Distance & time 
numeric  Two  Quantitative 
constant 
 Both contexts 
    Quantitative 
variable 
  
Figure 6.10: Values of dimensions in Category D 
Referential aspect 
Rate is experienced as the result of a formula calculation where a value is substituted 
into a given rate formula. The formula calculation is seen as an academic exercise, 
something the teacher wishes a student to complete. Rate is seen as one fixed answer 
to the academic exercise of substituting a value in a formula. It is not seen as 
expressing a relationship between the value substituted and the result of the 
calculation, focus is on the result. There is awareness that the result of the calculation 
may vary, so the rate may take a variety of discrete values depending on the value 
substituted into the formula. The dimensions „Focus on word „rate‟ and ‘Focus on 
variables’ are discerned, with values „quantity‟ and „two‟ respectively. Awareness of 
rate extends to a variety of contexts. This way of experiencing rate can be seen in the 
following quotes. 
R: What is rate? [pause] Can you give an example of rate? 
I4: There‟s a formula for that  
R: What is rate?  
I2: If you gave me a problem [formula], I could substitute the numbers in it and then I would 
be able to give you a rate  
R: How did you work that out? 
I17: Well the formula for speed is distance over time? 
This indicates that there is an expectation that a formula would be supplied where 
there is no understanding of underlying rate-related reason for the formula. However, 
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these examples and the quotes below, point to awareness that rate is something to do 
with mathematics.  
R: So where did you learn that formula for speed? 
I17: I learnt it in Mathematics  
 I10: Well it reminded me of past maths classes here 
Structural aspect 
In this category, the internal horizon (see Figure 6.11) comprises a formula for rate, 
the values for substitution and the rate as a result of the calculation. When rate is 
experienced in this way there is a simultaneous focus on the formula, its inputs and its 
output.  
The external horizon comprises past experience in mathematics classes. The academic 
exercise of calculating the result of a formula is informed by previous information 
and procedures received in mathematics classes, such as the calculation of the results 
of other formulae. Other experiences in mathematics classes may float into the 
thematic field as required, such as, the awareness that the graph may provide 
information about the values of the co-ordinates of a point on a line graph. The 
following quote illustrates awareness that the graph may provide information. 
R: Is there anything else that the graph can tell you? 
I12: The numbers, like forty and six.  
R: What does that tell you? 
I12: Ah the area of sunlight is forty and the height of the blind above the bottom of the 
window is six. 
Relationship with previous category 
This category differs from Category C in that the dimension „Focus on variables‟ is 
discerned to have a value of „two‟. This indicates awareness that rate can be 
calculated by the substitution of one value into a formula to give another value. It is 
similar to Category C in that rate is experienced as a numeric quantity. 
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Figure 6.11: Illustration of structure for Category D 
6.4.5 Category E:  Rate is experienced as a relationship 
between changes in two quantities. 
Dimensions of variation 
The values of dimensions discerned in this category are highlighted in the diagram 
(Figure 6.12) below. 
Focus on word 
‘rate’ 
 Focus on 
variables 
 Focus on 
relationship 
between 
variables 
 Focus on nature 
of related 
variables 
Quality  One  Qualitative  Distance & time 
Numeric  Two  Quantitative 
constant 
 Both contexts 
    Quantitative 
variable 
  
Figure 6.12: Values of dimensions in Category E 
Referential aspect 
Rate is experienced as some kind of qualitative relationship connecting the two rate-
related quantities. Both quantities involved in the rate are acknowledged. Change in 
Rate as result of 
calculation 
Previous maths classes involving 
substituting values in formulae 
Real world 
experience  
Formula 
Single fixed 
quantity Values to 
be 
substituted 
„rate‟ as a word 
Previous maths 
classes  
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two quantities is focal in awareness. A relationship between the changes in the two 
quantities is discerned and expressed with words assigned to describe the scale for the 
rate, for example, faster or increases. This way of experiencing rate is discerned in a 
variety of contexts. 
I9: well it [the graph] just shows the higher the height of the blind, the more sunlight, the 
more area of sunlight you get through. 
R: If the window was wider, how would that affect the table? 
I2: Smaller numbers. 
R: Where would the numbers be smaller, which numbers would be smaller? 
I2: Probably both, [of the] two columns. 
These quotes illustrate awareness that there exists a relationship between height and 
area. The following quote illustrates awareness of the relationship between distance 
and time.  
R: So can you tell from the table who‟s walking faster? 
I6: You can tell the clown has walked, um, more quickly because his distance is greater for 
the period of time. 
In the following quote there is a sense of one variable causing the change in the other 
variable. 
I21: Well as it the height from the bottom goes down, the light amount goes down, as the 
height from the bottom goes up area‟s increasing. 
The relationship between the two rate-related quantities is expressed in words 
pertaining to the quality of the rate, such as “increasing at a sharp rate” (I9). These 
words reflect two aspects of the qualitative relationship: direction and extent, 
connecting the quantities of height and area. Both changing and unchanging rate are 
discerned in the dimension of „Focus on relationship between variables‟, so both 
constant and variable rate are recognised. The following quotes illustrate awareness 
of constant rate. 
R: Can you tell me about the rate that the area is changing? 
I9: The more height, the more area of sunlight. It‟s just going up at a steady rate, a constant 
rate. 
R: Can you tell me about the rate that the clown is walking? 
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I4: He is walking at the same rate all the way. 
R: How can you tell? 
I4: Just looking at it visually it doesn‟t look like it is going slower, but if yeah just looking at 
it I feel that there is no change the clown.  Could we play it one more time? [pause] its at the 
same rate, because just looking it took 8 seconds and is that meters and I looked at it once it 
went to the time of 1 so if I went to 8, 2 seconds then for 12 its going up by 4 its another 
second so 3 seconds, 16, 4 seconds, 5 seconds, 6 seconds so that‟s 7 second all together. 
The following quotes are examples of the qualitative expression of variable 
relationships.  
I4: The area is getting bigger, but how it gets bigger is not at the same rate. 
R: Looking at the graph, tell me about the rate that the frog is walking? 
I11: He‟s walking a lot faster towards the end of the graph, so the longer he walks the quicker 
he walks. 
In this category, constant rate is experienced as a straight line on a graph and variable 
rate is experienced as a curved line. The following quote demonstrates the importance 
of the non-verbal communication captured by the video. The qualitative relationship 
involved in this variable rate is expressed in terms of a graph.  
I5: Well the graph, its sort of the same thing, instead of it going up it will come a bit down, it 
won‟t come completely down or anything like that it‟ll just go down. 
The words do not clearly convey the meaning. In the gesture episode accompanying 
these words, the shape of the graph is shown with a finger pointed at the screen, to be 
curved at the end rather than entirely straight. This demonstrates a qualitative 
understanding of the effect of variable rate on the graph.  
In the following quotes, the relationship between the two quantities is expressed as a 
„steady rate‟ to communicate understanding of constant rate and „uneven rate‟ to 
communicate understanding of variable rate. 
R: So what does the graph [of the rectangular window] tell you about the rate of the area of 
sunlight is changing? 
I7: It looks like the graph goes up at a steady rate. 
R: So what does the graph [of the non-rectangular window] tell you about the rate of the area 
of sunlight is changing? 
I6: Ah, it‟s showing, sorry mmm, it‟s an uneven rate, um. 
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In this category, rate is experienced as simultaneous changes in both columns of a 
table with a focus on the relationship between them. The following quote illustrates 
an awareness of the relationship between area and height in the table and the 
connection between the table and the graph.  
I10: The area stays at the same increased rate no matter how high the blind gets, so that 
doesn't actually change so it probably wouldn't have a curve. It [the graph] would be a nice 
straight line. 
In this category, a rule conveys no meaning with respect to rate. The following quotes 
illustrate that the symbols of a rule may be translated into words and the process of 
calculating area from the rule is may be explained, but the rule holds no meaning with 
respect to rate.  
R: What does the rule tell you about the rate? 
I20: Area, it‟s six point four times the height 
R: What does the rule tell you about the rate that the area is changing? 
I15: Um, that whatever amount H is A would be six point four times the amount of H 
Structural aspect 
In this category, the internal horizon (Figure 6.13) comprises the two rate-related 
quantities and the relationship between them, including an awareness that these may 
change. When rate is experienced in this way, there is a simultaneous focus on both 
rate-related quantities and the relationship between the changes in them.  
In this category, like earlier categories, the external horizon comprises past 
experience with words, real world contexts and previous mathematics classes, such as 
interpretation of graphs, including the scaling and labelling of the axes. In the gesture 
episode corresponding to the following exchange, the participant points to parts of the 
graph demonstrating that the meanings of the scaling and labelling on the axes have 
been discerned, in order to show the appearance of the line on the graph. This student 
is able to read values from the graph and interpret the values in terms of the 
movement of the frog and the clown, demonstrating familiarity with graphs and their 
interpretation. 
R: In what way is the graph related to the frog and clown walking? 
6-35 
I5: Um, I guess the frog must be walking faster [because] well, when he gets to 2 meters, ah, 
wait, well he‟s walking slower, he‟s like, when the clown gets to 2 meters it only takes him 
like, half a second.  
 
Figure 6.13: Illustration of structure for Category E 
Relationship with previous category 
This category is similar to Category D in that awareness of change exists, but differs 
from Category D in that both rate-related quantities and the relationship between 
them are discerned. Like Category D, students experiencing rate in this way would be 
aware of the connection between the rule, the table and the graph and may be able to 
use the rule to prepare a table and then graph it. 
„rate‟ as a 
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Real world instances of „rate‟ 
Real world 
experience  
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– tables, graph 
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6.4.6 Category F:  Rate is experienced as a constant numeric 
relationship between changes in two 
quantities. 
Dimensions of variation 
The values of dimensions discerned in this category are highlighted in the diagram 
(Figure 6.14) below. 
Focus on word 
‘rate’ 
 Focus on 
variables 
 Focus on 
relationship 
between 
variables 
 Focus on nature 
of related 
variables 
Quality  One   Qualitative  Distance & time 
Numeric  Two  Quantitative 
constant 
 Both contexts 
    Quantitative 
variable 
  
Figure 6.14: Values of dimensions in Category F 
Referential aspect 
Rate is accepted as a mathematical concept with specific numeric values assigned to 
the two rate-related quantities and the rate, in circumstances where the rate is 
constant. „Focus on relationship between variables‟ is discerned to be a constant 
numeric relationship connecting the two changing quantities where the awareness of 
rate extends to a variety of contexts. There is a simultaneous awareness of the two 
quantities and their relationship. 
I19: For each unit of height, the area increases by 6.4. 
The qualitative relationship between the changes in two quantities is still recognised 
for both constant and variable rate. The following quote illustrates the expression of 
the qualitative relationship of variable rate 
 I5: It would just increase by smaller amounts, err of sunlight”. 
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In addition, constant rate is seen as the numeric result of a calculation, gauging the 
relationship between the changes in the rate-related quantities. 
R: What is rate? Can you give an example of rate? 
I19: The rate in which something grows could be three centimetres a day  
I21: One card per box of cards  
Sometimes the relationship is expressed in terms of non-unit values of both variables, 
for example, 
I9: It takes him eight seconds to travel the whole thirty-two 
These quotes illustrate rate being experienced, in a variety of contexts, as a constant 
numeric relationship between two changing quantities.  
This way of experiencing rate is seen in the gesture episode represented by images in 
Figures 6.15 and 6.16. It is illustrated by the movements of one hand to representing 
area and the other representing height.  
 
Figure 6.15: Right hand gesture 
 
   
Figure 6.16: Left hand gestures 
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The right hand is held in a rigid arch shape and moved once (see Figure 6.15). The 
left hand is held in the same shape and moved three and a bit times (see Figure 6.16). 
This gesture episode coincides with the words “it goes up three point two meters 
every half a metre” (I21). This gesture episode clearly demonstrates an awareness of 
the relationship between the quantities of area and height. 
In this category, rate may be experienced as a pattern of change in both columns of a 
table, simultaneously, and the relationship between them. Constant rate may be 
experienced as a regular pattern detected in the table or the straight line on the graph. 
The information is used to determine the numerical relationship between the changes 
in two quantities.   
I7: The area increases by a rate of three point two for every point five. 
The following quote illustrates awareness of the relationship between the two rate-
related variables and a synthesis from the patterns in the table to the unit rate of six 
point four. 
R:  What does the table tell you about the rate of the area of sunlight is getting bigger? 
I5: Well, like every one centimetre the blind goes up like, the area is six point four. 
R:  Anything more about that? 
I5: Mmm, not really, it‟s always coming up three point two. It doesn‟t change. 
Rate is experienced as a straight line on a graph, for constant rate where the values on 
the graph can be used calculate the rate.  
I10: Well it looks roughly like five, coz there's five fives in twenty-five and to begin with ten 
and fifty look fairly even .and yeah there‟s about five of these marks in here where there is 
only one mark in here.  Well the rate would be five to one wouldn't it? 
Variable rate is experienced as a curved line representing the qualitative relationship 
between the two quantities shown on the graph.  
I10: Well if we start here then the rate‟s going to increase … until we reach here, and then, 
from this dot to this dot, would be fairly much the same, there's no bend in the line and then as 
we go from here to here there's less area so the rate would decrease. 
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Rate is not experienced in the rule. The following exchange illustrates that the rule 
cannot be interpreted in terms of the rate, since the rate the area of sunlight is 
changing for the rectangular window is constant and would not be getting „faster‟. 
R: What does the rule tell about the rate the area of sunlight is getting bigger [for the 
rectangular window]? 
I10: The higher the blind gets, the faster the sunlight will be getting in. It would have to be 
timesed by a quite substantial number when it reached the top here. 
Structural aspect 
In this category, the internal horizon (see Figure 6.17) comprises the two rate-related 
quantities and the qualitative relationship between them. There is a simultaneous 
awareness of the numeric values of the quantities and the numeric relationship for 
constant rate. Awareness of rate as a relationship between changes in two quantities 
extends to a variety of contexts, so this way of experiencing rate is independent of 
context.  
Rate is accepted as a mathematical concept and so is associated with other concepts 
studied in their previous mathematics classes. So, there is an awareness that numbers 
may be connected by a pattern, such as in a table with a connection between columns 
in a table.  
In this category, the external horizon consists of past experience with words, 
language, contexts and previous mathematics classes, for example, there is an 
awareness of the connection between the rule, the table and the graph.  
Relationship with previous category 
In addition, to experiencing rate as a qualitative relationship between two changing 
quantities, as in Category E, in this category, rate is also experienced as numeric 
relationship in circumstances of constant rate.  
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Figure 6.17: Illustration of structure for Category F 
6.4.7 Category G: Rate is experienced as a numeric 
relationship between the changes in 
distance and time i.e. speed. 
Dimensions of variation 
The values of dimensions discerned in this category are highlighted in the diagram 
below (Figure 6.18). 
Focus on word 
‘rate’ 
 Focus on 
variables 
 Focus on 
relationship 
between 
variables 
 Focus on nature 
of related 
variables 
Quality  One   Qualitative  Distance & time 
Numeric  Two  Quantitative 
constant 
 Both contexts 
    Quantitative 
variable 
  
Figure 6.18: Values of dimensions in Category G 
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Referential aspect 
Rate is experienced as speed.  
R: What is rate?  
I5: [pause] Like how fast things are going? 
The relationship between the quantities of distance and time is recognised as both 
qualitative and quantitative. In this category, both constant rate and variable rate are 
recognised as both qualitative and quantitative relationship between distance and time 
and so is dependent on a motion context.  
I10: He‟s walking about four meters per second … the rate he is walking remains the same. 
I1: He [the clown] walks twenty-two meters in seven seconds and then he [the frog] only 
makes seven meters in seven seconds … Um, it adds by 1 more number for each one, so that 
it‟s two there and then you add three on there and add four on there and add five on there, 
then six, seven and eight, he‟s getting faster. 
The word „speed‟ is used spontaneously when talking about rate in this context.  
R: What is rate?  
I6: OK, so rate is either the speed or the way it's growing or getting smaller or changing. Um, 
it‟s just describing the movement of whatever you are looking at. 
This way of experiencing rate can be seen in the gesture episode accompanying the 
words, demonstrating that the speed is experienced in the rule since the student is 
pointing to the number in front of the „x‟ in the rule displayed on the screen. 
In this category, rate is experienced as patterns in the table or the shape of the graph 
and this information used make inferences about the rate.  The values in the table are 
used to quantify speed and acceleration. 
R: What does the table tell you about the rate that the frog and clown are walking? 
I21: The frog has a very steady [rate] which is one, one second per one meter. His [rate] is 
pretty exact which I find hard to believe cos he‟s actually dead on. So the clown is going up 
by point, three point one meter every second.  
This quote indicates the regular patterns in the numbers in each column have been 
discerned to be the difference of 1 between values in the distance column for the frog 
and the difference, between values in the distance column for the clown, is about 3.1. 
6-42 
Likewise, in the table for the walker moving at constant acceleration, the difference, 
between values in the distance column, is discerned to be changing by a regular 
amount. 
R: Here is the table of the frog walking [accelerating] what does the table tell you about the 
rate the frog‟s walking? 
I21: He‟s slow, he speeds up in the middle because at one at one meter one second you go 
two meters at two seconds you go five meters so done three seconds and the next one he goes 
four meters never one he goes five meters he‟s going up one meter per second he‟s doing an 
extra meter every second so he‟s like speeding up as he runs, walks. 
This quote demonstrates how the acceleration has been quantified as “an extra meter 
every second”. 
In this category, constant speed is experienced the shape of a straight line on the 
graph and values from the graph can be used to quantify the speed. The following 
quote shows how the values from the graph have been used to work out the speeds of 
the frog and the clown.  
R: What way is the graph related to the frog and the clown walking?  
I21: It, the frog, walks slower. It take him two meters, two seconds to do two meters where it 
takes the clown roughly to do one to do two meters it takes him six. 
Similarly, variable speed is experienced the shape of a curved line on the graph and 
values from the graph can be used to quantify the acceleration. The following quote 
shows how values from the graph of the accelerating frog have been used in an 
attempt to quantify the variable rate. 
R:  Looking at the graph, tell me about the rate that the frog is walking? 
I1: In eleven and a half meters he is going three and a half seconds and then thirty-five meters 
he‟s going seven seconds. 
In this category, speed can be quantified from the rule, but no evidence exists in the 
interviews about the rule providing any information about the relationship for 
acceleration. The symbols in the rule may be interpreted and translated into words, 
but these words convey no information about the relationship between speed and 
time.  
R: What does the rule [for acceleration] tell you about the rate that the frogs walking? 
6-43 
I21: Distance equals the time squared divided by two plus one forty five 
Structural aspect 
In this category, the internal horizon (see Figure 6.19) comprises speed as expressed 
in a relationship between distance and time. Awareness exists of change in speed as 
well as change in distance and change in time.  
There may be some uncertainty about the causal relationship between distance and 
time. The following quote indicates uncertainty whether the change in time is caused 
by the change in distance, or, the change in distance is caused by the change in time. 
I1: In eleven and a half meters he is going three and a half seconds and then thirty-five meters 
he‟s going seven seconds. 
In this category, the pattern in each column of a table individually is discerned. In 
addition, both columns are simultaneously in awareness along with the relationship 
between the columns.  
Figure 6.19: Illustration of structure for Category G 
In this category, like earlier categories, the external horizon comprises past 
experience with words, language, contexts and previous mathematics classes, such as 
line graphs and associated numbers; patterns in numbers; the expectation of the 
existence of patterns in a table; an expectation of a relationship between columns in a 
table; and a connection between the rule, the table and the graph. 
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Relationship with previous category 
This category is similar to Category F in that rate is experienced as a relationship 
between two changing quantities and constant rate can be quantified. In addition, 
variable rate can be quantified in the context of speed. 
6.4.8 Category H: Rate is experienced as a numeric 
relationship between the changes in any 
two quantities 
Dimensions of variation 
The values of dimensions discerned in this category are highlighted in the diagram 
below (Figure 6.20). 
Focus on word 
‘rate’ 
 Focus on 
variables 
 Focus on 
relationship 
between 
variables 
 Focus on nature 
of related 
variables 
Quality  One   Qualitative  Distance & time 
Numeric  Two  Quantitative 
constant 
 Both contexts 
    Quantitative 
variable 
  
Figure 6.20: Values of dimensions in Category H 
Referential aspect 
In this category, both constant and variable rate are experienced as numeric 
relationships between changes in two quantities, independently of context. Rate is 
experienced as an abstract concept that can be applied to both contexts, described 
verbally in narrative terms and quantified from information supplied in a graph or 
table. 
R: What does the table tell you about the rate that the area of the sunlight is changing? 
I22: That umm  point five …  It‟s going up by three point two on the other side. So, for every 
point five, it goes up three point two.  
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This quote illustrates how the values in the table have been considered and that the 
constant numerical difference between successive values for area has been discerned. 
This demonstrates the manner in which constant rate may be quantified. Similarly, the 
following quote illustrates how the values in the table have been considered and that 
the difference between successive values for area discerned as increasing by specific 
numerical amounts. This demonstrates the manner in which variable rate may be 
quantified. 
I4: That‟s increasing [pause] so that it starts off small one and it goes up to two point six, so 
that‟s one point six, the difference, and then the next one is two point two the difference and 
the one after that is two point eight the difference. 
In this category, rate is independent of context. Rate can be applied to either context. 
The context may involve constant or variable rate. The following quote illustrates the 
experience of constant rate in the blind context. 
 I5: Well, like every one centimetre the blind goes up like, the area is six point four.   
The following quote illustrates the experience of variable rate in the walking context.  
I2: He‟s getting faster by an extra meter each time he goes a second  
In this quote the relationship is discerned to be „faster‟ and given the particular value 
of one meter per second.  
This way of experiencing rate can be seen in the gesture episode accompanying I10‟s 
words showing how variable rate can be quantified, but the words do not clearly 
explain the student‟s thinking. 
I10: On the wide one, the bottom bit there [pointing to the first section of the table] , is that 
about [pause] changes. That one [pointing to the middle section of the table] , one to two, and 
that one [pointing to the last section of the table]  there‟s about one to three nearly one to four. 
So it gets wider as it keeps going up.  
In the video, she is indicating by pointing that she is looking at the values in the table 
and comparing the differences between successive rows to describe the changing rate 
in terms of numeric values. She conveys her awareness that the difference between 
the values is increasing. 
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In this category, rate is experienced in both the table and the graph, which both 
provide information about the rate.  In the table, rate is experienced as the relationship 
between the pattern in the numbers of both columns simultaneously and the 
relationship between them. 
R: What does the table tell you about the rate that the area of sunlight is getting bigger? 
I10: So the height‟s going up at about point five. The area is going up three point two so the 
area is going up three point two units for every point five of the unit that the height is going 
up, so as the height gets much, as the height gets larger, the area is much larger again . 
This quote demonstrates that the height column in the table was considered first and 
that 0.5 is the difference between successive values for height is noticed. Then the 
area column is considered and the difference between successive values for area of 
3.2 is noticed. Finally this information is brought together to explain what this means 
about the relationship between area and height. 
In this category, rate is experienced as a numeric change in the dependent variable 
caused by a unit change in the independent variable, regardless of whether the rate 
stays the same or changes. The following quote illustrates the manner in which the 
constant change in area is discerned as the result of a unit change in height.  
R: What does the table tell you about the rate of the area that the sunlight is changing? 
I8: The height of the table is going up by point five each time and it seems to be going up by 
pretty much the same, because you‟ve got six here and then a twelve, so its half again, so as 
that‟s going by two. This [pointing to the height column] is also going up twice as much 
[pause] as it would if it is one.  If it [height] goes up by one it‟s [area is] six point four and it 
[height] goes up to two its [area is] twelve point eight which is six point four times two, so its 
going up at the same rate as the blind goes up the area of sunlight is getting, is increasing, its 
going at the same rate.  
The following quote illustrates that variable rate may be quantified by looking at the 
values in the table.  
R: Talk to me about the rate that the area of sunlight is changing  
I10: It‟s [the area] increasing by 3 and as we reach the end of it is only increasing by point 6 
This quote shows that the change in area for unit change in height is discerned to be 3 
at the start and decreasing to 0.6 at the end.  
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When rate is experienced in this way, the shape of the graph provides information 
about whether the rate is constant or variable. Constant rate is experienced as a 
straight line and the rate can be quantified using values from the graph. The following 
quote illustrates the manner in which the graph has been used to determine that the 
rate the area is changing is about six. 
R: What does the graph tell you about the rate that the area is changing? 
I19: It‟s [rate] quite steady. 
R: How can you work that out? 
I19: The angle in which the graph is increasing, going up by around 6  
Variable rate is experienced as a curved line and the rate can be quantified using 
values from the graph. The following quote illustrates the manner in which the values 
from the graph may be used to work out just how much more distance is travelled in 
each second. 
 R: I am going to show you the graph, can you tell me about the rate the frog is walking? 
I4: At the beginning [pause] because it‟s not a straight line, it is not going at the same speed 
all the time, its not constant, its curved.  
So in one second it‟s [the frog] done two metres and two seconds it‟s done five, so it‟s going 
up its not going at the same [pause].  
First it‟s done two, in the next second it has done three,  in three seconds it has done [pause] 
nine, so it‟s going up, so the speed is increasing because it is covering more distance in each 
second.  [pause] 
First second, two; second about five so its done three meters; its done four meters [pause] in 
four, so four; fourteen so its gone up five. 
So its gone up a metre every time [pause]  yeah that‟s [the next second] six [pause]   
yeah the speed is increasing each second. It‟s not going at the same speed. 
However, even in this category, the rule has little meaning in terms of rate.  
R: At what rate is the area of sunlight changing? 
I19: From the graph, going up in increments of five for every one there‟s five. [pause] no for 
every one, there‟s around six, around six point four, it‟s where that rule comes from before. 
R: So do you think the graph and the rule are connected? 
I19: Yep. 
R: In what way? 
I19: With the rule, the rule shows, um, for every one, um I donno how to explain it, but. 
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This means that this student is able to use values from the graph and work out the 
rate. He notices that the rule and the graph are connected, but is unable to explain the 
connection between the rule and rate. 
Structural aspect 
In this category, the internal horizon (see Figure 6.21) comprises the two rate-related 
quantities and the numeric relationship between changes in them.  Rate is accepted as 
a mathematical concept and so associated with other concepts studied in their 
previous mathematics classes, such as the awareness that the graph and rule are 
connected with the table.  
R: What does the table tell you about the rate that the area of sunlight is changing? 
I19:That, like I said before, every one, [it‟s] six point four then when it goes up to one point 
five it‟s nine point six, and for every one it‟s six point four and for every two its twelve point 
eight. 
It‟s doubled and for every three its nineteen point two yeah. 
Since this participant states “like I said before” this means that he is demonstrating 
that the table gives him the same information as the graph, so he sees that the table 
and the graph are connected. 
 In addition, there is awareness that numbers may be connected by a pattern, such as 
in a table and the connection between columns in a table is expected. 
Relationship with previous category 
Category H differs from Category G in that numerical values can be used in the 
description to express the relationship between the changes in any two quantities, 
regardless of context. Category H is similar to Category G in that numerical values 
can be used in the description to express, both, a constant relationship and a variable 
relationship between two changing quantities. It differs from Category G in that these 
relationships can be understood in a variety of contexts, not just speed. This 
distinction is supported by data from the interviews. 
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Figure 6.21: Illustration of structure for Category H 
6.5 Outcome Space 
Relationships between the categories were sought throughout the process of analysis 
of the data for this study. Whilst it was found that most categories formed an 
inclusive, hierarchical structure, the first category „Rate is experienced as a word 
judging a quality‟ did not fit into the hierarchy based on the theme of expanding 
awareness of the view that rate concerns something numerical. The final results of 
this study, the Rate Outcome Space, can be seen below (Figure 6.22). 
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 Figure 6.22: Rate Outcome Space 
6.6 Summary of Results 
The preceding sections described in detail the results of this phenomenographic study 
of conceptions of rate held by Year 10 students. The detailed description of each 
category has shown the dimensions and their values which are the focus of each 
category, along with illustrative quotes from the transcripts clarified by references to 
the videos where necessary. The outcome space displays the interrelationships of the 
categories. The structuring of the categories was based on the dimensions and the 
possible values the dimensions may hold. This outcome space, resulting from the 
iterations described in Section 6.2, summarises and illustrates the logical relationships 
between the categories. It displays the themes of expanding awareness demonstrated 
in the descriptions of the categories. Section 6.4 described these categories in detail 
and demonstrated the differences between them as differences in the dimensions, 
B: Rate experienced as a word 
associated with something numeric 
(Section 6.4.2) 
F: Rate experienced as constant 
numeric relnship b/w changes in 2 
quantities (Section 6.4.6) 
D: Rate experienced as formula 
calculation (Section 6.4.4) 
H: Rate experienced as numeric  
relnship b/w changes in any 2  
quantities (Section 6.4.8) 
A: Rate experienced as judging of a 
quality (Section 6.4.1) 
E: Rate experienced as qual. relnship 
b/w changes in 2 quantities (Section 
6.4.5) 
G: Rate experienced as speed (Section 
6.4.7) 
C: Rate experienced as a single 
quantity (Section 6.4.3) 
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either in the number of dimensions focal in awareness or differences in the values 
taken in the dimensions. Like many other phenomenographers, Marton (1988) 
considers the outcome space “to be the main result of a phenomenographic 
enterprise” ( p.183). In this study, the Rate Outcome Space completes the 
phenomenographic analysis of the interview data, however, the outcome space is 
further employed to establish educationally critical aspects of rate (see Section 6.8) 
which then provide a framework for further content analysis (see Chapter 7) of the 
data focusing on the role played by context and representations in participants‟ 
understanding of rate. 
The Rate Outcome Space is hierarchical in nature except for Category A which is a 
non-mathematical conception of rate. Category A relates to the judgement of a quality 
and rate is not seen as numeric. In the first four categories, the relationship between 
two quantities is not discerned. The remaining categories refer to the relationship 
between two changing quantities and as such represent mathematically correct 
conceptions of rate. Categories E, F and G may be considered as correct, but 
incomplete conceptions of rate because in these categories rate is correctly seen as a 
relationship between changes in two quantities, but Category E omits a numerical 
relationship; Category F omits the possibility that the relationship may not be 
constant; and in Category G the relationship is restricted to the context of motion. 
Category H coincides with the expert conception of rate. Further details of this 
comparison and the expert conception of rate can be found in Section 6.8. 
Category B is different from Category A because rate is discerned to be a numeric 
quantity, but similar to Category A in that real world contexts are in focus. Category 
C differs from Category B by the value of „one‟ being taken in the dimension „Focus 
on variables‟. It is similar to Category B in that rate is experienced as numeric. Like 
Category C, rate is seen as a numeric value in Category D where rate as the result of a 
calculation. In Category E, the important aspect of relationship is discerned. This 
category separates mathematically incorrect conceptions of rate from mathematically 
correct conceptions of rate. This category is different from Category D because both 
quantities in the rate are discerned and there is an awareness of a relationship between 
the changes in them which can be discussed in descriptive terms. In Category F, the 
6-52 
numeric nature of the relationship is discerned in constant rate situations. Like in 
Category F, rate is experienced in Category G as a relationship between changes in 
two quantities and constant rate can be quantified in both contexts, but variable rate 
can be only quantified in the context of speed. Unlike Category G, in Category H, the 
numerical relationship between changes in any two quantities, not just distance and 
time. A comparison of the values of the dimensions taken by the categories can be 
seen in Table 6.7. 
Although Category A is differentiated from the other conceptions of rate by the value 
taken for the dimension of variation of  „Focus on rate as a word‟, nevertheless it was 
decided that it did not belong to the hierarchical structure of the rest of the outcome 
space. This category was a surprising inclusion in the set of conceptions of rate, as it 
does not relate to the mathematical numeric concept of rate. However, since some 
responses referred to rate in this way, it is justified in including it in the outcome 
space of this study. The implication for teaching of this conception of rate is the need 
for teachers to be aware that the word rate may have no mathematical meaning for 
some students, so an introduction to the concept of rate may need to include a 
discussion of different kinds of rate to highlight the difference between a judgement 
and a number representing a numeric relationship. In all the other categories, rate is 
seen to be numeric.   
In this study, the definitions of all categories use the same set of dimensions. The 
dimensions structure the themes of variation in the categories. The dimensions are 
considered to be of equal importance, but the dimension  „Focus on word rate‟ is 
discerned in all categories whereas the dimension „Focus on relationship between 
variables‟ is only discerned in the mathematically correct but incomplete categories, 
that is, Category E,  Category F, Category G and Category H. The final dimension 
„Focus on nature of related variables‟ is only differentiates between the final two 
categories. In this way, the number of dimensions discerned and the different values 
they may take becomes more complex down the outcome space.  
The next section discusses the reliability of the results. 
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6.7 Reliability of results 
Cope (2004) asserts that the application of a structure of awareness (see Section 4.3.2) 
at every phase of a phenomenographic study contributes to its reliability. This means 
that the categories are differentiated from one another on the basis of the dimensions 
and the values the dimensions may take. So, interview questions and computer 
simulations were designed to provide opportunities for participants‟ responses to 
reveal the dimensions for the concept of rate and suggest the possible values for each 
dimension.  
Strategies for the collection of unbiased data included sample selection to maximise 
diversity (Akerlind et al., 2005; Cope, 2004) (see Section 5.2) and care in 
interviewing (Akerlind et al., 2005; Cope, 2004). Consistency in interviews (Akerlind 
et al., 2005; Bowden, 2005) was maximised by the use of the computer-based 
simulations and interview protocol (see Section 5.3). Bracketing of the researcher‟s 
understanding (Bowden, 2005; Cope, 2004) of the concept rate was implemented by 
allowing the participants to discuss the computer-based scenarios without interruption 
and the use of their terminology when framing follow-up questions. Extensive 
piloting (see Section 5.2.1) of the interview protocol and computer-simulations 
assisted the researcher in developing the skills to collect unbiased data.    
Analysis of the data focused on the establishment of the categories based on the 
dimensions and their possible values. The premature imposition of categories was 
avoided by staying with the transcripts and engaging in an iterative dialogue with the 
text (Barnacle, 2005; Bowden, 2005; Akerlind et al., 2005) until the final categories 
were firmly established. In addition, the videos of the interviews were viewed 
repeatedly to ensure the emerging categories were consistent with both the verbal and 
non-verbal communications of the participants. Interjudge reliability (Akerlind et al., 
2005; Marton, 1988) was employed in the discussion of the interpretation of 
participants‟ responses at conferences of the Mathematics Education Research Group 
of Australasia (Herbert & Pierce, 2007); reviewer‟s remarks (Herbert, 2008); 
presentations at gatherings of researchers at University of Ballarat and The University 
of Melbourne; and discussions with experienced phenomenographers mentioned in 
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the Acknowledgements. These researchers were able to identify with the categories 
provided. Statements from the transcripts relating to rate were able to be classified 
according to the categories provided (Sandberg, 1997).  
Finally, the presentation of results clearly shows the manner in which the dimensions 
were used to differentiate the categories by the use of diagrams, similar to Figure 6.2, 
indicating which dimensions and values are focal in awareness for each category. 
The next section explains how the findings of the phenomenographic analysis were 
used to determine educationally critical aspects of rate (ECA). These ECA extend 
teachers‟ pedagogical content knowledge by providing a framework to guide the 
preparation of teaching materials and learning activities which address these aspects.  
6.8 Educationally critical aspects of rate 
According to Cope (2000), educationally critical aspects are “aspects of the 
experience of learning about a phenomenon that are educationally critical to 
developing the complexity of ways of experiencing a phenomenon (equivalent to 
depth of understanding) desired by the teacher” (p. 35). This definition is consistent 
with the detailed discussion of educationally critical aspects given by Marton and 
Booth (1997, p.56-81) where several learning contexts are discussed and the critical 
aspects for each context are determined. More recently there has been more research 
completed on extending a phenomenographic study in this way (Lupton, 2008 – ECA 
information  literacy in the context of researching an essay ; Taylor & Cope, 2007 – 
ECA evolution; Sorva, 2008 – ECA variables in programming; Ornek, 2008 – 
Newtonian mechanics; Walsh, 2009 – problem solving in physics). 
Determining educationally critical aspects involves the comparison of experts‟ 
conception of the phenomenon and the conceptions of the phenomenon held by the 
learners (Cope, 2000). In the case of this study, this means a comparison of the 
conceptions of rate found in the outcome space with the conception of rate deemed by 
the community of practice to be correct and complete.  
The expert conception (Stewart, 2007) encompasses the notion of „instantaneous rate‟ 
as equivalent to the gradient of the tangent to a curve at a given point and is 
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developed from the notion of „average rate‟ or the „gradient‟ of the straight line 
joining two points on a curve. It subsumes the notion of constant rate as a special 
example where the instantaneous rate is the same for all points on a curve, in this case 
a straight line.  An expert conception of rate is an abstract conception of rate 
comprising both constant and variable rate and can be discerned and applied in any 
context. In higher levels of mathematics, derivative is synonymous with instantaneous 
rate.  Stewart (2007) defines “the derivative of a function f at a number a” to be 
h
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(p.77). This definition shows the relationship between 
derivative and rate where  
h
afhaf )()( 
 is the average rate between the points  
(a, f(a)) and (a+h, f(a+h)) and, when the limit is taken, it becomes instantaneous rate. 
Category H, where rate is experienced as a numeric relationship between the changes 
in any two quantities, including distance and time, encompasses all the possible 
aspects of rate which could be expressed by students at Year 10 who have not begun a 
study of calculus. So the conception of rate described in Category H (see Section 
6.3.8) will be taken as the expert conception for the purpose of identifying the 
educationally critical aspects of rate. 
Each category of description in the outcome space (see Section 6.5) is compared with 
the expert conception of rate to determine the educationally critical aspects of rate. 
The comparison is intended to ascertain where each category diverges from the expert 
conception of rate. Table 6.8 provides a list of the categories, in reverse order, and 
identifies any aspects missing from the category when compared with the expert 
conception. As the categories essentially form a hierarchical outcome space, based on 
consideration of the dimensions, aspects missing from one category are also missing 
from the all subsequent categories. For example, „Independence from setting‟ and 
„Abstraction‟ are missing from Category G, so these aspects are also missing from 
Category F and, in addition, „Variable rate‟ is a gap identified in this category. 
Categories E, F and G may be considered as mathematically correct, but incomplete, 
whereas Categories A to D show various degrees of incorrect, as well as incomplete, 
understanding of rate. 
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Table 6.8: Comparison of categories with expert conception 
Category Missing 
component(s) 
Commentary 
H Rate is experienced as a 
numeric relationship 
between any two 
changing quantities 
None  This conception of rate encompasses 
all the possible aspects of rate which 
could be expressed by students at Year 
10 who have not begun a study of 
calculus. 
G Rate is experienced as a 
numeric relationship 
between two changing 
quantities of distance and 
time i.e. speed. 
Independence 
from setting, 
Abstraction  
This conception of rate is confined to the 
context of motion. Both constant and 
variable rate are discerned as speed and 
acceleration. Transference to other 
contexts is inhibited by this conception of 
rate, hence is not an abstract conception 
of rate independent of context. 
F  Rate is experienced as a 
constant numeric 
relationship between two 
changing quantities. 
Independence 
from setting, 
Abstraction, 
Variable rate 
This conception of rate acknowledges the 
existence of a numeric relationship 
between changes in the variables in 
circumstances where the rate is constant. 
Variable rate is not quantified in any way, 
although limited awareness of some 
relationship is shown. 
E  Rate is experienced as a 
relationship between two 
changing quantities. 
Independence 
from setting, 
Abstraction, 
Variable rate, 
Quantification  
This conception of rate acknowledges the 
existence of some relationship between the 
changes in the variables, but this 
relationship cannot be quantified even for 
cases of constant rate.  
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D  Rate is experienced as the 
result of a formula 
calculation without 
recognition of the 
relationship between 
quantities 
Independence 
from setting, 
Abstraction, 
Variable rate, 
Relationship  
This conception of rate does not 
acknowledge the existence of any 
relationship between the variables. Rate is 
seen as a single, static quantity which is 
the result of a formula calculation. This 
way of seeing rate may be a consequence 
of early instruction in rate where the 
formula is emphasised, without reference 
to the context and the relationship 
between variables not stressed.  
C  Rate is experienced as a 
single quantity 
Independence 
from setting, 
Abstraction, 
Variable rate, 
Two variables 
   
This conception of rate does not 
acknowledge the existence of any 
relationship between the variables. Rate is 
seen as a single quantity, with a focus on 
only one of the variables or perhaps speed 
as a single entity rather than a 
relationship between distance and time. 
This may be a result of prior experiences 
with speed as a reading on a speedometer. 
B Rate is experienced as a 
word associated with a 
numeric value 
Abstraction , 
Variable rate, 
Quantification, 
Two variables, 
Relationship, 
Change, 
Calculation  
This conception of rate does not 
acknowledge the existence of any 
relationship between the variables. Rate is 
seen as a single, static quantity as term 
remembered from earlier mathematics 
classes or in every-day conversation, such 
as on the TV news. This way of seeing rate 
is not linked to any numeric calculation 
and may be a consequence of early 
instruction in rate where relationship 
between variables was not stressed and 
the formula is forgotten. 
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A  Rate is experienced as a 
word judging a quality. 
Abstraction, 
Variable rate, 
Quantification, 
Two variables, 
Relationship, 
Change, 
Calculation, 
Numeric 
association, 
Something to 
do with maths 
This conception of rate is not related to 
mathematics. Even ratings involving 
numbers, such as rating the taste of food 
from 1 to 5, only involves assigning 
numbers to grade the quality. The word 
‘rate’ is associated with rating some real-
world item or event, For example, rating 
of accommodation using stars. 
The comparison of the categories with an expert‟s conception of rate is shown in 
Table 6.8. The words shown in bold indicate additional missing components from 
those belonging to the previous category. Whilst the categories in Table 6.8 were 
listed in reverse order to facilitate the identification of missing aspects, Table 6.9 
focuses on the dimensions in the original order seen in Figure 6.2 to identify of 
educationally critical aspects of the concept of rate as they relate to the dimensions.  
Table 6.9: Elements of dimensions deemed educationally critical 
Dimension  Value 
Word „rate‟ Quality 
  Quantity 
Variables  One  
  Two  
Relationship Qualitative 
  
Quantitative 
constant 
  Quantitative variable 
Nature of Variables Distance & time 
  Both contexts 
Table 6.9 shows the dimensions and their values. The words in bold type in Table 6.9, 
along with the categories‟ comparison with the expert conception of rate, together 
suggest the educationally critical aspects of rate. The ordering of the dimensions and 
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the values they may take should not be seen as a developmental map, but provide a 
way of interpreting and structuring the comparison seen in Table 6.8 in order to 
identify the educationally critical aspects of rate. These educationally critical aspects 
of the concept of rate provide guidance for the development of suitable teaching 
material and learning activities which specifically address these critical aspects.  
Students need to be able to recognise that the word „rate‟ has two different meanings 
and the mathematical conception of rate involves the relationship between the 
changes in two quantities.  The discernment of two quantities is necessary before a 
relationship between changes in them can be appreciated.  An awareness of such a 
relationship is crucial in experiencing rate as experts in the community of practice 
experience it, so this relationship is an educationally critical aspect of rate.  
Another critical aspect is the possibility that rate may vary. Whilst it is expected that 
students of this age and stage would be aware that rates in real-world contexts do 
vary, such as speed, tax rates and interest rates, the notion of variable rate firmly 
grounded as a variable relationship between the changes in two quantities is important 
for differentiation.  The notion of rate expressing a measure of the relationship 
between changes in two quantities is significant in the expert conception of rate, so 
quantification of rate is important. Finally, the applicability of rate to any context 
where a relationship exists between the changes in two quantities, is also necessary. 
The critical aspects discussed in this section have been summarised in Figure 6.23. 
1. Rate as a relationship between changes in two quantities 
2. Rate as a relationship between changes in two quantities which may vary 
3. Rate as a numerical relationship between changes in two quantities which may vary 
4. Rate as a numerical relationship between changes in two quantities which may vary and is 
applicable to any context. 
Figure 6.23: Educationally Critical Aspects of the Concept of Rate 
The next section discusses the implications of these educationally critical aspects of 
rate for teachers‟ pedagogical content knowledge and the instructional sequence 
authors embed in their textbooks.  
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6.9 Addressing educationally critical aspects of rate 
The educationally critical aspects provide guidance in developing robust conceptions 
of rate which are applicable in any context. In Year 8, rates are usually studied with 
fractions, percentages and ratio, with associated applications such as interest rate, as 
required in the Victorian Essential Learning Standards (VCAA, 2007). Focus on these 
examples and the arithmetic calculation of rate using a formula may be a consequence 
of the manner in which rate is dealt with in Year 8 mathematics texts (Bull et al., 
2003b). These texts often treat problems related to speed or density as substitutions in 
the appropriate formulae. Later, a study of linear functions precedes a study of other 
functions or, indeed, functions in general. Constant rate in the form of gradient is an 
integral part of the treatment of linear functions, but rate-related reasoning is rarely 
fostered or encouraged in textbooks. Functions where rate varies are currently 
included in the curriculum, but rate is seldom considered in the textbook presentations 
of these functions.  
A careful introduction to calculus by teachers is needed, taking into account possible 
conceptions of rate students bring to a study of calculus, instead of making invalid 
assumptions and preparing inappropriate material perhaps resulting in some of 
problems reported in the research (see Chapter 2). Some educators and researchers 
have proposed a variety of strategies to improve students‟ understanding of rate. Coe 
(2007) claims that the disjointed nature of the study of rate in the traditional 
curriculum which separates the rate topics into different times, even years, with 
distinct unrelated applications with variable rate left to a study of calculus, so it is not 
surprising that students bring to calculus fragmented conceptions of rate.  
Several researchers have stressed the importance of explicitly connecting multiple 
representations of functions (see Chapter 3) and hence rate, in developing an 
understanding of derivative (delos Santos & Thomas, 2005; Engelbrecht, Harding, & 
Potgieter, 2005; Ferrini-Mundy & Graham, 1993; Ferrini-Mundy & Lauten, 1994;  
Tall, 1985;  Orton, 1985; Kaput & Roschelle, 1997; Porzio, 1995). Multiple 
representations may make explicit the critical aspect of rate involving a relationship 
between the changes in two quantities. Engelbrecht et al. (2005), of their study of 235 
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South African first-year life science students, reports that an emphasis on multiple 
representations and understanding and interpretation of the meaning of derivative and 
its uses leads to improved conceptual understanding of calculus. They assert that this 
approach does not appear to sacrifice skills proficiency.   
Addressing educationally critical aspect 1 
Since an early study of rate is undertaken in Year 8 in conjunction with fractions, 
percentages and ratio with an emphasis on formulae and arithmetic calculations, the 
relationship between the changes in two quantities is not emphasised. Changing the 
focus of this early study to emphasise this relationship may facilitate rate being seen 
as a relationship and not a single value resulting from some calculation. So, careful 
attention to establishing rate as a relationship between changes in two quantities is 
vital. For example, patterns in both columns of a table can be explored and then 
explicitly extended to discussions about the relationship between the variables. The 
discussion of different examples of rate may be extended to include a discussion of 
the quantities which are combined in each example of rate, thus emphasising two 
variables and the relationship between them. In addition, this discussion may focus 
attention on rate as a number rather than a judgement of a quality. Any instances of 
rating which emerge in the discussion may provide opportunities for a teacher to 
emphasise the difference between rate and judgement of a quality.. Indeed, Stump 
(2001) advises “instruction should focus on helping students form connections and 
providing opportunities for students to communicate their understanding” (p.81). 
Similarly, Cooley (2002) describes the use of journaling and stresses the importance 
of students expressing ideas in order to clarify their thinking through a process of 
reflective abstraction. Writing in this way may address the critical aspect of seeing 
rate as a number and something to do with mathematics. 
Addressing educationally critical aspect 2 
The results of this study indicate that seeing the possibility that rate may vary is a 
critical aspect of the concept of rate. Once this relationship assumes prime importance 
in a student‟s thinking about rate, experiences with different kinds of rate, for 
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example, rates in different kinds of contexts, such as geometric rates, may facilitate a 
more complete conception of rate.  Some suggestions have been made about 
strategies to improve students‟ understanding of rate. Smith et al. (1997) refer to the 
emergence of qualitative understanding before quantitative understanding of density. 
Perhaps this is also the case with rate as in Category E, where the relationship 
between changes in two quantities is discerned and may be expressed in descriptive 
words, but not necessarily numerically. So, discussions of the relationship in general 
terms without attempting to quantify the relationship could also be included with the 
discussions suggested earlier. 
Addressing educationally critical aspect 3 
Coe (2007) advocates strong connections between different types of rate in the 
context of nonlinear functions and engaging in quantitative descriptions of the 
changing rate properties of those functions. Suggestions have also been made about 
appropriate approaches in developing the concept of rate before a study of calculus is 
undertaken. Indeed, Confrey and Smith (1994) advocate an early introduction of 
variation across different rates to facilitate a more robust conception of rate. Coe 
(2007) proposes pre-calculus instruction should emphasise the distinction between 
linear and non-linear functions with consideration given to slope and a meaningful 
understanding of average rate, for example in exponential functions. Explicit 
connection should be made between the notions of average rate and constant rate. Coe 
advocates that meaningful activities with rate must begin early in students‟ experience 
with algebra. 
Other researchers suggest that technology-supported access to multiple 
representations may facilitate the development of rate-related reasoning (Kaput & 
Roschelle, 1997; delos Santos & Thomas, 2005; Orton,1985; Habre & Abboud, 
2006). Habre and Abboud (2006) report that students who liked a multiple 
representations approach supported by technology, demonstrated a comprehensive 
understanding of derivative and its relationship to rate. Technology may enable 
students to undertake more complex and authentic mathematics and tasks, such as 
curve fitting of real world data where the resultant functions are more complex than 
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those usually experienced in the classroom. Similarly, students can experience many 
more correct graphs using graphing software than they could prepare by hand 
examining common features of families of graphs, including magnification of the 
graphs of non-linear functions to examine „locally straight‟ sections (Tall, 1994; 
Hassan & Mitchelmore, 2006; Brown, 1996). Brown (1996) cautions that students 
should not proceed with differentiation before they “have a comprehensive 
understanding of the rates of change of functions with particular reference to their 
slopes” ( p.474). 
Addressing educationally critical aspect 4 
In addition, as Coe (2007) proposes, the distinction between linear and non-linear 
functions should be emphasised, perhaps beginning with average rate rather than 
constant rate. So, students may see the possibility that rate may vary before the strong 
influence of linearity inhibits their awareness of variable rate (De Bock et al., 2002; 
Van Dooren et al., 2005). Consequently, a study of general functions should precede 
the study of linear functions with explicit connection made between average rate and 
constant rate. Other meaningful activities with rate advocated by Coe to begin early in 
students‟ experience with algebra might include using rate to quantitatively describe 
the behaviour of a function, in particular, exponential functions. Quantification, in 
this case, would emphasise average rate with constant rate coming to be seen as a 
special case. Experience with a variety of rates where distance and time are not the 
rate-related variables may assist in developing a conception of rate which is 
independent of context. 
These suggestions do not mean increasing the content of the lower years‟ curriculum 
rather refining of emphasis at lower levels. This may mean a different introduction to 
rate in early secondary years stressing the relationship between the changes in two 
quantities and choosing examples which highlight the variation in the concept of rate 
(Confrey & Smith, 1994). This variation can be made explicit by considering constant 
and variable in a variety of contexts. Later, the opportunity for a discussion of rate is 
afforded by the study of linear and other functions when differences between constant 
and variable rate can be accentuated. 
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The educationally critical aspects of rate found in this study may provide a structure 
for the development of a conception of rate which coincides with the expert 
conception. It is intended that they offer assistance for the preparation of appropriate 
curriculum materials to particularly attend to these critical aspects. 
6.10 Summary 
This chapter presents the results of the phenomenographic analysis of the data 
collected in the interviews. Careful consideration was given to both verbal and non-
verbal communications made by the participants. Dimensions and categories, 
together, emerged from repeated reference to the rate-related meaning of the 
responses of the participants (Section 6.2). Detailed description of the categories 
(Section 6.3) including each category‟s relationship to the dimensions, explain the 
categories in sufficient detail for another researcher or teacher of mathematics to be 
able to classify any student‟s rate- related response into one of the categories.  
The final result of this phenomenographic analysis is the Rate Outcome Space 
(Section 6.4). This outcome space portrays the logical relationships between the 
categories based on the dimensions. Categories A to D may be considered 
mathematically incorrect as the relationship between two quantities is not discerned. 
Categories E to G may be considered mathematically correct as the relationship 
between two quantities is discerned, but these categories represent incomplete 
conceptions as awareness of various elements of the expert conception of rate are not 
present. Category H may be considered the expert conception of rate appropriate to 
the age and stage of the participants.  
Akerlind et al. (2005) claim “the validity of the outcomes is related to the processes 
that are used at all stages of phenomenographic research” (p. 89). The validity of this 
phenomenographic study was thus ensured by the selection of the sample for 
maximum variation interviewing diverse participants from diverse schools (Section 
6.4.1) using consistent, open interviews structured by the use of computer 
simulations. The iterative analysis remained focused on the meanings expressed in the 
transcripts taken as a whole and feedback sought from other researchers on the 
interpretation of the data (Akerlind et al., 2005).  
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Whilst many phenomenographic researchers may consider the outcome space as the 
final result of a phenomenographic study (Marton,1988), some educational 
researchers look to the outcome space to suggest ways of improving student learning 
(Cope, 2000; Lupton, 2008). Educationally critical aspects result from the comparison 
of experts‟ conception with the conceptions structured in the outcome space (Cope, 
2000), so the conceptions of rate established by this study were compared with the 
expert conception coinciding with category H. This comparison yielded four 
educationally critical aspects of the concept of rate and suggestions were made to 
address these educationally critical aspects of rate. 
1. Rate as a relationship between changes in two quantities 
2. Rate as a relationship between changes in two quantities which may vary 
3. Rate as a numerical relationship between changes in two quantities which may vary 
4. Rate as a numerical relationship between changes in two quantities which may vary and is 
applicable to any context. 
However, rate is a complex concept involving constant and variable rate which may 
be represented in a variety of ways and applicable to a variety of contexts. The next 
chapter presents the results and discussion from further content analysis of the data 
focusing on the influence of context and multiple representations of the functions 
seen in the simulations, on individual‟s understanding of rate.  
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7 Results and Discussion: Content Analysis 
7.1 Introduction 
Chapter 6 described in detail the results of the phenomenographic analysis of the 
video-recorded interviews, resulting in the „Rate Outcome Space‟ which structures 
the conceptions of rate held by Year 10 students revealed by this study. In addition, 
Chapter 6 presented a discussion of the results, including the establishment of four 
educationally critical aspects of the concept of rate. Whilst Marton (1981) states 
that the outcome space is the final result of a phenomenographic investigation, 
Boulton-Lewis and Wilss (2007) suggest that data collected for a 
phenomenographic study can also be analysed in other ways to investigate other 
research questions which, in conjunction with phenomenographic results, allow a 
fuller understanding of the data. Phenomenography seeks an overview of the 
group‟s perceptions of the phenomenon under investigation and focuses on 
describing the variation found in the data. This content analysis is based on a re-
consideration of the interview data from a different perspective. It focuses on the 
role played by the contexts of the computer simulations and associated multiple 
representations of the functions resulting from the simulations, in individual 
participant‟s expression of their understanding of rate. In this chapter, the results 
and discussion of this second analysis address the research questions: 
In what way does representation affect Year 10 students‟ expressions of their 
conceptions of rate? 
In what way does context affect Year 10 students‟ expressions of their 
conceptions of rate? 
The phenomenographic analysis intentionally preceded this representation-
focused analysis, enabling the overview of the conceptions of rate experienced by 
this group to be established before turning attention to particular participant‟s 
responses. The phenomenographic analysis and, in particular, the educationally 
critical aspects of rate provide a framework for further analysis of the data 
focusing on the role played by context and multiple representations of functions in 
participants‟ expressions of their understanding of rate. In addition, since the data 
from phenomenographic interviews were used for this analysis, protocols of 
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phenomenographic data collection determined the order the contexts were 
presented to the participants. This meant that all participants received the same 
information, as recommended by Bowden (2005) to ensure that the participants‟ 
responses all related to the same phenomenon, that is, the concept of rate.  
However, it might be that some participants‟ understanding of rate in the 
Distance-Time context may have been influenced by the preceding simulation of 
the Area-Height context. Further discussion of this point can be found in Section 
8.5 where such a possibility may be examined in the light of the analysis of the 
data. 
Section 5.2.4 describes the manner in which the numeric, graphic and symbolic 
representations were employed to explore participants‟ conceptions of rate (see 
Section 5.2.4). In addition, context influences student understanding in many 
concepts so perhaps rate is no different in this regard. The diagram of a triangular 
dipyramid seen in Figure 7.1, shows the representations and contexts employed in 
this exploration of conceptions of rate. The lines represent the focus of this 
analysis, that is, the influence of the representations and contexts on participants‟ 
expression of their conceptions of rate. Where there are no lines, that is, between 
representations, this indicates that the focus of this analysis is not on the 
connections between representations. 
 
Figure 7.1: Representations & contexts used to explore  
conceptions of rate 
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This chapter begins with description of the content analysis from the perspective 
of context and the representations: numeric, graphic and symbolic, undertaken on 
the interviews previously analysed phenomenographically as described in Chapter 
6. This description is followed by the results of this content analysis. 
7.2 Description of the Content Analysis 
This chapter considers participants‟ responses from the perspective of context and 
representation using content analysis (Neuendorf, 2002). Re-consideration of the 
video data provided insights regarding the influence of the contexts and 
representations, shown in the computer-based simulations, on the participants‟ 
expression of their understanding of rate. As described in Chapter 5, both verbal 
and non-verbal communications provided insights into the meaning of 
participants‟ responses. The purpose of this re-examination was to re-focus 
attention on individual participant‟s responses, as they relate to the representations 
and contexts, in order to gain a deep understanding of the data from this 
perspective.  
Patton (1990) reminds us that “[w]hat must be organised and presented are 
quotations from interviews. Sufficient quotational data should be presented to 
illuminate and support whatever analysis the evaluator presents in narrative form” 
(p.420) so, inclusion of interview excerpts is a major feature of the analysis of the 
data for this chapter. The results are illustrated by appropriate quotations from the 
interview data. These were chosen for inclusion to: exemplify influences 
indentified in the participants' responses; clarify and justify inferences made by 
the researcher; and demonstrate the detail of the data. Where informative the 
details of gestures that give clues to the meaning of the participants‟ words, are 
included in the commentaries. 
Initially, the researcher engaged in simply re-viewing the videos and re-reading 
the transcripts to obtain an in-depth understanding of the data. The computer 
simulations, described in detail in Section 5.2.4, provided a visual starter for the 
interviews to connect to participants‟ existing conceptions about blinds, walking, 
tables, graphs and rules (Lorentzson & Trell, 1999). The simulations were used to 
stimulate discussion of the rates involved in the contexts and provide insights into 
the participants‟ understanding of constant and variable rate. The software, 
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Geometers Sketchpad (GSP) and JavaMathWorld (JMW) were particularly well-
suited for this purpose as they provide easy access to the numeric, graphic and 
symbolic representations, so participants‟ conceptions of rate could be explored 
more broadly. These simulations are described in detail in Section 5.2.4. Figures 
7.2 and 7.3 show the constant rate simulation for both contexts. 
 
 
 
Figure 7.2: JMW simulation Figure 7.3: GSP simulation 
Each participant‟s responses relating to rate were coded by representation 
(numeric, graphic or symbolic) and context (blind or walking). Nvivo software 
(QSR International, 2005) facilitated the analysis by organising the data accorded 
to the coding described above. All responses were re-examined to discern any 
impact of the multiple representations and contexts on individual participant‟s 
expression of their understanding of rate. In this approach, no attempt was made to 
assemble responses into an outcome space, structuring categories across the whole 
group, as in the phenomenographic analysis since the phenomenon of rate had 
already been analysed for this purpose. Each individual participant‟s responses to 
the different representations and contexts were considered. In the context of the 
blind, two different windows are included in the GSP simulation. Care was taken 
to focus discussion of this simulation on the variables of height and area. The 
rectangular window facilitated discussion of the participants‟ understanding of 
constant rate (Figure 5.4) whilst the other window, constituting three different 
sections, enabled the exploration of both constant and variable rate (Figures 5.6). 
Although the focus of this part of the interview was to explore the participants‟ 
understanding of the change in area with the change in height the blind was raised, 
participants‟ understanding of rate was also explored using the associated numeric, 
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graphic and symbolic representations (see Figures 5.5 and 5.7). So the GSP 
simulation assisted in providing insights into the participants‟ understanding of 
constant and variable rate in these representations in a context where the rate-
related variables are area and height. Participants were encouraged to explain their 
reasoning and think aloud as they were presented with different representational 
forms of rate: the simulation; table of values; graph; and rule.  
In the JMW simulation two different scenarios are enacted. One scenario involved 
a frog and a clown walking at constant speed enabling comparison of their speeds. 
This facilitated discussion of the participants‟ understanding of constant rate, 
whilst the other scenario simulated the frog accelerating at a constant rate enabling 
the exploration of both constant and variable rate (Figures 5.9 and 5.10). Like 
GSP, the dynamic links between the numeric, graphic and symbolic 
representations in JMW enabled the relationship between distance and time to be 
explored and provided opportunities for discussion of participants‟ understanding 
of constant and variable speed in these representations. So JMW facilitated 
discussion of the rates involved and provided insights into the participants‟ 
understanding of constant and variable rate in this context. Participants continued 
to explain their reasoning and think aloud as they were presented with different 
representational forms of speed.  
The following sections present a comparison of responses between different 
representations and contexts demonstrating the relative influence of 
representations and contexts in participants‟ thinking about rate.  
7.3 Comparison of participants’ responses to numeric 
representations  
This section begins with a description of the role the numeric representations 
played in participants‟ expression of their understanding of constant rate in 
response to both the context of the blind partially covering a rectangular window 
(referred to as the Area-Height context) and the context of frog and clown walking 
(referred to as the Distance-Time context) at a constant speed. This is followed by 
a description of the role played by the numeric representations in participants‟ 
expression of their understanding of variable rate in response to both the Area-
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Height context of the blind partially covering a non-rectangular window and the 
Distance-Time context of frog walking with increasing speed.  
7.3.1 Constant rate 
Area-Height context and constant rate 
 
Figure 7.4: Table in constant Area-Height context 
Figure 7.4 shows a screen dump of the table shown to the participants 
corresponding to this part of the interview. The numeric representation of the 
function simulated in the Area-Height context (see Figure 7.3) provided rate-
related information to most participants (13). This is illustrated by the responses 
given to the question “What does the table tell you about the rate that the area of 
the sunlight is changing?”. Eleven participants could see the pattern of constant 
difference in the columns of the table and use it to express the numeric 
relationship between the variables. This is most clearly illustrated by the following 
responses. Further similar responses can be seen in Figure A2.1 which can be 
found in Appendix A2.  
Quotes from transcript Commentary 
I15:  Well, yeah three point two there‟s a 
difference between um,[pause]  
so for every half a metre you get three 
point two extra. 
I15 notices the pattern of a constant 
difference of 3.2 in the area column and 
relates it to the constant difference of 0.5 
in the height column.  
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I20: Hmm, like point five in height there‟s 
three point two in area. I am not very sure 
how to explain it. 
I11: So the heights going up at about point 
five The area is going up three point two 
So the area is going up 3.2 units for 
every .5 of the unit that height is going up,  
So as the height gets much, as the height 
gets larger the area is much larger again . 
So if the window gets more visible from 
the sun, the area gets steeper and steeper 
and more sunlight can enter.  
The area stays at the same increased rate 
no matter how high the blind gets, 
so that doesn't actually change so at the 
moment it [graph] probably wouldn't have 
a curve it would be a nice straight line. 
I14: It goes up by three point two to every 
half, I think.  
R: What does that tell you about the rate 
that the area is changing? 
I14: I don‟t know. 
I6: Say that, the height of the 
blind is point five and the area of 
sunlight would be, um, well 
bigger it would be, like double or 
more than double, so it would be, 
like six times the amount 
showing, maybe.  
so the area of sunlight is always going to 
be more than the height. 
I20 notices the 0.5 pattern in the height 
column and connects it to the 3.2 pattern 
in the area column. 
I11 notices the patterns in both columns 
and the relationship between the variables. 
In addition they went on to interpret this as 
constant rate and connect it to the graphic 
representation. 
 
 
 
 
 
 
 
 
 
I4: In this exchange I4  indicates 
discernment of  the pattern in the columns 
and the relationship between the variables, 
but did not connect this with the word 
„rate‟. 
 
I6 notices the patterns in the columns and 
the relationship between them but returns 
to a comparison between the magnitude of 
the values in the columns rather than 
focusing on the relationship between them. 
In addition, three participants could use the information in the table to provide an 
approximate unit rate and one of these (I10) expressed the rate as a ratio. 
Quotes from transcript Commentary 
I5: Well, like every one centimetre the 
blind goes up like, the area is six point 
four.  
It‟s [area] always coming up three point 
two. It doesn‟t change. 
I5 sees the pattern in both columns and 
identifies the constant unit rate. 
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I10: Triples after three, or six actually, 
because  thirty five equals three, and one 
times six is plus times three or three, six 
times six times six,  
So it [rate] is one to six. 
 
I19: Every one, six point four then when it 
goes up to one point five it‟s nine point 
six,  
for every one it‟s six point four and for 
every two its twelve point eight. 
it‟s doubled and for every three its 
nineteen point two yeah, that‟s just 
showing the increments using that rule for 
each unit of height, the area increases by 
six point four.  
It [area] goes 2, 4, 6, 8 in the decimals and 
3, 6, 9, 12 
I10 thinks aloud as they consider the 
patterns in both columns. They see the 
height values increasing by 0.5 and 
approximate the change in the area as an 
increase of 3, then combine both patterns 
into a unit ratio. 
I19 focuses on the whole number values of 
height and relating that to the 
corresponding value in the area column. 
They conclude that the unit rate is 6.4   
 
 
I19 notices the pattern in the whole 
number and decimal parts of the numbers 
in the area column. He is explaining how 
he came to see that for each unit of height, 
the area increases by six point four 
Two participants provided a qualitative description. 
Quotes from transcript Commentary 
I16: That when the height is nothing then 
the area of sunlight is nothing. When the 
height increases, the area of sunlight 
increases. 
I9: It seems to be going up by about 3.  
The more height, the more area of 
sunlight. It‟s just going up at a steady rate, 
a constant rate. 
I16 expresses the relationship between the 
variables of height and area using the 
word „increase‟ to describe the 
relationship. 
I9 notices the numeric pattern in the area 
column but expresses the relationship only 
in words.  
A total of six participants were unable to give a rate-related response, focusing 
instead on only one variable. 
Quotes from transcript Commentary 
I2: It‟s always like three point two, it‟s 
always adding three point two the area 
[pause] like a six point four plus three. 
[pause] as a guess. I don‟t know.  
What I‟m looking at it‟s from six point 
four  to nine point six its grown three 
point two [pause] in that sort of pattern.  
I2 notices the pattern in the area column 
but did not relate that to the height 
column. 
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I13: It‟s like every one,  no, every point 
five centimetres gives you how many area 
of sunlight there is. That‟s all. 
 
I12: The numbers get, well, [pause] on 
one side they get larger and the other side 
they get larger as well so every things 
going up. They‟re completely different, 
the numbers like one‟s six the other ones 
thirty-eight point 4. 
I13 notices the pattern in the height 
column and demonstrates that this gives 
the value in the area column, but does not 
connect the two in a rate-related manner. 
I12 notices the increasing values in the 
columns of the table and focused on the 
final value in each column. 
Three other participants made other responses indicating their lack of awareness 
of any relationship between the variables of height and area. 
Quotes from transcript Commentary 
I1: It [table] tells you the different heights 
and the different area of sunlight. 
 
I4: Just looking at it visually, it is getting 
bigger [pause] the area is bigger than the 
height. I was gonna do it literally I think I 
have to … 
 
I18: the rate [pause] as in higher? Um, I 
don‟t know. 
I1 describes the table and does not express 
any awareness of a relationship between 
the columns. 
I4 sees that the values in the area column 
are always bigger that the values in the 
height column and does not express any 
awareness of a relationship between the 
columns. 
I18 seems to think rate has something to 
do with something getting higher.  
Distance-Time context and constant rate 
This sub-section discusses data from the part of the interviews relating to constant 
rate in the Distance-Time context of frog and clown walking. Figure 7.5 shows a 
screen dump of the table shown to the participants corresponding to this part of 
the interview. 
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Figure 7.5: Table in constant rate Distance-Time context 
The numeric representation of the function simulated in the Distance-Time 
context (see Figure 7.5) provided rate-related information to all participants. 
Every participant could express some understanding of the relationship between 
distance and time. Most participants (14) could even use the information in the 
table to calculate a numeric rate.  In this case, the values in the table encouraged 
the expression of the relationship as a unit rate. This is seen in their responses to 
the question “What does the table tell you about the rate that the frog and clown 
are walking?”. This is most clearly illustrated by the following responses. Further 
similar responses can be seen in Figure A2.2. 
Quotes from transcript Commentary 
I1: The red one [clown] is walking faster.  
He‟s [clown] going three point one metres 
in one minute.  
He‟s [frog] only going one metre in one 
minute. 
I20: in 1 second he [clown] went 
3.11 metres. The frog is going 
um, 1 metre per second. 
 
 
 
 
 
I1 considers the three columns in this table 
and expresses the relationships between 
distance and time for both the frog and the 
clown. 
 
I20 first considers the distance column for 
the clown and connects this pattern to the 
pattern in the time column, expressing the 
relationship between them. Then they 
consider the distance column for the frog, 
connects this pattern to the pattern in the 
time column, expressing the relationship 
between them.   
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Other participants expressed other interesting aspects of their quantitative 
understanding of rate in the Distance-Time context. These responses indicate that 
the perceptual nature of participants‟ understanding of speed influences their 
discussion of the relationship between the variables of distance and time.  
Quotes from transcript Commentary 
I2: I can see the clown is walking faster.  
If you look at the time column at seven 
time and look at A he has covered more 
distance than B.  
[I chose seven] because that‟s when 
[clown stopped] I could choose any 
number before seven because they would 
still be walking at the same time, I am 
comparing that with the same time.  
I7: you would find the point of where he 
walked up to, the clown in this case, 
where he walked up to and how long it 
took him and you just divide it  
you just get the formula out of the table. 
I17: At zero the frog or the clown are not 
walking at all. They‟re stationary and so 
it, just given the values of the point at ten, 
[pause] the um clown has already stopped 
walking, and the frog is continuing to 
walk and he‟s walked ten metres. 
I2”sees” the clown walking faster. They 
are aware that they could choose any pair 
of values in the table to express the 
relationship between distance and time. 
Thus expressing the idea that constant rate 
is the same over the entire domain. 
 
 
 
I7 describes the way the clown walked as 
if he were physically walking up to a 
particular place and describes rate in 
terms of creating a formula from the 
values in the table. 
I17 discusses the walking of the clown and 
frog walked in a very physical way. I17 
sees that after 10 seconds the frog has 
walked 10 metres. This indicates that they 
discern the relationship between distance 
and time and can express this relationship 
numerically, but does not express this 
relationship as a unit rate. 
Only two participants were unable to give a quantitative description of rate. 
Quotes from transcript Commentary 
I4: both of them are increasing.  
I would need distance and that‟s the time 
and [pause]  see I only know because 
[pause] we were looking at it like we were 
looking how yeah no distance 
because …[pause] its not very clear. 
I13: Each second, what is his distance in 
that second. 
I4 expresses the relationship between 
distance and time and shows an awareness 
of a relationship but does not express this 
relationship numerically. 
 
 
I13 shows an awareness of a relationship 
between distance and time, but does not 
express this relationship numerically. 
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This section discussed participants‟ responses to the numeric representation of 
constant rate in the Area-Height context and in the Distance-Time context. It 
demonstrates that the information in the numeric representation assisted most 
participants to express an understanding of rate in the Area-Height context and 
assisted all participants to express an understanding of rate in the Distance-Time 
context. The next section discusses participants‟ responses to the numeric 
representation of variable rate.  
7.3.2 Variable rate 
This variable rate section will begin with a description of the role the numeric 
representation played in the understanding of variable rate demonstrated by 
participants in response to the Area-Height context of the blind partially covering 
a window with a rectangular section and two non-rectangular sections (see Section 
5.2.4 for more detail). This will be followed by a description of the role the 
numeric representation played in the understanding of variable rate demonstrated 
by participants in response to the Distance-Time context of frog accelerating. 
Area-Height context and variable rate 
This sub-section discusses data from the part of the interviews relating to variable 
rate in the Area-Height context. Figure 7.6 shows a screen dump of the table 
shown to the participants corresponding to this part of the interview.  
 
Figure 7.6: Table in variable rate Area-Height context 
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The numeric representation of the function simulated in the Area-Height context 
(see Figure 7.6) provided some information about variable rate to most 
participants. This can be seen in their responses to the question “what does the 
table tell you about the rate that the area of sunlight is changing?”. Five 
participants could recognise and quantify the constant rate in the middle section of 
the table section. They realised that, in the other sections, the rate was changing 
and attempted to quantify it.  
Quotes from transcript Commentary 
I4: I was thinking that, see this area, the 
blue area must be that part they all go up 
by three point two [pause] 
Actually this one is going up two point 
nine whatever [is happening] and there‟s a 
difference there, it‟s not all going at the 
same [pause] like all measurements are 
not all three point two units. yeah like 
going up.  
They‟re all going up by point five and the 
blue bit is going up by three point two  
 
 
whereas these are going two point nine 
[pause] They‟re changing to two point 
nine. They‟re going up by less rate instead 
of [three point two].  Because that area is 
bigger than what we have here, but of 
course the whole area is getting bigger so 
of course it‟d get bigger [pause] but in that 
section it is going smaller because there is 
not as much area.  
So the difference between all the numbers 
instead of three point two it‟s smaller.  
So this one is going up by two point six 
[pause] that was two point nine, [now it‟s] 
two point six [so] decreasing in the area.  
That‟s increasing [pause] so that it starts 
off small , one, and it goes up to two point 
six, so that‟s one point six, the difference, 
I4 points to the blue section of the table, 
then points to the blue section of the 
window. Notices the 3.2 increase in the 
area column. 
Points to the purple section of the table 
and notices that the difference between the 
first two values in the area column is 2.9, 
then realises that this is not the same as 
the blue section.   
Points to the height column and notices 
that the difference in values is always 0.5 
and that the area values in the blue section 
all go up by 3.2. 
Points to the area column in the purple 
section of the table and notices that the 
differences are decreasing. 
Points to the blue section of the window. 
Points to the purple section of the window. 
 
Points to the purple section of the table 
and refers to the next difference in the 
values. Re-iterates that the differences are 
decreasing. 
 
Points to the grey section of the table and 
calculates several differences. Notices that 
the differences in the values in the area 
column are increasing and connects that to 
the notion that the rate is not constant.   
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and then the next one  is two point two, 
the difference, and the one after that is two 
point eight, the difference. The area is 
getting bigger, but how it gets bigger is 
not at the same rate [pause] 
Is that right, so have I used the right 
context?  
It is not going at the same rate, I can‟t 
explain that [pause] it‟s not the same. Yes 
the rate is not the same. The rate of it is 
changing, is different.  
it‟s going up, increasing.  
it‟s staying the same, at a constant 
number. it‟s different. 
I10: On the wide one the bottom bit there 
is that about changes that one, one to two, 
and that one there‟s about one to three 
nearly one to four. So it gets quicker as it 
keeps going up. So umm it gets bigger 
when you go higher because it‟s wider 
down there. it‟s more just same until about 
five.  
 
It‟s getting narrower, this one here‟s just 
above five whereas the first one and this 
one here‟s at about four just above four 
„cause it‟s getting smaller. 
I11: That distance is increasing by three 
point two and stays the same for the whole 
way.  
But if we go back to this bit  it is 
increasing by [pause]  So you can see the 
area for the light to come in is increasing 
steadily as we go down which means that 
there is more area in this part here, that 
part for the light to enter, even though the 
height stays the same . It [height] goes up 
in the same units and then we go up to the 
purple bit and its increasing by say three 
 
 
 
 
 
Expresses uncertainty about the use of the 
word „rate‟. 
 
 
Summarises findings. 
Points to bottom section.  
Points to middle section.  
Points to top section. 
 
I10 points to grey section of the table and 
notices the differences are increasing. 
 
 
 
 
Notices differences are the same in the 
blue section. Points to the first height 
value in the purple section of the table.  
Points to the purple section of the table. 
Notices the differences in the values in the 
area column are getting smaller. 
 
I11 points to the blue section of the table 
and notices that the differences between 
the area values are all 3.2. 
Points to the grey section of the table.  
Notices that the area values are 
increasing. 
Notices that the difference in height values 
stays the same. 
Quantifies the changes in the purple 
section of the table by comparing the first 
difference with the last difference.  
Points to the top section of the window. 
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and as we reach the end of it is only 
increasing by point six.  
so that means there is much less area up 
here than there is down here for the 
sunlight to come through. 
I21: It [rate] changes  
It‟s straight going up by three point two. 
The rate, it‟s pretty [pause] it‟s consistent  
 
And when it gets to like the purple it 
varies because the lines are tapered 
upwards and so you can get a pattern but 
it‟s not going for the same as each, the 
same number each time. It‟s, it‟s going up 
by [pause] it‟s going up by less every 
time, so the rate‟s decreasing.  
With the grey bit because it goes such a 
steep angle [on the side of the window] it 
goes, if you, first line‟s one and then when 
that one [height] gets to one metre that‟s 
[area] one point six and then the next one 
[area value] its added another [pause] two 
point two and then it‟s three point two. 
I19: In this area [section], it‟s the grey and 
for each one it‟s, the area increases two 
point six, no, is it? The rate‟s changing in 
that area [section], it‟s not a steady rate for 
each unit, then. When the height is point 
five the area is increased to one and when 
that [pointing to the height column] has 
doubled to one, that [pointing to the area 
column] has also doubled, picked up one 
point six and then it [height] goes to one 
point five that number [area] is doubled 
and that has got another point two and 
when the height goes up it‟s seven point 
six, so there is no steady increase. 
When it gets higher the units per area 
would be greater, like you move it [the 
Points to the bottom section of the window. 
Shows clear connection between sections 
of the table and sections of the window. 
 
 
I21 notices that the rate is not the same in 
each section of the table and goes on to 
quantify in the blue section, recognising it 
as constant. 
Notices that in the purple section the 
differences in the values in the area 
column as not the same and identifies this 
as decreasing rate. 
 
 
Connects the shape of the window with the 
decreasing differences in the values in the 
area column of the grey section of the 
table and identifies this as decreasing rate. 
Points to parts of the table to explain the 
calculations. 
 
 
I19 points to the grey section of the table 
recognises that the differences in the area 
column of the table are changing and 
attempts to quantify the rate, correctly 
identifying it as increasing. 
 
the constant section and states the 
symbolic representation for it. Also 
correctly identifies the directions of the 
variable rate sections, attempts to quantify 
the rate and tries to think about the 
symbolic representation. 
 
 
Points to the grey section of the window. 
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blind] one there it would be greater than if 
you moved it one there, so the rule would 
have to change for when it‟s moving.  
what I can figure from the first two figures 
as the height gains point five it‟s up three 
point two units of area, yeah it‟s, the rule 
would be three point two because fourteen 
point two [the final area value in the grey 
section] plus three point two is seventeen 
point four [the first area value in the blue 
section] plus three point two is twenty-
point six plus another three point two is 
twenty-three point eight so in that area 
[blue section] where it‟s steady, it‟s the 
same. 
There‟s an easier rule there, it would be A 
equals three point two H.  
[the rate is decreasing, as I said, 
like as the blind goes up here the rate is 
increasing but because the area of the rate 
here is becoming less, like, point six is the 
difference there. It‟s [rate] decreasing. 
Points to the purple section of the window. 
 
Points to the blue section of the table. 
Notices the pattern of 0.5 in the height 
column and relates it to the changes in the 
values in the area column.  
 
 
 
 
 
Recognises it as constant rate. 
 
Gives the symbolic representation of the 
function for the blue section. 
Points to the purple section of the table. 
Points to the grey section of the table and 
identifies the rate as increasing 
Points to the purple section of the table 
and explains why the rate as decreasing by 
attempting to quantify it. 
Two participants could recognise the constant rate section and suggest that in the 
other sections the rate was changing. 
Quotes from transcript Commentary 
I9: The gap, the gap‟s increasing. The gap 
between the area is increasing as it goes 
up.  
It stays similar in the blue area and then it 
alternates in the other area.  The spacing 
between each height of the area of sunlight 
is changing, height for height. 
 
I22: Well in the blue bit it goes up three 
point two like the other one.  
But umm with the grey one [section of the 
table] it gets, [pause] its not constant, it 
goes out and then the other bit that goes 
into it.  
I9 notices the differences in the values, in 
the area column in the grey section, are 
increasing, then sees that, in the blue 
section, the differences stay the same and 
suggests that it is the other way (i.e. 
decreasing) in the purple section. No 
attempt at quantification is made. 
I22 refers to the constant rate seen in the 
rectangular window seen earlier. 
Notices that in the grey section that the 
rate is not constant, but does not attempt 
to quantify it. 
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Two other participants expressed an understanding that the rate was not the same 
in all sections.  
Quotes from transcript Commentary 
I14: I don‟t know, it [area] was really 
different, every time. Well, it‟s like the 
other one it‟s [pause] I don‟t know. It 
seems like it [area] goes up one, then it 
[area] goes up 1.6, then it [area] goes up 
2.2 or something,  
I7: Um, it [area} goes up by about [pause] 
so as the height increases it [height] goes 
up by point five, it [area] goes up by one 
point six  or something, like a higher 
number about two,  
and then it goes to the blue range, so it 
[area] goes up by about three, so the area 
increases more because it‟s more wider  
and then it goes deeper again to a triangle 
[purple section] and increases by about 
two and then it goes smaller and smaller 
it‟s almost like it starts off by one [grey 
section] and then it goes up by three [blue 
section] and then it [area in the purple 
section] goes up by two and then up by 
one and then at the end it stops going up  
The rate would um, that differs and 
everything, it‟s different, it wouldn't be a 
constant rate, it would be more like by two 
by two by two it would be more threes and 
fours and ones and sixes and err, err, 
[pause]so it‟s not constant  because it 
would go up by [pause]  
it‟s an irregular shape, it‟s not a rectangle 
or, a square, it's got a triangle and a 
hexagon and it so, it would have to, it 
would have to have different 
measurements because the actual of the 
area of the thing goes, the way it goes up 
[pause] it changes the area. 
I4 notices the rate in the first section was 
changing and attempted to quantify it. 
 
 
 
 
I7 notices the pattern of 0.5 in the values 
in the height column.  
Looks at the first difference in the area 
values in the grey section of the table. 
Looks at the first difference in the area 
values in the blue section of the table. 
 
Looks at the first difference in the area 
values in the purple section of the table. 
 
Concludes the rate is different in different 
sections. 
 
Explains why the rate is different. 
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A total of eight participants struggled to discuss variable rate. 
Quotes from transcript Commentary 
I1: The higher up it [the blind] is the more 
light is getting in and the lower it is the 
less light get. 
I15:  as the height‟s getting um higher the 
area increasing of sunlight.  
I16: It tells you at each height what the 
area is equal to and what each area of the 
height is equal to. 
I18: When it gets to the bigger part of the 
window, like there, there is more window 
and more sunlight coming through. 
I20: We haven‟t really done that sorta 
much about it. 
I5: I don‟t, I don‟t get why there‟s one bit 
going up so like,  slow and then not so 
much, if it‟s just, I dunno. 
It seems to be going up by like one and 
then it goes up by two and then three, but 
like, but it [the side of the window] seems 
to be on a forty-five degree angle so you 
get why [pause] because it‟s getting wider.  
Well, it kind of doesn‟t make sense 
because it keeps getting wider here, so it‟s 
kind of how much it‟s going up instead of 
double, because it is getting wider on both 
sides, Like if that went straight up and that 
one didn‟t. It would [pause] It‟s just that it 
[area] really depends on the width, like the 
width of the window. 
I6: so as the blind moves upwards, per, so 
for every half centimetre the area of 
sunlight would be double the distance.  
And then as the window changes it just 
simply wouldn't be doubled, it would be 
um, well the area of sunlight is always 
I1, I15, I18 are aware of the existence of a 
relationship between height and area, but 
do not express any awareness that the rate 
is changing.  
 
I16 explains that the table gives an area 
value corresponding to each height value.  
 
 
 
 
 
I20 has no rate-related response. 
 
I5 notices changes in the numbers in the 
table and refers these changes to changes 
in the shape of the window, but did not 
appear to connect this information with 
rate. 
 
 
 
 
 
 
 
 
 
 
 
I6 expresses confusion between rate and 
area of sunlight.  
 
Notices the pattern in the height column 
and uses the word „rate‟ but is really 
referring to the area. 
7-19 
going to be greater than the height and um 
there would be, it would be different, like 
not, uneven numbers again, because of the 
[pause] when you reach one on the height, 
I don't know.  
I just think the window would not change 
straight probably and there might not be 
any [area] right at the beginning. If 
something let in would be greater and then 
as you reach the middle, the Oh wait, is 
that the blue section?  
OK, so the blue, shows, ah that, as the 
height, err, expands and it grows, the 
sunshine grows too and it's, umm, a lot 
greater than the height. The rate starts off 
fairly low and then the rate comes greater 
when some more sunshine is being let in 
and then it reduces and becomes, ah, the 
amount added is reduced, but err, 
altogether the area of sunlight would 
grow, umm. 
I2: If you tell me about how do I find rate 
I probably wouldn‟t be able to give you an 
answer. If you probably gave me a 
problem, I could substitute the numbers in 
it and then I would be able to give you a 
rate.  Whatever formula like times it by 
[pause] it equals something , like I don‟t 
really know. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
I2 seeks a formula to be supplied for her to 
use to find the rate. 
 
 
Distance-Time context and variable rate 
This sub-section discusses data from the part of the interviews relating to variable 
rate in the Distance-Time context of frog walking. Figure 7.7 shows a screen 
dump of the table shown to the participants corresponding to this part of the 
interview. 
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Figure 7.7: Table in variable rate Distance-Time context 
The numeric representation of the function simulated in the Distance-Time 
context (see Section 5.2.4) provided some information about variable rate to most 
participants. This is seen in their responses to the question “What does the table 
tell you about the rate that the frog is walking?”. Fourteen participants could 
recognise that the rate was changing and attempt to quantify it. This is most 
clearly illustrated by the following responses. Further similar responses can be 
seen in Figure A2.3. 
Quotes from transcript Commentary 
I2: He‟s getting faster. He‟s getting faster 
by an extra metre each time he goes a 
second.  
I17: It‟s stationary at zero and then it 
increases two metres in one second 3, 4, 5, 
6, 7, 8, so I would say it [rate] is 
increasing by one per second. 
I2 firstly expresses the rate qualitatively 
then goes on to quantify it.  
I17 looks at the values in the distance 
column and notices that they are 
increasing by 1 extra. 
Two participants discussed variable rate in terms of average rate. 
Quotes from transcript Commentary 
I4: It‟s going five point three, that‟s just 
average.  
He is not going at the same speed every 
second, you don‟t get a [pause] , it would 
be a just an average, because every time 
like what we [pause] it‟s distance and time 
to find out the speed, but because each of 
these [pause] just say I need a different 
distance over time 
I4 quantifies variable rate as average rate.  
 
Notices that the speed is changing  
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If I use twenty and five then twenty over 
five is four but then I‟d do nine divided by 
three[pause] but if we did the last one I 
think thirty-five over seven, in seven 
seconds he has given us the average 
because that‟s all its done given us the 
average. 
I9: The distance is increasing between the 
numbers again. It‟s representing he‟s 
going at a faster speed every second. 
 
Thirty-five is a multiple of seven so he‟s 
going [pause] at seven just to the point, 
he‟s going five metres every second.  
I don‟t think I‟m right [pause] he‟s 
obviously changing speed so he can‟t have 
the same speed, it‟s changing so its just 
[pause]  
I just got it from five times seven is thirty-
five so just divide it and it would equal 
five metres.  
If he was travelling at a constant speed 
that he would be travelling at five metres 
per second and then [average] speed in 
seven seconds, the distance of it. 
 
Recognises that the use of the formula 
results in average rate and explores the 
average rate over different intervals of 
time. 
 
 
I9 notices the changes in the differences 
between the values in the distance column 
and realises that this means that the speed 
is changing.  
Considers the final values in both columns 
and combines them to give average rate. 
 
Questions this conclusion as realises that 
the speed is changing so it can‟t be the 
same. 
 
 
 
 
Recognises that this calculation is 
equivalent to travelling seven seconds at 
constant rate. 
Two participants could recognise that the rate was changing and but did not 
attempt to quantify it. 
Quotes from transcript Commentary 
I5: He‟s not travelling at constant speed 
he is increasing his speed. 
I16: Yes it tells you again that it‟s 
increasing. I think pretty much the same as 
the graph did. 
I5 identifies variable rate but does not 
attempt to quantify it. 
I16 identifies variable rate and connects 
the table to the graph. 
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Only two participants could not give even a qualitative description of rate. 
Quotes from transcript Commentary 
I13: It goes up [pause] It doesn‟t have the 
pattern this side [pause]  although four, 
five and six has a pattern [time] and it just 
makes it more clear on how many distance 
between [pause] Not really. No, only his 
total distance 
I18: I‟m not sure. 
I13 points to the distance column and does 
not recognise any pattern.  
Points to the time column and notices the 
pattern. 
 
I18 has no rate-related response. 
This section discussed participants‟ responses to the numeric representation of 
variable rate in the Area-Height context and in the Distance-Time context. It 
demonstrates that the information in the numeric representation assisted about half 
the participants to express an understanding of rate in the Area-Height context. In 
addition, it demonstrates that the information in the numeric representation 
assisted almost all participants to express an understanding of rate in the Distance-
Time context.  
7.3.3 Section review and discussion 
The table for constant rate in the Area-Height context, provided some rate-related 
information for most participants (14) participants, but few (3) were able to 
express this information as change in area resulting from a unit change in height. 
The pattern in the columns of the table was used to express a numerical 
relationship between the variables by twelve (12) participants. Six (6) participants 
were unable to give a response indicating an awareness of the relationship 
between the variables. In the Distance-Time context, the table provided 
information about the constant rate for more participants (17) than the Area-
Height context (14). This indicates that understandings of speed brought to the 
participants‟ interviews as prior knowledge do not necessarily transfer to 
understanding of rate in Area-Height context. More participants (14) were able to 
express this information as a unit rate in the Distance-Time context than in the 
Area-Height context (3). This is not surprising as the time values in the table were 
units.   
The table associated with the Area-Height context provided some information 
about variable rate to most participants (15). Seven participants (7) could 
7-23 
recognise the difference between constant and variable rate and could quantify the 
constant rate in the middle section of the table section. Five (5) of these also 
attempted to quantify variable rate, expressing it in terms appropriate to their year 
level. Five participants (5) expressed little or no understanding of variable rate. In 
the Distance-Time context, the table for variable rate provided rate-related 
information for more participants (18) than the Area-Height context (15). More 
participants (8) were able to express this information as a unit rate in the Distance-
Time context than in the Area- Height context (3). This indicates that 
understandings of speed did not necessarily transfer to understanding of rate in the 
Area- Height context. There was often spontaneous use of the term „speed‟ and 
other speed-related terms, such as fast, when discussing rate in this context. This 
is indicated by the following statements. 
Quotes from transcript Commentary 
I4: I‟m glad that came out. So the rate is 
saying [pause] like with speed like.  
I5: He‟s not travelling at constant speed he 
is increasing his speed. 
I4 spontaneous uses the word „rate‟ when 
talking about speed. 
I5 uses the word „speed‟ when responding 
to the question about rate.  
Table 7.1 shows comparisons of responses to the numeric representation in the 
Area-Height and Distance-Time contexts. The table is based on the educationally 
critical aspects of rate developed as a result of the phenomenographic analysis and 
discussed in Section 6.9. The classifications of understanding of rate shown in the 
first column correspond to differences in the degree of awareness of a relationship 
between the changes in variables and the nature of that relationship. The next two 
columns contain counts of the classifications given in the first column related to 
responses to both constant and variable rate in the Area-Height context, whilst the 
last two columns contain counts of the classifications given in the first column 
related to responses to both constant and variable rate in the Distance-Time 
context. In this way, responses relating to all the educationally critical aspects are 
recorded. 
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Table 7.1: Comparison of responses to the numeric representation 
 Constant Variable Constant Variable 
Understandings of rate Area & Height Distance & Time 
numeric relationship 12 7 17 16 
relationship (not numeric) 2 8 2 2 
no relationship 6 4  2 
no response  1 1  
 
Scrutiny of Table 7.1 indicates that the numeric representation provides rate-
related information for most participants in both contexts. It can be seen that 
constant rate can be seen more readily than variable rate. This is surprising as 
these participants were expected to have worked with both linear functions and 
functions where rate varies and, in particular, prepared graphs of them based on 
plotting points from a table of values. However, it is interesting to note that 
participants were better able to quantify variable rate in the Distance-Time context. 
This indicates that although walking is a familiar context which has rate-related 
meaning for almost all participants, this meaning does not seem to support the 
participant‟s rate-related reasoning in the Area-Height context even in the familiar 
numeric representation.  
The next section discusses participants‟ responses to the graphic representation in 
both the Distance-Time and Area- Height contexts. 
7.4 Comparison of participants’ responses to graphic 
representations  
This section will begin with a description of the role the graphic representation 
played in the understanding of constant rate demonstrated by participants in 
response to both the Area-Height context of the blind partially covering a 
rectangular window and the Distance-Time context of frog and clown walking at a 
constant speed. This will be followed by a description of the role the graphic 
representation played in the understanding of variable rate demonstrated by 
participants in response to both the Area-Height context of the blind partially 
covering a non-rectangular window and the Distance-Time context of frog 
walking with increasing speed. 
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7.4.1 Constant rate 
Area- Height context and constant rate 
This sub-section discusses data from the part of the interviews relating to constant 
rate in the Area-Height context. Figure 7.8 shows a screen dump of the graph 
shown to the participants corresponding to this part of the interview. It is the 
graphic representation of the linear function A=6.4h, associated with the 
rectangular window simulated in the Area-Height context (see Figure 7.3). 
Participants were asked the question, “What does the graph tell you about the 
rate?”. 
 
Figure 7.8: Graph in constant rate Area- Height context 
The graphic representation provided some information about rate for about half (9) 
of the participants. This is illustrated by the following quotes, in response to the 
question, “What does the graph tell you about the rate?”. Only two participants 
were able to approximately quantify constant rate in terms of a unit change in 
height. 
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Quotes from transcript Commentary 
I11: Well the rate would be five to one, 
[because]  well we‟ve got a  red mark here 
which is on one and we have got a red 
mark here which is also on one so that tells 
us there is five up here to every one across 
here.  
 
I22: It‟s going up, umm, it would be about 
every five, its about thirty. Every one, one 
yeah, five mm that doesn‟t work, or does 
it? Every one it goes up five. 
I11 points at (1,5) on the line and explains 
that it means when the height is 1 and the 
area is 5. expresses the rate as an 
approximate ratio. 
Expresses the rate-related connection with 
the words „across‟ and „up‟. 
 
I22 considers the point where height is 5 
and uses it to approximates the unit rate.  
Other participants demonstrated some understanding of rate. Two participants 
could read approximate values from the graph and see the quantitative relationship 
between the variables, but did not express the rate in terms of a unit change in 
height in response to the question “What does the graph tell you about the rate?” 
Quotes from transcript Commentary 
I13: Every 5 or so [pause] that‟s the bit 
down there, it goes up about 30. 
I21: well after it every five it‟s going up 
roughly, I‟d roughly say thirty, yeah sorry 
about thirty two and the area of sunlights 
going up is about thirty two [every] point 
five metres.  
I13 points to the time axis and reads off 
the area value corresponding to time value 
of 5. 
I21 reads the values of the variables off 
the graph and expresses the numeric 
relationship between them. 
Two participants were aware of the two variables, area and height, involved in the 
rate and responded with a description of the relationship between the variables in 
qualitative terms. 
Quotes from transcript Commentary 
I15: That when the height of the blind, 
[from] the bottom of the window goes up, 
the area of sunlight increases.  
I18: The height of the blind makes more 
area for the sunlight. 
I15 & I18 both express relationship 
between the height and area in qualitative 
terms. 
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Six participants expressed their understanding of rate in terms of the graphic 
representation.  
Quotes from transcript Commentary 
I14: it‟s steep. 
 
I17: It is positive it is actually going 
upwards. My understanding is the blind is 
getting higher on the graph in a positive 
direction in that the height is changing and 
more area of sunlight. 
I5: just that like it‟s always, I donno, that 
it‟s in a straight line, it means that is 
always going to be, like the same. 
I11: a nice straight line. 
 
I12: It‟s going at an average pace, it‟s 
equal one um every pace equals yeah um, 
it‟s even, like if it was like um even 
 
I19: It‟d be quite steady. 
R: Is there anything else you can tell me 
about the rate? 
I19: Um, no not with the gradient I see. 
I14 expresses the rate in the steepness of 
the line in the graphic representation. 
I17 expresses the rate as a positive 
gradient. 
 
 
 
I5 refers to the straightness of the line, 
connecting it with idea that the rate stays 
the same. 
I11 refers to the straightness of the line 
when asked about the rate. 
I12 comments about the even-ness of the 
rate and the line. This comment suggests 
I12 is attempting to describe the graph in 
terms of a unit rate. 
 
I19 connects the straightness of the line 
with constant rate. 
The graphic representation provided little or no information about rate for more 
than half (11 out of 20) of the participants. Seven participants demonstrated a lack 
of awareness of the relationship between the variables involved in the rate and the 
actual rate. This is most clearly illustrated by the following responses. Further 
similar responses can be seen in Figure A2.4. 
Quotes from transcript Commentary 
I1: Um, that the height is 7. 
 
I17: The rate of the increase of area of, of 
sunlight when you open the blind, it gets 
higher. 
I1: expresses rate in terms of only one of 
the variables involved in the rate i.e height 
 
I17: expresses rate in terms of only one of 
the variables involved in the rate i.e area 
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Four participants were aware of the two variables involved in the rate and could 
read values off the graph, but not see what these values had to with the rate. 
Quotes from transcript Commentary 
I5: like that [height] it must be one, and 
that one[area] is six point four. 
 
 
I12: Ah the area of sunlight is forty and 
the height of the blind above the bottom of 
the window is six.  
R: What does that tell you about the rate? 
I12: I‟m not sure. Would it be the rate 
increasing? 
I7: It‟s increasing, umm, for every one it‟s 
like five or something, like every, the 
blind, if it is one centimetre from the 
bottom, it‟s five or six point four or 
something for the area of sunlight. 
R: So what does that mean about the rate? 
I7: Um the rate is the formula that is, like 
before A equals six point four H  
 
I6: It‟s, it‟s showing, the, same 
measurements, the height of the blind is 
um, to the area of sunlight, so, every, um, 
one every centimetre it goes up, well, say 
every, yeah every centimetre it goes up 
five squares of sunlight or shade and you 
can see that as the height of the window 
expands, so that there's an area of sunlight. 
R: Is there anything you can you tell me 
about the rate of the area it changes? 
I6: Um, so, it‟s like a rule or generally…. 
Um every, um, ah. 
I5 points to (1, 6.4) and concludes that one 
variable is 1 and the other is 6.4, but 
doesn‟t express the relationship between 
them. 
I12 reads from the graph the information 
regarding the values of the variables, but 
does not translate that into a constant rate. 
 
 
 
I7 reads from the graph the information 
regarding the values of the variables 
 
Demonstrates awareness of the variables 
and the symbolic relationship between 
them, but gives no indication of an 
awareness of co-variation of the 
variables.. Sees rate as the formula 
 
I6 connects the graphic representation to 
the numeric representation seen earlier. 
Sees information about the values of both 
variables. 
 
 
Seems unable to express as a rate the 
information obtained from the graph.   
Distance-Time context and constant rate 
This sub-section discusses data from the part of the interviews relating to constant 
rate in the Distance-Time context of frog and clown walking. Figure 7.9 shows a 
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screen dump of the table shown to the participants corresponding to this part of 
the interview. 
 
Figure 7.9: Graph in constant rate Distance-Time context 
There was often spontaneous use of the term „speed‟ and other speed-related terms, 
such as fast, when discussing the graphic representation of the linear functions 
associated with the frog and clown walking at constant rate. This is most clearly 
illustrated by the following responses. Further similar responses can be seen in 
Figure A2.5. However, it is not clear whether they are considering the steepness of 
the gradient or the absolute height when making these comments. 
Quotes from transcript Commentary 
I12: The clown‟s going faster than the 
frog. 
 
I19: They‟re walking at different rates, 
the one in the green, the frog, is faster 
than the clown.  
I12 notices the differences in the graphs 
and concludes this means something about 
the speeds. 
I19 also makes speed-related conclusion 
based on the graph. 
The graphic representation in this context provided some rate-related information 
to every participant. Five participants could read values off the graph and express 
the rate as a change in distance per unit time. This is most clearly illustrated by the 
following responses. Further similar responses can be seen in Figure A2.6. 
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Quotes from transcript Commentary 
I4: Well the clown is walking at a rate of 
six metres per second and the frog is 
walking at a rate of one metre per second. 
I13: Well he [clown] goes three metres 
per second. Divide twenty-two by seven 
[pause] just divide the ten, this number 
here which is just ten, wait that‟d be one 
yeah, yep it‟d [speed of frog] be one. 
I4 immediately translates the information 
from the graph into unit rates. 
 
I13 uses a rule to calculate the unit rate of 
the clown. 
Points to the end of the green line on the 
graph and calculates the unit rate of the 
frog. 
Five participants demonstrated awareness that the graphic relationship in constant 
rate is the same regardless of which points a chosen from the graph. This is most 
clearly illustrated by the following responses. Further similar responses can be 
seen in Figure A2.7. 
Quotes from transcript Commentary 
I2: well their rate in itself is constant to 
maintain the [pause], two metres takes 
two seconds.  Just for example for the 
clown at four seconds to six seconds he 
hasn‟t done ten metres he still maintains 
that six metres distance that he has done 
before. 
I17: Well a total of ten metres, that was 
the maximum, you can really use any 
point. 
I2 checks that the relationship is the same 
for two different times and hence 
concludes that the rate is constant. 
 
 
 
I17 demonstrates the understanding that 
any point could be used. 
Points on the graph were used to give values needed to quantify rate and there was 
less emphasis on the shape of the graph.  Almost all (15) participants attempted to 
quantify rate as a numerical relationship between the variables of distance and 
time. This is most clearly illustrated by the following responses. Further similar 
responses can be seen in Figure A2.8. 
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Quotes from transcript Commentary 
I9: the clown travels twenty-two metres in 
seven seconds 
 
I21: it takes him [frog] two metres, two 
seconds to do two metres where it takes 
the clown roughly to do two it takes him 
six. 
I9 reads off the clown‟s line the 
corresponding values for distance and 
time and infers a numeric relationship. 
I21 reads values from the graph but is a 
little unclear about the relationship 
between distance and time. 
Only three participants commented on the connection between the shape of the 
graph and rate. 
Quotes from transcript Commentary 
I4: Yes but that‟s it because that is at a 
constant speed, that line is saying that, its 
going, if its curved I don‟t know why I‟ve 
brought this up now [pause] if it curved, 
of course, it would change [pause] so if 
we used that formula it would just be an 
oh it would still be an average. 
I11: the rate stays pretty much the same 
because the lines don't have any curves in 
them, they are nice and straight. 
 
 
 
 
I17: if there was a parabola it might be 
accelerated it might be accelerating its 
going at a pretty much constant speed and 
its straight so it‟s basically going at the 
same pace.   
I4 discusses the graph representation and 
its connection to constant, average and 
variable rate. 
 
 
 
 
I11 connects constant rate to a straight 
line graph and implies awareness that the 
graph of variable rate would be curved. 
This suggests that I11 is making 
connections between rate and the shape of 
non-linear graphs seen in class, such as 
quadratics. 
I17 associates a parabola with 
acceleration, so connects the straight line 
with constant speed. 
Some confusion between rate, distance and time is illustrated by the following 
exchanges. It seems that these two participants have some understanding of the 
concept of rate, but do not connect it to the word „rate‟. 
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Quotes from transcript Commentary 
R: can you tell me anything more about 
the rate the frog and the clown are 
walking? 
I10: the frog are walking about two 
metres per two seconds and the clown‟s 
walking six metres for two seconds 
R: anything else you can tell me about the 
rate that they‟re walking? 
I10: Frog walked for longer Clown 
walked more seconds. 
I1: Well, he[clown] walks a twenty-two 
metres in seven seconds and then he [frog] 
only makes seven metres in seven seconds 
R: So who‟s walking faster? 
I1: That one, the red one. 
R: What rate is he walking do you think? 
I1: I don‟t know. 
I10 states the numeric relationship 
between the variables of distance and time 
for both the clown and the frog. 
 
 
 
 
 
Does not recognise that this comment is 
not rate-related. 
I1 states the numeric relationship between 
the variables of distance and time for both 
the clown and the frog. 
Did not express the rate as a unit rate and 
seems not to connect their previous 
comment with the word „rate‟. 
This participant (I18) could only describe rate in qualitative terms.  
Quotes from transcript Commentary 
I18: It looks like the clown is walking 
faster Um, because he‟s covered more 
metres. 
R: Can you work out how fast the clown 
is going? 
I18: No, I have no idea. 
I18 determines the faster walker, but could 
not express the rate numerically. 
Two participants referred to rate as the result of a formula calculation possibly 
remembered from science education. This is illustrated by the following quotes. 
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Quotes from transcript Commentary 
I4: There‟s a formula for that [pause] yes 
we did that in science. We have done 
velocity and that. We have got time and 
distance, so we have got velocity, distance 
and time, so twenty-two metres divided by 
seven  is [pause] he‟s (clown) going at 
three point one four metres per second. 
For the frog, I don‟t know if that would 
make a difference, I will do it up to seven 
[pause] it‟s doing one metre per second.  
You would get those measurements, of 
course, and divide the distance by the 
time. 
I20: I um, divided the distance the clown 
went by how long it took him. [I got] three 
point one four. 
I4 refers to a formula seen in a science 
class. 
Explains how to apply the formula to the 
values found from the graph. 
 
 
Expresses clown‟s speed as a unit rate. 
 
 
 
Expresses frog‟s speed as a unit rate. 
Points to the graph. 
 
I20 explains how they used the rule. 
 
This section discussed participants‟ responses to the graphic representation of 
constant rate in the Area-Height context and in the Distance-Time context. It 
demonstrates that the information in the graphic representation assisted about half 
participants to express an understanding of rate in the Area-Height context. In 
addition, it demonstrates that the information in the graphic representation assisted 
all participants to express an understanding of rate in the Distance-Time context.  
7.4.2 Variable rate 
This variable rate section begins with a description of the role the graphic 
representation played in the understanding of variable rate demonstrated by 
participants in response to the Area-Height context of the blind partially covering 
a window with a rectangular section and two non-rectangular sections (see Section 
5.2.4 for more detail). This will be followed by a description of the role the 
graphic representation played in the understanding of variable rate demonstrated 
by participants in response to the Distance-Time context of a frog accelerating. 
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Area- Height context and variable rate 
This sub-section discusses data from the part of the interviews relating to variable 
rate in the Area-Height context. Figure 7.10 shows a screen dump of the graph 
shown to the participants corresponding to this part of the interview. 
 
 
Figure 7.10: Graph in variable rate Area- Height 
context 
The graphic representation of the piece-wise function associated with the non-
rectangular window, provided some information about rate to about half (11) of 
the participants. This is illustrated by the following quotes, in response to the 
question “what does the graph tell you about the rate?” Two attempted to quantify 
the variable rate. 
Quotes from transcript Commentary 
I7: actually it [area] would keep going up 
but not as by as steady amount as it was 
before, like three point two by three point 
two, it might go up by one or two, so it 
would be a little bit more. If this was the 
same formula for that and instead of going 
up by three point two. For every point five 
it might go up by two or one or one point 
five because, you can't keep going because 
it‟s not square. One point five for every 
point five, just the area because it doesn't  
increase as much as it was.   
I7 notices that this graph is not straight 
like the one seen for constant rate and 
interprets that to mean not a “steady 
amount”. 
 
 
Attempts to quantify rate. 
 
 
 
Makes a distinction between increasing 
area and decreasing rate.  
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I11: It [rate] would be five to one at the 
moment, because the blind is equal to the 
five there. Then the area of the sun would 
be increased.  
The height of the blind would remain the 
same no matter how big [wide] the 
window is. The area of sunlight is much 
bigger too, it‟s much bigger. So with 
saying that [area] is much bigger, the rate 
would be increased for the area of 
sunlight. So it would have a much higher 
rate. 
I11 attempts to quantify the rate at a point. 
 
 
 
Notices that the height is not effected by 
the changing rate, so connects the change 
in area with changing rate. The area 
getting much bigger suggests that the rate 
is increasing 
 
Five commented on the shape of the graph suggesting an awareness of a 
connection between rate and the shape of graph. This is most clearly illustrated by 
the following responses. Further similar responses can be seen in Figure A2.9. 
Quotes from transcript Commentary 
I17: I mean like it won‟t be going up as it 
was before, it [rate] will change because 
the top of the window‟s different so a 
smaller part.  
I‟m thinking that the area of sunlight will 
increase a little bit but not at a very fast, at 
a very big rate it would just be small. It 
[rate] will get smaller. It [window] is not 
continuing to be rectangular and just 
following the same rate. 
I22: It‟s curved because it doesn‟t go up at 
a constant rate. The bit that‟s straight is 
the same as the window, but because it 
goes out, it‟s curved. At the top curved bit. 
I7 notices that the top of the graph is 
curved so rate is not constant. 
 
Discusses the effect of the curve on the 
rate. 
 
 
 
 
I22 explains that the graph is curved 
because the rate is not constant. 
Four participants could give a qualitative description of the rate for different 
sections of the window, whilst I9 seems aware of the variable rate, but was unable 
to express this understanding. 
 
Quotes from transcript Commentary 
I6: Ah, it‟s showing, it‟s an uneven rate, 
um 
I6 Expresses variable rate as “uneven‟ 
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I11: Where the line is the steepest it 
would mean that's where there's most 
sunlight entering the window [pause] then 
the rate is decreasing as the blind, [pause] 
increasing up to a certain point and then 
decreasing from there.  
If we start here then the rate‟s going to 
increase until we reach here and then from 
this dot to this dot [rate] would be fairly 
much the same, there's no bend in the line, 
  
and then as we go from here to here there's 
less area so the rate would decrease. 
 
 
I13: Well, it wouldn‟t stay the same, like 
when it gets to this corner here it will start 
the rate of sunlight coming in would get 
smaller, so it won‟t stay the same. 
 
 
I19: Okay, while it‟s down here, as the 
area gets bigger, the rate in which the 
sunlight appears, becomes greater  
and then it‟s steady in that rectangular 
area, it‟s a steady increase  
and then when we get into this part, the 
area is going to become smaller, the rate 
in which the sunlight each unit that you 
move the blind up [will] go back down 
again & becomes less. 
I9: The amount of sunlight is increasing 
and then it at a certain rate and then the 
rate slows down and it gets a more steady, 
steady rate. It‟s constant until it gets to 
this point where it starts to less sunlight 
begins to come in. It [rate] will decrease. 
I11Thinks aloud to make sense of the 
graph. 
 
 
 
 
Begins to express thinking more clearly. 
Points to grey section of the graph. 
Points to blue section of the graph. 
Points to beginning and end of the blue 
section of the graph and explains that this 
straight section infers constant rate. 
Points to beginning and end of the purple 
section of the graph and concludes this 
curved section means decreasing rate. 
I13 Points to start of purple section of the 
graph and identifies this section as 
decreasing rate. 
Notices the changes in the shape of the 
graph and associates the changes with 
differences in rate.  
I19 Points to the grey section of the graph 
and infers that the rate is increasing. 
 
Notices the straight section and infers 
constant rate. 
Points to the purple section and infers rate 
is decreasing. 
 
 
 
I9 Shows confusion between the area of 
sunlight and the rate that the area 
changes. Demonstrates some awareness of 
variable rate, but unable to express his 
understanding. 
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The graphic representation provided little or no information about rate to almost 
half (8) of the participants. This is most clearly illustrated by the following 
responses. Further similar responses can be seen in Figure A2.10. 
Quotes from transcript Commentary 
I5: I dunno. 
I12: Because the window‟s a different 
shape, the area is different in the sunlight. 
I5 & I12 Make no rate-related comment. 
Distance-Time context and variable rate 
This sub-section discusses data from the part of the interviews relating to constant 
rate in the Distance-Time context of frog walking. Figure 7.11 shows a screen 
dump of the graph shown to the participants corresponding to this part of the 
interview. 
 
 
Figure 7.11: Graph in variable rate Distance-Time 
context 
Even the graphic representation of the quadratic function associated with the frog 
walking accelerating, provided some rate-related information to every participant. 
Three participants successfully expressed the variable rate with a quantitative 
description in language appropriate to their year level. 
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Quotes from transcript Commentary 
I4: So at the start, that‟s the time down the 
bottom, seconds. So in one second it‟s 
done two metres and two seconds it‟s 
done five, so it‟s going up. It‟s not going 
at the same. [pause]  first its done two, in 
the next second it has done three,  in three 
seconds it has done [pause] is that ten or 
nine, so its going up so the speed is 
increasing because it is covering more 
distance in each second [pause] first 
second two, second about five so three 
metres it‟s done, it‟s done four metres 
[pause] in four, so four, fourteen so its 
gone up five, so its gone up a metre every 
time [pause] yeah that‟s six [pause] yeah 
the speed is increasing each second it‟s 
not going at the same. 
He‟s walking faster. It‟s covering an extra 
metre every time, every second, first its 
two metres, next one it‟s three then it‟s 
four metres and then five and six metres. 
He‟s going faster. 
I12: When he gets faster maybe. For one 
second you got two metres but the second 
time you‟ve got five, so he‟s walked three 
metres more than first second and the 
number three obviously walked another 
three more than the other one. Towards 
the end he starts walking faster. 
I18: It looks like he‟s slowly getting faster 
and he is covering more metres, because 
he probably walks three metres in the first 
one and then about four in the next metre 
and getting higher and higher. 
I4 Notices that the change in distance for 
each second is not the same. 
 
 
Attempts to quantify the rate.  
 
 
 
 
Thinks aloud, working out the average rate 
over each second. 
 
 
 
Uses the word „speed‟ when discussing 
rate.  
 
 
Summarises thinking and concludes that 
the rate is increasing by 1 metre each 
second. 
 
I12 Suggests that the curve means faster. 
 
Thinks aloud working out average rate 
over each second. 
 
 
 
 
I18 Connects the shape of the graph with 
increased speed. 
Begins to consider the numeric change in 
distance per second. 
Eight participants attempted to quantify the variable rate with varying degrees of 
success. This is most clearly illustrated by the following responses. Further similar 
responses can be seen in Figure A2.11. 
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Quotes from transcript Commentary 
I1: In eleven and a half metres he is going 
three and a half seconds and then thirty-
five metres he‟s going seven seconds. 
I10: Two metres in one second and goes 
up to least three metres next [second] he‟s 
getting faster. 
I1 Selects two points on the graph and 
compares distance with time for each. 
 
I10 Notices the change in distance covered 
for the first two seconds and concludes 
that the frog is increasing speed. 
Four participants expressed the variable rate in terms of average rate. 
Quotes from transcript Commentary 
I6: In seven seconds he goes from one to 
thirty-five metres 
 
I9: It‟s not as constant as the other rate. 
He‟s changing speed. He travels thirty-
five metres in seven seconds, so it‟s a 
faster speed than the other graph, the other 
frog.  
I16: It‟s going thirty-five metres in seven 
seconds. 
I17: It can be the formula thirty-five over 
seven about five metres per second. 
I6 Describes the variable rate in terms of a 
comparison of the total change in time 
with the total change in distance. 
I9 Notices that the speed is changing.  
Compares the total change in time with the 
total change in distance. 
 
 
I16Sstates the final distance with the total 
time. 
I17 Refers to a formula and uses it to 
calculate average rate. 
Six participants commented on the shape of the graph suggesting an awareness of 
a connection between variable rate and the shape of graph. This is most clearly 
illustrated by the following responses. Further similar responses can be seen in 
Figure A2.12. 
Quotes from transcript Commentary 
I4: Because it‟s not a straight line it is not 
going at the same speed all the time, it‟s 
not constant, it‟s curved. 
I19: As he‟s walking his rate increases and 
you can tell because the curve is slightly 
becoming steeper than if the line were 
straight it would that mean that he is going 
at a steady rate. 
I4 Notices that the line is not straight and 
infers this means changing speed. 
 
I19Explains that the rate increases 
because the curve becomes steeper. 
Explains straight line means steady rate. 
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Seven participants could only give a qualitative description of the rate. This is 
most clearly illustrated by the following responses. Further similar responses can 
be seen in Figure A2.13. 
Quotes from transcript Commentary 
I13: Well he is getting faster. 
 
I15: He‟s walking fast. He‟s accelerating. 
He‟s going faster as he‟s walking along. 
I13 Interprets the curve to mean 
increasing speed. 
I15Iinterprets the curve to mean 
acceleration. 
Even for these two participants who mis-interpreted the rate, the graph conveyed 
some sense of the fundamental nature of rate. 
Quotes from transcript Commentary 
I14: He is walking at the same rate the 
whole time. He is walking a straight line. 
I22: He slows down, he, he starts off going 
pretty fast then he must get tired and just 
stays at a constant speed. 
I14Iincorrectly interprets the graph to 
mean the rate is constant. 
I22 Incorrectly interprets the graph, but 
still expresses rate-related thinking. 
This section discussed participants‟ responses to the graphic representation of 
constant rate in the Area-Height context and in the Distance-Time context. It 
demonstrates that the information in the graphic representation assisted most 
participants to express an understanding of rate in the Area-Height context. In 
addition, it demonstrates that the information in the graphic representation assisted 
all participants to express an understanding of rate in the Distance-Time context. 
The next section summarises the analysis of the data related to the graphic 
representations of constant and variable rate in both the Distance-Time and Area-
Height contexts. 
7.4.3 Section review and discussion 
Some information about rate was provided by the graphic representation in Area-
Height context for less than half (9) of the participants. Only two participants were 
able to approximately quantify constant rate in terms of a unit change in height. 
Seven (7) participants demonstrated an awareness of a relationship between height 
and area. However, the graphic representation provided little or no information 
about rate for more than half (11) of the participants. These participants 
demonstrated a lack of awareness of the relationship between the variables 
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involved in the rate and the actual rate, four of these participants could read values 
off the graph. In contrast, every participant discerned rate-related information 
from the graphic representation in the Distance-Time context. The term „speed‟ 
and other speed-related terms were often used to discuss rate. The graph was used 
by almost all participants (19) to give values to use to describe the constant 
relationship between distance and time and five participants could use these values 
to calculate speed.   Some confusion between rate, distance and time was seen 
although participants seemed have some understanding of the concept of rate, but 
do not connect this understanding to the word „rate‟. Sometimes rate is referred to 
as the result of a formula calculation possibly remembered from science education.  
Only two participants attempted to quantify the variable rate from the graphic 
representation of variable rate in the Area-Height context, however, it did provide 
some rate-related information to a further ten (10) participants. The graphic 
representation provided little or no information about rate to almost half (8) of the 
participants. In the Distance-Time context, the graph of the quadratic function 
associated with the frog accelerating, provided some rate-related information to 
every participant. Thirteen (13) participants attempted to quantify the variable rate. 
Four (4) participants expressed the variable rate in terms of average rate. Seven (7) 
participants could only give a qualitative description of the rate.  
Table 7.2 shows comparisons of responses to the numeric representation in the 
Area-Height and Distance-Time contexts. 
Table 7.2: Comparison of responses to the graphic representation 
 Constant Variable Constant Variable 
Understandings of rate         Area & Height Distance & Time 
numeric relationship     
                   unit 2 2 5 5 
                   incorrect/incomplete 5 5 14 8 
Relationship (not numeric) 2 5 1 7 
no relationship 11 7   
no response  1   
 
Scrutiny of Table 7.2 indicates that the graphic representation provides rate-
related information for all participants in the Distance-Time context. The 
distribution and expressions of understandings of constant rate, from the graph, in 
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the Distance-Time context were entirely different from the Area-Height context 
where about half of the participants did not express an awareness of any 
relationship between height and area. 
Constant rate can be seen in the graphic representation more readily than variable 
rate in the Distance-Time context. Given the participants prior experience with the 
graphs of both linear and non-linear functions (see Section 5.3.1), it is remarkable 
that the graphic representation provided so little rate-related information in the 
Area-Height context. Again, it appears that understandings of rate evident in a 
Distance-Time context were not available to participants when considering the 
graph in the Area-Height context. In addition, it is intriguing to see participants 
attempting to quantify variable rate in the Distance-Time context, but not in the 
Area-Height context. Speed, that is, constant rate was more accessible to the 
participants than acceleration. This contrasts with the participants‟ willingness to 
use the numeric representation to attempt to quantify variable rate.   
The next section discusses participants‟ responses to the graphic representation in 
both the Distance-Time and Area-Height contexts. 
7.5 Comparison of participants’ responses to symbolic 
representations  
7.5.1 Constant rate 
Area-Height context and constant rate 
This sub-section discusses data from the part of the interviews relating to constant 
rate in the Area-Height context. Figure 7.12 shows a screen dump of the rule 
shown to the participants corresponding to this part of the interview.  
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Figure 7.12: Rule in constant rate Area- Height 
context 
The participants expressed almost no rate-related comments in response to the 
question, “What does the rule tell you about the rate?”, even for the linear function, 
A=6.4h, associated with the rectangular window. This is most clearly illustrated 
by the following responses. Further similar responses can be seen in Figure A2.13. 
Quotes from transcript Commentary 
I4: Nothing 
I22: That might even be [pause] to be 
quite honest, I have no idea. 
I4 & I22 Make no rate-related comment. 
Other participants responded to this same question by translating the symbolic 
representation into words. Two participants went further by describing the process 
of substitution of values for height into the rule to calculate the corresponding 
values of area. These participants did not isolate the rate from the symbolic 
representation. It is surprising that no participant expressed the connection of the 
symbolic representation to gradient, hence rate, as it was expected that their prior 
experience with the symbolic representation of linear functions (for example see 
Bull et al., 2004a) would have emphasised the meaning of the co-efficient of the 
variable as gradient. Possibly they were trying to tell the researcher as much as 
they could about the symbolic representation and did not restrict their discussion 
to rate. 
Quotes from transcript Commentary 
I2: It would be six point four times the 
height from the bottom. 
These participants (I2,I12,I16&I20) 
demonstrate their understanding of the 
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I12: The area of sunlight is six point four 
times the height. 
I16: Area it‟s six point four times the 
height. 
I20: So per one area it‟s six point four 
times the height. 
symbolic representation by translating it 
into words without any rate-related 
meaning. 
 
 
I6: Um, the, for every area of sunlight It‟s 
six point four of the H, so for example one 
point five the height from the bottom times 
it six point four and gives how much area 
of sunlight area there is.  
I don't know it‟s [the rule] just kind of 
representing that, every time you lift it up 
you find the area of the thing, of sunlight 
increases by six point four times the 
height, so it‟s just a matter of the 
mathematical formula at the end of how to 
work out how to do that. 
I11: Um, that whatever amount H is A 
would be six point four times the amount 
of H 
These participants (I6&I11) demonstrate 
their understanding of the symbolic 
representations by explaining the 
substitution of values for height to 
calculate corresponding values for area. 
Other responses to the question “What does the rule tell you about the rate?” 
demonstrated confusion between rate and the changes in the variables. For 
example,  
Quotes from transcript Commentary 
I5: That the rate of them the height rate is 
[pause] gets higher as the area of sunlight 
does. 
I7: Because it gets higher, when there‟s 
less blind the rate of sunlight is higher. 
I13: It changes with the height of the 
blind.  
I15: The area measurement is, each time 
the height goes up by six point four, the 
area increases? 
I5 Uses the word „rate‟ without 
demonstrating any rate-related thinking. 
 
I7 Demonstrates confusion between rate 
and area. 
I13 Confuses rate with area. 
I15 Does not give a rate-related response. 
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Distance-Time context and constant rate 
This sub-section discusses data from the part of the interviews relating to constant 
rate in the Distance-Time context of frog and clown walking. Figure 7.13 shows a 
screen dump of the table shown to the participants corresponding to this part of 
the interview. 
 
Figure 7.13: Rule in constant rate Distance-Time 
context 
The symbolic representations of the linear functions associated with the frog and 
clown walking at constant rate, provided some rate-related information to most 
participants. Seven participants could correctly identify the walker from the 
symbolic representation suggesting that they could connect the rate of the walker 
with the symbolic representation. This is most clearly illustrated by the following 
responses to the question “This is the rule for one of my walkers, who is it for, the 
frog or the clown?”. Further similar responses can be seen in Figure A2.14. 
Quotes from transcript Commentary 
I10: Clown because of three metres. The 
frog [would be] one. It‟d be [one] there.  
I11: It would be the clown, the clown‟s 
rule because the frog is nice and easy to 
work out. He's just one. He's [clown] got 
roughly three here, so three point one fits 
in nicely.  
I10 Points to the number in the white box 
in front of „X‟ (see Figure 8.13). 
I11 Correctly identifies the symbolic 
representation as fitting the function for 
the clown based on clown‟s speed found 
earlier. 
It is difficult to tell what rate-related information participants gained from the rule 
as the rate had not been varied from the questions relating to the numeric and the 
graphic representations. This is most clearly illustrated by the following responses. 
Further similar responses can be seen in Figure A2.15. 
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Quotes from transcript Commentary 
I6:  Ah, that would be, um, the clown? 
Because, um, well according to the table I 
think that's what it said.  
I18: The clown. 
R: How can you tell? 
I18: Um, I remembered that.  
I6 & I18 Both refer back to information 
provided in earlier representations.  
The following exchange demonstrates that this participant could isolate the rate 
from the symbolic representation. 
Quotes from transcript Commentary 
R: This is the rule for one of the walkers, 
Y equals two point eight six X,  
I5: Well you‟d think it was in seconds, 
two point eight six when he‟s like one 
second.  
I5 Is given a different rule and takes it to 
mean that after one second the distance is 
2.86, thus expresses the relationship 
between the variables. 
When a different question was asked “What do you think the rule might be for the 
clown?” two participants were able to describe the symbolic representation from 
the previously known rate. 
Quotes from transcript Commentary 
I15: For the clown um distance equals 
three T, the T being seconds. And [for the 
frog] distance equals one T.  
I19: Well if it was around three units per 
metre, if it was the clown it would be M 
for metres equals three F, I‟m not really 
sure. 
I15 & I19 Take rate information 
and convert it to a rule. 
Seven participant‟s choice of response to the question “This is the rule for one of 
my walkers, who is it for, the frog or the clown?” demonstrated little rate-related 
reasoning. This is most clearly illustrated by the following response. Further 
similar responses can be seen in Figure A2.16. 
Quotes from transcript Commentary 
I2: I guess the clown. 
I20: It‟s for the um, for the frog because 
um, hmm. 
These participants demonstrate no rate-
related thinking in response to the 
symbolic representation even for constant 
7-47 
rate. 
The following exchange demonstrates that this participant was seeking a formula 
to use to determine their choice of matching a walker to the given symbolic 
representation. 
Quotes from transcript Commentary 
I17:  Clown, because when I worked it out 
before it is going up by three point one one 
and the frog is,  it‟s quite [pause] I dunno 
straight forward.  Well for the time. Well 
we can always put distance over time. I 
can't remember it. I don‟t know if this is 
going to work. I can‟t really remember it 
but, I‟m trying to remember a rule with a 
particular formula and you need the 
gradient. Maybe I just I don't know. 
I17 Struggles to recall a formula to use. 
 
 
 
Remembers having used a formula in a 
similar situation. 
 
 
Acknowledges lack of understanding. 
This section discussed participants‟ responses to the symbolic representation of 
constant rate in the Area-Height context and the Distance-Time context. It 
demonstrates that the information in the symbolic representation assisted no 
participant to express an understanding of rate in the Area- Height context. In 
addition, it demonstrates that the information in the symbolic representation 
assisted most participants to express an understanding of rate in the Distance-Time 
context. The next section discusses participants‟ responses to the symbolic 
representation of variable rate in the Area- Height context data.  
7.5.2 Variable rate 
Area-Height context and variable rate 
This sub-section discusses data from the part of the interviews relating to variable 
rate in the Area- Height context. Figure 7.14 shows a screen dump of the rules 
shown to the participants corresponding to this part of the interview. 
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Figure 7.14: Rules in variable rate Area- Height 
context 
When considering the non-rectangular window, participants demonstrated even 
less connection between the rule and their understanding of rate. No participant 
expressed any understanding of the connection between the rate and the rule in 
their response to the question “What do the rules tell you about the rate that the 
area is changing?”. This is illustrated by the following responses. 
Quotes from transcript Commentary 
I3: I don‟t know. 
I4: Not much. 
I11: It‟s umm nine point five height 
squared plus eleven height minus sixteen 
point three. But it, well for every zero 
point five metres squared you add eleven 
and minus sixteen point three.  
I3 & I4 Acknowledge lack of 
understanding. 
 
 
I11 Gives a translation of the symbols into 
words, but attempts to express it in rate-
related terms with the use of „for every‟ 
However, no interview reflected any understanding of the connection between the 
rules and the rate of change of area with respect to height.  
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Quotes from transcript Commentary 
R: Why do you think there are three rules? 
I3: Three different ways of explaining, oh 
maybe needing one rule for a wider 
window and one for a narrower window 
and one for a window that‟s a normal size. 
R: Okay, let's look at the rules, what do 
the rules tell you about the rate that the 
area is changing? 
I6: Um, so, so the area of sunlight equals, 
umm, okay well it‟s got three different 
rules for three sections and, a fourth 
section, umm, well I don't really 
understand the rule, um its saying maybe 
the height of the blind, as it grows, I'm not 
really sure. 
R: So what does the rule tell you about the 
rate that the area is changing? 
I10: Um well it‟s, I dunno, It‟s different, 
different parts of it show. Is that right?  
R: What do you think? 
I10: I reckon three different formulas. If it 
was all the same, it would be one, but 
there‟s three, because of the shapes like, 
three times.  
R: If we look at the first part what can you 
tell me about the rate that the area is 
changing in that first section? 
I10: Well it goes from a little bit then it 
gets, it gets more as you go higher because 
it‟s increasing that way.  
R: what about the rate that the middle 
section?  
I10: Well it‟s the same as the window 
before because it‟s just a rectangle, and the 
other part - it becomes smaller. 
I3 Appears to consider each rule to be 
connected to a different window, rather 
than the three different sections of the 
window shown in the simulation. 
 
 
 
 
I6 Appears aware that the three different 
rules are connected to the three different 
sections of the window. 
 
 
 
 
I10 Appears aware that the three different 
rules are connected to the three different 
sections of the window, but the discussion 
indicates that I10 is reflecting on the 
change in area rather than the rate. 
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Distance-Time context and variable rate 
This sub-section discusses data from the part of the interviews relating to constant 
rate in the Distance-Time context of frog walking. Figure 7.15 shows a screen 
dump of the rule shown to the participants corresponding to this part of the 
interview. 
 
Figure 7.15: Rule in variable rate Distance-Time 
context 
For four participants, the symbolic representation conveyed the information that 
the speed was increasing.  
Quotes from transcript Commentary 
I19: Ok, time, he‟s increasing, like um.I 
dunno whether I would try to, try and get a 
figure here by itself, by moving them to 
the other side, I can‟t explain, I‟m not 
sure. It is increasing by one point five? 
I20: Only, like, it‟s gradually, like, getting 
faster, I‟m not really sure how to explain 
it. 
I9: The distance equals time squared 
divided by two plus one point five. OK. 
It‟ll always be increasing because the time 
would change so it would be a higher 
number, the speed and one point five time 
and time again. 
It‟ll just be the speed would always be 
increasing so I get it from that. 
I17: The distance equals time squared 
over two of one point five times. The 
speed is increasing. 
I19 & I20 both claim the speed is 
increasing, but had difficulty explaining 
why they thought that. 
 
 
 
 
 
I9 & I17 start by translating the symbolic 
representation and then went on to claim 
that it indicated that the speed was 
increasing. 
 
However, most (15) participants demonstrated little or no understanding of the 
connection between the symbolic representation and the speed.  
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Quotes from transcript Commentary 
I1: Distance equals time squared over two 
plus one point five 
I4: Distance is times squared times by two 
- it‟s not exactly two - so if we say one 
squared, it divided it by two [pause] so one 
point five [pause] by doing this formula. If 
you did maths if we didn‟t know the 
window you could work out the speed. 
I16: The distance that he walks is equal to 
the time squared divided by two plus one 
point five and times again 
I21: Distance equals the time squared 
divided by two plus one point five. 
I7:  Well for every, just say its two 
seconds you could put the formula in and 
work it out that the distance would change 
every time so the, the rate is consistent, but 
the distance gets greater every time, so its 
not um  two, four, six, eight it‟s more like 
two, eight, four, five, two jumps in a way 
um, I don't really know.   
If you have to substitute things in like the 
table, just looking at the rule. 
I15: Just that yeah he‟s, I dunno um „cause 
you can substitute stuff into it. It‟s hard to 
tell. 
I10: Not really, okay that‟s the base and 
that‟s how far he‟s getting each second, 
like that‟s walking and that‟s how much he 
took when he stared off that‟s how much 
faster he‟s going every second. 
I18: Is it saying how many metres he 
covered in the time that he walked? 
I21:  It tells me that to get to figure out 
how fast he‟s going at say a hundred 
I1, I4, I16 & I21 gave a translation of the 
symbols into words in response to the 
question “what does the rule tell you 
about how fast he‟s walking?” 
 
 
 
 
 
 
 
 
 
 
 
I7 & I15 suggest substituting values for 
time into the symbolic representation. 
 
 
 
 
 
 
 
 
 
 
 
I10 tries to associate the co-efficients of 
the terms of the symbolic representation 
with features of the scenario. 
 
I18 & I21 explain the meaning of the 
symbolic representation in terms of its 
purpose for determining distance travelled 
in a particular time. 
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metres or something for the distance, you 
could use this equation to find out by time 
its distance and he‟s variable time. 
 
The remaining eight participants either had no response or responded negatively to 
the question “what does the rule tell about the rate the frog is walking?”. This is 
most clearly illustrated by the following responses. Further similar responses can 
be seen in Figure A2.17. 
Quotes from transcript Commentary 
I2: I don‟t know that.  
I12: that [pause] not sure. 
I2 &I12 acknowledge their lack of 
understanding. 
This section discussed participants‟ responses to the symbolic representation in 
the Area-Height context and the Distance-Time context. It demonstrates that the 
information in the symbolic representation assisted no participant to express an 
understanding of rate in the Area-Height context. In addition, it demonstrates the 
symbolic representation assisted few participants to express an understanding of 
rate in the Distance-Time context. 
7.5.3 Section review and discussion 
The symbolic representation did not even convey to participants anything about 
constant rate in the simulated real-world situation of a blind on a rectangular 
window. This is surprising as it is likely that the participants‟ prior mathematical 
background would have included an extensive study of linear functions, where 
connections between the symbolic representation and gradient, hence rate, are 
emphasised.  Some participants responded by translating the rule representation 
into words and a few participants calculated the area for particular values of height. 
The symbolic representation of constant rate in the Distance-Time context 
provided some rate-related information to most participants (13). Seven (7) 
participants could correctly identify the walker from the symbolic representation; 
however, it is difficult to discern the nature of rate-related information provided 
by the rule as the rate had not been varied from the questions relating to the table 
and the graph. Seven (7) participants demonstrated little rate-related reasoning. 
The symbolic representation of variable rate conveyed even less rate-related 
information than the symbolic representation of constant rate. No participant 
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expressed any understanding of variable rate in the Area- Height context, whilst 
the symbolic representation of acceleration had any meaning at all for only four 
participants. 
Table 7.3: Comparison of responses to the symbolic representation 
 Constant Variable Constant Variable 
Understandings of rate         Area & Height Distance & Time 
numeric relationship     
                   unit   7  
                   incorrect/incomplete   6  
relationship (not 
numeric) 
   4 
no relationship 20 20 7 15 
no response    1 
 
Scrutiny of Table 7.3 indicates that the symbolic representations of rate provide 
little or no rate-related information for most participants in both contexts. The next 
section summarises the understanding of rate demonstrated by this cohort with   
three illustrative examples and a generalised summary resulting from 
consideration of Tables 7.1, 7.2 and 7.3.  
7.6 Illustrating understanding of rate  
This section considers three particular participants‟ (pseudonyms: I4-Sue, I10-
Leigh, and I12-Joe) understanding of the concept of rate, summarising their 
responses to constant and variable rate in the Area-Height context and the 
Distance-Time context as they discern it in the numeric, graphic and symbolic 
representations.  These particular participants were chosen to display the diversity 
of understandings of rate demonstrated by this cohort of students. Leigh 
demonstrated the most comprehensive understanding of rate, whilst Sue and Joe 
were interesting examples as Sue was best able to express her understanding of 
rate using the graphic representation and Joe was best able to express his 
understanding of rate using the numeric representation. Their understanding of 
rate is summarised in Tables 7.4, 7.5 and 7.6 and Figures 7.17, 7.18 and 7.19, 
which are based on the diagram in Figure 7.1, relating each individual 
participant‟s responses to contexts and representations of rate. In the Tables 7.4, 
7.5 and 7.6 it is interesting to note that in some circumstances the participants 
7-54 
were able to express their understanding of rate as a numeric unit rate. Whilst this 
is seen as desirable this aspect of their understanding of rate is not included in the 
diagrams in Figures 7.17, 7.18 and 7.19 where the emphasis is on the connections 
between the context and representations of rate in the diagram shown in Figure 7.1. 
This diagram was introduced in Section 7.1 and represents the contexts and 
representations of the concept of rate discussed in this study. Figures 7.17, 7.18 
and 7.19 summarise the results of this analysis in terms of the strength of the 
connections for these particular participants. A dark thick line indicates a strong 
connection whilst a dotted line indicates a weak connection and no line indicates 
no connection.  
Leigh’s conception of rate 
The shading in Table 7.4 indicates the status Leigh‟s understanding of rate. Figure 
7.16 illustrates Leigh‟s understanding of rate indicating the strength of the 
connections between contexts and representations of rate.  
Table 7.4: Comparison of Leigh‟s responses to the representations 
Representatio
n 
 Constant Variable Constant Variable 
Understandings of rate       Area & Height Distance & Time 
 
 
 
Numeric 
numeric relationship     
unit     
incorrect/incomplete     
relationship     
No relationship     
 
 
 
Graphic 
numeric relationship     
unit     
incorrect/incomplete     
relationship     
No relationship     
 
 
 
Symbolic  
numeric relationship     
unit     
incorrect/incomplete     
relationship     
No relationship     
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It can be seen in Table 7.4 that Leigh attempted to quantify rate in both contexts. 
His understanding of rate in the Distance-Time context appeared to be a little 
stronger than his understanding of rate in the Area-Height context. This 
participant was often able to express his understanding of rate as a unit rate, 
especially when provided with the numeric or graphic representation, but even for 
this participant, the symbolic representation provided almost no rate-related 
information.   
 
Figure 7.16: Strength of connections between context and representations of rate for 
Leigh 
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Sue’s conception of rate 
The shading in Table 7.5 indicates the status of Sue‟s understanding of rate. The 
lines in the diagram in Figure 7.17 indicate the strength of the connections 
between contexts and representations of rate demonstrated by Sue. 
Table 7.5: Comparison of Sue‟s responses to the representations 
Representation 
 Constant Variable Constant Variable 
Understandings of rate       Area & Height Distance & Time 
 
 
 
Numeric 
numeric relationship     
unit     
incorrect/incomplete     
relationship     
No relationship     
 
 
 
Graphic 
numeric relationship     
unit     
incorrect/incomplete     
relationship     
No relationship     
 
 
 
Symbolic  
numeric relationship     
unit     
incorrect/incomplete     
relationship     
No relationship     
Figure 7.17 illustrates Sue‟s understanding of rate indicating the strength of the 
connections. It can be seen in Table 7.5 that this Sue attempted to quantify rate in 
both contexts. Her understanding of rate in the Distance-Time context appeared to 
be a little stronger than her understanding of rate in the Area-Height context 
especially in the graphic representation. This participant was only able to express 
her understanding of rate as a unit rate in the Distance-Time context when 
considering the graphic representation, whilst the numeric representation provided 
the information that there was a relationship between the variables. However, the 
symbolic representation provided almost no rate-related information.   
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Figure 7.17: Strength of connections between the context and representations of rate for 
Sue 
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Joe’s conception of rate 
The shading in Table 7.6 indicates the status of Joe‟s understanding of rate. The 
lines in the diagram in Figure 7.18 indicate the strength of the connections 
between contexts and representations of rate demonstrated by Joe. 
Table 7.6: Comparison of Joe‟s responses to the representations 
Representation 
 Constant Variable Constant Variable 
Understandings of rate Area & Height Distance & Time 
 
 
 
Numeric 
numeric relationship     
unit     
incorrect/incomplete     
relationship     
No relationship     
 
 
 
Graphic 
numeric relationship     
unit     
incorrect/incomplete     
relationship     
No relationship     
 
 
 
Symbolic  
numeric relationship     
unit     
incorrect/incomplete     
relationship     
No relationship     
Figure 7.18 illustrates Joe‟s understanding of rate indicating the strength of the 
connections. It can be seen in Table 7.6 that Joe attempted to quantify rate only in 
the Distance-Time context. His understanding of rate in the Distance-Time context 
appeared to be a slightly stronger than their understanding of rate in the Area-
Height context. This participant expressed his understanding of rate as a numeric 
rate in the Distance-Time context and could express it as a unit rate when 
considering the graphic representation. However, the numeric representation 
seemed to be more useful overall in providing information about a numeric 
relationship between the variables in the Distance-Time context, but, the symbolic 
representation provided almost no rate-related information.   
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Figure 7.18: Strength of connections between context and representations of rate for Joe 
Comparison of these participants  
Leigh‟s conception of rate is consistent with Category H in the phenomenographic 
analysis. For this participant, rate is experienced as a numeric relationship 
between any two changing quantities. Joe‟s and Sue‟s responses were typical of 
most participants, for whom the Distance-Time context supported a higher level of 
rate-related reasoning. Sue seemed a little better able to transfer understandings of 
rate available in the Distance-Time context to the Area-Height context. Their 
conception of rate is consistent with Category F since they experience rate as a 
constant numeric relationship between two changing quantities, whilst Joe shows 
some movement towards experiencing rate in this way, their conception of rate is 
more consistent with Category E as they are only able to quantify constant rate in 
the Distance-Time context.  
This section demonstrated the manner in which three particular participant‟s 
strength of understanding of the concept of rate may be illustrated in the table and 
the diagram to summarise their understanding of constant and variable rate in both 
the Area-Height context and the Distance-Time context. In addition, it illustrates 
the influence on their understanding of rate of the numeric, graphic and symbolic 
representations. These participants displayed the diversity of understandings of 
rate demonstrated by this cohort of students. 
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Group summary 
Tables 7.1, 7.2 and 7.3 provide a numerical summary of all participants‟ 
understanding of rate in the numeric, graphic and symbolic representations and 
provide a numerical comparison of the understanding of rate in the Distance-Time 
and Area-Height contexts. This information is summarised in Figure 7.19 in order 
to show the strength of connections for the group as a whole. For the group, rate 
was most clearly expressed as a numeric relationship between the variables of 
distance and time.  
 
Figure 7.19: Strength of connections between context and representations of rate 
7.7 Discussion 
Analysis of the video evidence showed that many participants could discern 
information about constant rate and even some understanding of variable rate, 
from the numeric representation (see Section 7.3). The graphic representation was 
often used to determine co-ordinate points along the line to calculate constant rate, 
whilst few participants could discuss variable rate whilst considering this 
representation (see Section 7.4). Only one participant referred to the gradient of 
the line and its relationship to rate. Whilst many of the participants were able to 
communicate ideas about rate in the form of tables and graphs, no participant 
linked the symbolic representation (see Section 7.5) to rate in the Area-Height 
context. However, in the Distance-Time context four participants expressed some 
connection of the symbolic representation with rate, possibly because of the 
understanding of speed participants brought to their discussions of rate. 
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These findings indicate that the participants did not move seamlessly between 
representations and that understandings demonstrated in one representation do not 
necessarily transfer to other representations.  This is consistent with Amit and 
Fried‟s (2005) report that questions whether the potential of multiple 
representations to enhance students‟ understanding of functions, is realised in the 
classroom. It appears that the participants of this study do not transfer their 
understanding of rate demonstrated in numeric and graphic representations to the 
corresponding symbolic representation.  
R: what would the rules tell you about the rate that the area is changing? 
I11: probably not as much as the graph would. 
In this study, GSP and JMW, with their ready access to multiple representations, 
proved to be an effective stimulus for discussion about rate. Findings reveal that 
all participants perceived no connection between rate and the symbolic 
representations of the functions resulting from the GSP simulation. In addition, in 
the Distance-Time context, few participants discerned any connection between 
rate and the symbolic representation.   
7.7.1 Transfer of understandings of rate between contexts  
Stronger understandings of rate demonstrated in the Distance-Time context were 
not evident in the Area-Height context. The Area-Height context preceded the 
Distance-Time context for all participants as required by phenomenographic 
interviewing requirements (see Section 4.3.2), so it is possible that this influenced 
some participants‟ responses to questions relating to the Distance-Time context. 
However, care was taken by the researcher to avoid any teaching, so this is 
considered unlikely because the participants were not considered to be gifted 
mathematically and it is doubtful that they could have learnt something new so 
quickly. Even the weakest participants demonstrated better understanding of rate 
in the Distance-Time context than in the Area-Height context. The counts of 
responses in the two contexts were considerably different (see Tables 7.1, 7.2 & 
&.3) suggesting that speed is better understood as a rate expressing a numeric 
relationship between distance and time, than the relationship between area and 
height in the Area-Height context.  
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Although the researcher‟s questions used the word „rate‟, some participants 
spontaneously used the word „speed‟ when discussing rate in the Distance-Time 
context, so for these participants rate in this context, seems to be synonymous with 
speed. So this may be an example the difficulties associated with rate having a 
label, such as speed or density, in natural language as discussed in Section 2.3.1. It 
appears that speed is seen as a single entity with little or no emphasis on the 
covariation of the variables of distance and time.  
In addition, it may be that the non-rectangular window was too complex for 
participants, thus concealing the connection between the sections of the window 
and the rules, and hence the rates. 
7.7.2 Comparison of understandings of rate in different 
representations  
Findings of this study suggest that understandings of rate are inconsistent across 
representations. The numeric, graphic and symbolic representations of the 
functions associated with the simulations, were all presented to participants to 
provide them with several opportunities to express their understanding of rate. 
Based on the literature reviewed in Chapter 3, it was anticipated that individual 
participants would have different preferences and differing abilities in working 
with the different representations (Ozgun-Koca, 1998; Adu-gyamfi, 2007; Mackie, 
2002; Pape & Tchoshanov, 2001). The focus of this study was participants‟ 
understanding of rate as demonstrated in these representations, rather than an 
investigation of multiple representations and connections between them. Such an 
investigation could be the focus of another study. However, it was clear from the 
data collected for this study that participants did vary in their facility to express 
their understanding of rate in the different representations. The results of this 
study suggest that an understanding of rate may be dependent on the 
representation chosen since participants did not naturally make explicit or even 
implicit connections between tables, graphs and rules 
Specifically, the numeric representation appears to provide the most information 
about rate for most participants, whilst the graphic representation appears to 
provide some information about rate for many participants. However, the findings 
show that symbolic representations hold almost no rate-related meaning for the 
7-63 
participants of this study. This is of particular concern to the teachers of 
introductory calculus, especially if such an introduction relies heavily on the 
algebraic form of functions.  
7.8 Summary 
This chapter presented the results and discussion from a second analysis of the 
interview data. Each participant‟s interview transcript was re-visited and re-coded 
according to context and representation. Responses were sorted by context and 
then by representation to facilitate the focus on each individual‟s responses rather 
than the group‟s pooled responses which formed the basis of the 
phenomenographic analysis.  Responses were not grouped into categories rather 
individual‟s understanding of rate, as demonstrated in the different contexts and 
representations, was explored. The educationally critical aspects of rate (see 
Section 6.8) were used as a basis for this exploration. 
In Sections 7.3, 7.4 and 7.5, tables show comparisons of responses to each 
representation in the Area-Height and Distance-Time contexts.  They give counts 
related to responses to both constant and variable rate in the Area-Height context 
and also counts related to responses to both constant and variable rate in the 
Distance-Time context. The comparisons of contexts seen in Sections 7.3, 7.4 and 
7.5 demonstrate that students‟ understanding of rate is context-dependent and that 
an understanding of rate in the Distance-Time context did not necessarily translate 
across to the Area-Height context.  
The numeric representation for both constant and variable rate in both contexts, 
provided some rate-related information for most participants. The pattern of 
differences between values in the columns of the table was used to express a 
numeric relationship between the variables. The numeric representation in the 
Distance-Time context provided information about rate for more participants than 
the Area-Height context, indicating prior knowledge of speed does not necessarily 
transfer to understanding of rate in other contexts. The Distance-Time context 
provided rate-related information of variable rate for more participants than the 
Area-Height context. There was often spontaneous use of the term „speed‟ and 
other speed-related terms, such as „fast‟, when discussing rate in the Distance-
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Time context, indicating the strength of the prior knowledge about speed brought 
to the interviews by the participants. 
Careful consideration of Tables 7.1, 7.2, 7.3 indicate that the numeric 
representation provides rate-related information for most participants in both 
contexts. The graphic representation in the Distance-Time context provides more 
rate-related information for participants than the Area-Height context, where 
about half of the participants did not express an awareness of any relationship 
between height and area. Constant rate can be seen and described more readily 
than variable rate. The graphic representation provided little information about 
variable rate in the Area-Height context. It appears that understandings of rate as 
variable speed did not transfer to the Area-Height context where, unlike the 
numeric representation, participants were unwilling or unable to attempt to 
quantify variable rate.  Finally, in both contexts it appears that the symbolic 
representations were not helpful in assisting participants in expressing their 
understanding of rate. 
The diagram seen in Figure 7.1 was effective in providing a visual demonstration 
of the understanding of rate expressed by participants (see Figures 7.16, 7.17, 7.18, 
7.19). In addition, tables similar to those seen in Table 7.4, 7.5 and 7.6 appear to 
be useful in summarising particular student‟s understanding of rate. 
Findings of this study indicate that whilst rate appears to be quite well understood 
in the context of walking, this understanding was not demonstrated in the context 
of the blind. This suggests that learning in the walking context does not 
automatically transfer to the blind context. Perhaps speed carries a perceptual load, 
such as feeling the sensation of changing speed, seeing changing speed or speed as 
a number on a speedometer that does not necessarily support the development of a 
robust conception of rate in general. Perhaps this conception of rate as speed 
prevented an effective transfer of this understanding to other types of rate. So, 
specific instruction connecting rate in a motion context to other rates would be 
necessary to capitalise on the understanding of rate in a motion context which 
many participants seemed to bring from their prior experiences in other 
classrooms, such as science classrooms (I4), or experiences outside of the 
classroom such as those described by participants when first introduced to the 
Distance-Time context. Alternatively, initial treatment of rate emphasising the 
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covariational approach suggested by Carlson et al. (2002) and utilising speed, 
density and other rates as examples rather than substitutions in formulae, may 
support the development of rate as the change in the dependent variable resulting 
from a unit change in the independent variable. In addition, approaches to the 
teaching and learning of functions need to include explicit, frequent and strong 
connections between multiple representations of functions with an emphasis on 
rate in order to build a conceptual bridge between functions and associated 
derivatives and integrals.  
The next chapter presents the implications and conclusions of this study of 
conceptions of rate. It summarises the findings; discusses the contributions of the 
study; links between literature reviewed and results of this study; limitations of the 
study; and implications of study for both educators and researchers. 
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8 Implications and Conclusion 
8.1 Introduction 
Rate is a mathematical concept expressing the relationship between the changes in 
two quantities. It is an important concept needed for competent handling of many 
every day situations, such as an understanding of the implications of variable 
interest rate when embarking on a bank loan. In addition, it is foundational to an 
understanding of derivative, but even many calculus students find it difficult (see 
Section 2.4.5). Indeed, rate may be considered a threshold concept (Davies, 2003) 
as it blocks the path to further study in mathematics, so the outcome space of this 
study, and the educationally critical aspects of rate which are derived from it, may 
enhance teachers‟ pedagogical content knowledge and assist them and textbook 
authors in preparing effective material (Runesson, 2005a). It is desirable that 
teachers facilitate the formation of conceptions of rate which are consistent with 
conceptions considered to be correct and complete by the mathematics community 
of practice.  
Students often find the concept of rate difficult to understand, so this study 
investigates the variation in the conceptions of rate held by Year 10 students in 
Victoria, Australia (see Section 5.2.2). Phenomenography was employed as a 
methodology to explore these conceptions. The term conception is taken to mean 
an individual‟s “way of experiencing the phenomenon of interest” (Bruce et al., 
2004, p.147) in this case the mathematical concept of rate. Rate is a concept which 
has a precise definition accepted by the community of practice. It is a measure 
expressing the change in the dependent variable resulting from a unit change in 
the independent variable (see Section 2.2). This relationship may be represented 
numerically, graphically or symbolically and encompasses constant and variable 
rate. An expert‟s conception of rate is an abstract notion which is applicable to any 
context, however, this conception is seldom the conception held by students.  
This study has employed phenomenographic (see Section 4.3.2), video-recorded 
interviews (see Chapter 5) and their analysis (see Chapter 6) to answer the first 
research question: 
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What are the conceptions of rate held by students who have not studied 
calculus? 
This analysis revealed eight conceptions of rate, structured into a hierarchical 
outcome space (see Figure 8.1) and four educationally critical aspects of rate (see 
Figure 8.2). The computer-based scenarios (see Section 5.3.5) which provided the 
basis for discussion of rate in the interviews, facilitated the exploration of 
participants‟ conceptions of rate. The participants were asked to think-aloud as 
they reflected on the rate in each scenario. Phenomenographic analysis, of both 
their words and gestures as they attempted to articulate their conceptions of rate, 
revealed the categories described in detail in Section 6.4. These conceptions 
emerged from the data through the iterative process described in Sections 6.1 to 
6.3. Figure 8.3 shows the structure of awareness underpinning the categories. 
 
Figure 8.1: The Rate Outcome Space 
 
B: Rate experienced as a word 
associated with something numeric 
(Section 6.4.2) 
F: Rate experienced as constant 
numeric relnship b/w change in 2 
quantities (Section 6.4.6) 
D: Rate experienced as formula 
calculation (Section 6.4.4) 
H: Rate experienced as numeric  
relnship b/w change in any 2  
quantities (Section 6.4.8) 
A: Rate experienced as judging of a 
quality (Section 6.4.1) 
E: Rate experienced as qual. relnship 
b/w change in 2 quantities (Section 
6.4.5) 
G: Rate experienced as speed (Section 
6.4.7) 
C: Rate experienced as a single 
quantity (Section 6.4.3) 
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1. Rate as a relationship between changes in two quantities 
2. Rate as a relationship between changes in two quantities which may vary 
3. Rate as a numerical relationship between changes in two quantities which may vary 
4. Rate as a numerical relationship between changes in two quantities which may vary and is 
applicable to any context  
Figure 8.2: Educationally critical aspects of rate 
The categories are delineated one from another on the basis of four dimensions of 
variation. This list is hierarchically ordered according to the four dimensions of 
variation: „Focus on word „rate‟‟; ‘Focus on variables’; „Focus on relationship 
between variables‟; „Focus on nature of related variables’ (see Section 6.2) and the 
possible values they may take.  
 Categories of Description 
Dimension  Value A B C D E F G H 
Word „rate‟ Quality                 
  Quantity                 
Variables  One                  
  Two                  
Relationship Qualitative                 
  Quantitative constant                 
  Quantitative variable                 
Nature of Variables Distance & time                 
  Both contexts                 
Figure 8.3: Summary of values of dimensions in each category 
The shading of the cells in Figure 8.3 above, indicate which values, if any, of each 
dimension of variation are focal in awareness in each category. These values 
differentiate the categories according to this structure of awareness, which assists 
in the reliability and validity of the results of phenomenographic research.  
The results of the phenomenographic analysis and subsequent establishment of the 
educationally critical aspects of the concept of rate provided the framework for 
further content analysis of the data (see Chapter 7). This analysis addressed the 
research questions:  
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In what way does representation affect Year 10 students' expressions of their 
conceptions of rate? 
In what way does context affect Year 10 students' expressions of their 
conceptions of rate? 
This analysis found that participants were better able to express their 
understanding of rate when the variables involved in the rate are distance and time, 
rather than when the variables are area and height. In addition, it was found that an 
understanding of rate in the temporal Distance-Time context does not necessarily 
assist in their expression of rate in the non-temporal Area-Height context. The 
numeric representation was found to convey the most rate-related information to 
most participants and the symbolic representation had almost no rate-related 
meaning for most participants. There were some differences between individual 
participants in the strength of the connections between context and representations 
of rate, but generally over the whole group the results of this subsequent analysis 
can be summarised as seen in Figure 8.4.  
 
Figure 8.4: Strength of connections between context and representations of rate 
8.2 Contributions of the study 
As stated previously, at the outset of this study no research had been undertaken to 
determine categories conceptions of rate held by students of the same age and 
stage as the participants of this study, so this study represents a fresh approach to 
establish such categories.  
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Mindful of Ashworth and Lucas‟ (2000) comment on the lack of detail about 
phenomenographic research process, one of the contributions of this thesis is to 
provide more extensive description of the process undertaken for this study.  
Phenomenography has recently been used to explore some mathematical 
conceptions, so this study adds to this emerging body of knowledge by providing 
guidance in the conduct of such research through the provision of details of the 
data collection (see Chapter 5) and analysis (see Chapter 6) necessary in order to 
reveal conceptions of a mathematical nature. In addition, this thesis describes the 
use of video-recorded interviews to facilitate the interpretation of participants‟ 
responses. It is particularly important when probing mathematical conceptions, as 
interviewees may be unable to articulate clearly their responses regarding 
mathematical concepts, especially if the participants are children. 
Another feature of phenomenographic research into mathematical conceptions 
highlighted by this study, was discovered during the extensive trialling of the 
interview protocol of this study. It was found that the word „rate‟ was needed to 
focus participants‟ attention on the phenomenon under investigation, that is, the 
mathematical concept of rate. This suggests that it is necessary to use 
mathematical terms during the phenomenographic interview process in order to 
focus students‟ attention on the phenomenon under investigation and reveal 
students‟ conceptions about mathematical ideas, rather than relying on everyday 
language which may bring to the discussions ideas not related to the phenomenon 
under investigation. Great care must be taken to avoid confusion between words 
with a specific mathematical connotation and the use of those same words in 
everyday usage. Indeed, Gough (2007) warns of possible confusion between 
words used by teachers with a specific mathematical connotation and the use of 
those same words in every day usage. In the categories there is an instance of this 
where some participants experience rate in terms of the use of the word rate, in 
general usage, rather than something to do with mathematics.  
Similarly, the interpretation of gesture may be seen as an innovative practice in 
the conduct of phenomenographic research where non-verbal communication may 
offer insights not available from an audio-record, to clarify the meanings of 
participants‟ words. The gestures and other non-verbal communication offer 
insights into students‟ conceptions of rate. Sometimes this form of communication 
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supports and clarifies the meaning behind utterances, but it may also provide 
information absent from words alone. For example, the words “like it would 
probably go like that” (I12) could not have been interpreted, whereas the 
accompanying deitic gestures suggest incomplete or incorrect understanding of 
both constant and variable rate. In this way, non-verbal communications 
augmented the utterances to provide deeper insights into the participants‟ 
conceptions of rate. They were a rich source of evidence to evaluate the 
participants‟ conceptions not available in written surveys, interview transcripts 
and tests, where only the words are offered. Rasmussen et al (2005) warn that a 
correct symbolic response to a mathematical problem does not indicate 
understanding of the concept. Specifically, they assert that formal definitions do 
not necessarily enable the application of rate-related notions to a new context.  
Rate is often seen as synonymous with speed (Anton et al., 2005) and a study of 
calculus as synonymous with a study of motion (Schnepp & Chazan, 2004). 
However, Lobato and Thanheiser (1999) report that “everyday experience with 
rates like speed did not help in formation of ratio, but rather presented a possibly 
misleading image of understanding” (p.291). The results of this study of 
conceptions of rate show that speed as a phenomenon is quite well understood by 
these participants, but this understanding was not necessarily helpful in 
understanding rate in a context not involving speed.  
This study found that numeric and graphic representations support the expression 
of rate-related reasoning, but the symbolic representation was of little value in 
facilitating participants‟ expression of their conceptions of rate. This study 
confirms the notion that rate is a complex concept and informs teachers of the 
different ways in which students read meaning into the concepts, both correct and 
incorrect conceptions, they are learning. Hierarchy of understanding has been 
discerned enabling teachers to recognise shallow and deeper levels of 
understanding, thus affording opportunities for teachers to grasp a teaching 
moment. The outcome space adds to teachers‟ pedagogical content knowledge and 
may assist teachers to plan teaching and learning activities in order to maximise 
chances of students reaching a deeper level of understanding, mindful of the pre-
mathematical experiences students bring into the classroom, influencing their 
understanding of mathematics (Tall, 1990b).  
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8.3 Links between previous research and results of this 
study 
This section considers previous research and positions the results of this study 
within it. This study complements Coe‟s (2007) investigation of three experienced 
mathematics teachers‟ understanding of the ideas encompassed in the concept of 
rate.  It is not surprising to note that if Coe‟s participants found the development 
of a logical arrangement of these ideas difficult, then it may be expected that 
students face similar, or perhaps even greater, challenges.  
This study has empirically confirmed suggestions by Thompson (1994a) and 
Carlson et al. (2002) that understanding rate involves the ideas of change in a 
quantity; co-ordination of two quantities; and the simultaneous covariation of the 
quantities. However, the Rate Outcome Space goes further in establishing the 
actual conceptions held, including incorrect or incomplete conceptions. It 
identifies eight different conceptions of rate ranging from little or no awareness of 
rate as a mathematical concept through to the conception of rate commonly 
accepted by the community of practice to be correct and inclusive of all the 
important features of the concept discussed in Section 2.2. In Category A rate is 
not seen as numeric, rather it is experienced the judgement of a quality. All other 
categories demonstrate increasing awareness of the important features of the 
mathematical concept of rate. The discernment of a relationship between two 
variables separates the correct, but incomplete conceptions of rate from the 
incorrect conceptions of rate. Categories E, F and G are correct, but limited 
conceptions of rate whilst Category H can be considered a correct and complete 
conception of rate. 
The content analysis extends the phenomenographic analysis to show the 
importance of Hauger‟s (1997) view that expressing rate as the unit change, in the 
independent variable resulting in a change in dependent variable, which these 
participants often did not see. These results provide new evidence to support 
Hauger‟s view. Ben-Chaim et al.‟s (1998) suggestion that the unit rate approach is 
effective in improving adolescent students‟ understanding of proportion, may be a 
useful way forward in encouraging students‟ expression of unit rate. 
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In this study, most participants did not use their understanding of rate in the 
Distance-Time context to support their thinking about the rates in the Area-Height 
context. Perhaps, as Lobato and Thanheiser (1999) warn, rates with a label in 
natural language, such as speed, may inhibit students‟ understanding of those rates 
as a relationship. One of the categories in the outcome space corresponds to 
Thompson‟s (1994b) assertion that seeing rate in terms of only one quantity, such 
as distance, interferes with the formulation of the relationship between the rate-
related variables. So, conceiving speed as the result of a formula calculation may 
hinder the transfer of rate-related ideas to other contexts. The results of this study 
provide further evidence, in different contexts, to support Fassoulopoulos et al.‟s 
(2003) finding that students found it difficult to think about both rate-related 
variables and the relationship between them resulting in a rate, in their case 
density. This study adds to their work with two extra contexts. The results of this 
study highlight the lack of understanding of rate in a non-temporal context which 
extends Blanton et al.‟s (1996) findings relating to population growth. Blanton et 
al. found six conceptions of rate expressed in terms closely dependent on the 
context of population growth. This study extends the temporal context used in 
Blanton et al.‟s work to include a geometric rate in which time is not a variable, 
that is, rate of change of area with respect to height in the context of a blind 
partially covering two different windows. In addition, participants‟ conceptions of 
a temporal rate involving the movement of two animated characters were also 
explored.   Moreover, unlike Blanton et al.‟s categories, most of the categories 
resulting from this study are expressed in general terms not specifically linked to 
the two contexts.  
This study goes beyond Gomez et al.‟s (1999) project by including variable rate. It 
explores Year 10 students‟ conceptions of both constant and variable rate in the 
numeric, graphic and symbolic representations. In addition, the data for this study 
are more comprehensive than their project, in that they expressed regret that the 
written responses they analysed, often did not provide insights into students‟ 
thinking. This study covers that gap by data collection involving video-recorded 
interviews, thus enabling deeper probing of responses as well as consideration of 
non-verbal communications. These aspects of this study provided more 
information about the participants‟ conceptions of rate. 
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The structure of the outcome space establishes a qualitative understanding of rate 
may be held without a quantitative understanding of rate. This is consistent with 
Smith et al.‟s (1997) claim that qualitative understanding of density precedes 
quantitative understanding of density, thus providing further evidence, in two 
different contexts, that qualitative understanding is important to the development 
of rate as a numeric value expressing the relationship between the change in the 
dependent variable and a unit change in the independent variable.   
The findings of this study present evidence of Year 10 students conceptions of rate. 
The Rate Outcome Space resulting from the phenomenographic analysis and the 
educationally critical aspects of rate established by this study will inform teachers‟ 
pedagogical content knowledge. Several researchers claim that such knowledge is 
important in the teaching and learning of mathematics. Wavering (1989) suggests 
that teachers should know about students‟ reasoning processes so that they could 
develop teaching strategies to assist students in drawing a graph. The Rate 
Outcome Space provides this important information about the possible 
conceptions and misconceptions of rate held by Year 10 students. Likewise, 
Carlson et al. (2007) emphasise the importance of awareness of students‟ 
understanding in the preparation of instructional materials. The results of the study 
provide new information on the conceptions of rate a teacher may expect to find in 
a group of Year 10 students. This study supplies a structure to inform teachers‟ 
pedagogical content knowledge (Shulman 1999; Runesson, 2005a; Hiebert & 
Carpenter, 1992) and guide the preparation of appropriate materials for secondary 
school students that would facilitate a robust conception of rate for effective rate-
related reasoning in everyday problems, and also provide a stronger underpinning 
for a study of calculus.  
This study found that the numeric and graphic representations did provide many 
participants with rate-related information, especially in the Distance-Time context, 
whereas difficulties with seeing rate in a graph have been reported (Stump, 2001; 
Asiala, et al., 1997; Porzio, 1997).  Perhaps an emphasis on presenting rate in all 
three traditional representations of functions may alleviate some of the difficulties 
reported in previous research. 
In this study, confusion between the rate and one of the variables was experienced 
by some participants. Rowland and Jovanoski (2004) suggest this may arise from 
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a reliance on constant rate ideas not valid in variable rate contexts. Whilst White 
and Mitchelmore (1996) suggest that difficulties with rate may be related to 
difficulties with symbolisation. Certainly, the participants of this study had great 
difficulty in seeing rate in the symbolic representations, especially in the Area-
Height context.  
This study confirms the findings of some previous research and, in addition, fills 
the gaps missing from previous research by exploring students understanding of 
both constant and variable in two different contexts and investigates the role 
played by multiple representations in students‟ expression of their understanding 
of rate. The focus of this study is on what students who have not commenced a 
study of calculus do know about rate, rather than calculus students‟ deficiencies 
(see Section 2.3.5). This study extends the previous research with students, who 
have not commenced a study of calculus, which investigated students‟ 
understanding of speed, by comparing their understanding of rate in the context of 
speed with their understanding of rate in a non-temporal context. For most of the 
participants of this study, their understanding of speed did not assist in their 
expression of rate in the Area-Height context.  
This study extends previous mathematics education research employing 
phenomenography (see Section 4.3.5) and confirms its suitability as an 
appropriate methodology for exploring conceptions of mathematical ideas. The 
greater detail than usual of the conduct of the phenomenographic process, in this 
thesis, provides guidance for other researchers intending to explore mathematical 
conceptions using phenomenography. In addition, this study extends previous 
phenomenographic research using video for data collection (Alexandersson, 1994; 
Aberg-Bengtsson, 1998; Franz et al., 1997; Strömberg, 1997; Edwards & Bruce, 
2002; Ingerman et al., 2009; Wellington & Ward, 2010) where video was utilised 
for classroom observation or as the basis for stimulated recall in interviews. This 
study utilises video in a different way by including participants‟ gestures in the 
analysis of the interviews, providing insights absent from an audio record alone.  
This study is related to the work of phenomenographic researchers (see Section 
6.8) who extend a phenomenographic study through the establishment of 
educationally critical aspects of the phenomenon under investigation. “These 
educationally critical ways in which people experience an aspect of learning can 
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then be used as a point of leverage to encourage more complete, sophisticated or 
powerful learning” (Lupton, 2008, p.403). However, none of this previous 
research is related to educationally critical aspects of mathematical concepts, so 
this study represents a new application of the notion of educationally critical 
aspects. 
8.4 Limitations of study 
Although care was taken to avoid any teaching in the interviews (see Section 
5.2.1), as the interviews progressed interviewees‟ awareness of the nature of rate 
may have been influenced by preceding sections of the interview. This limitation 
is consistent with Dortins (2002) who found her interviewees‟ perceptions 
changed as they spoke about learning and working in law. Similarly, the first 
representation seen influenced the responses concerning the other representations. 
It may be that changing the order of the contexts or representations would alter the 
conceptions expressed by the participants.   
Whilst the selection of the participants was intended to result in capturing a wide 
diversity of conceptions, limiting factors may have been the teachers‟ selection of 
the participants from their school (see Section 5.2.2); the inarticulate responses 
given by many participants; or their lack of appropriate vocabulary with which to 
discuss rate.  In addition, the interviews may have been too short for participants 
to fully express of their understanding of rate, as the interviews needed to fit into 
the length of one fifty minute class. Alternatively, they may have been too long 
for participants with a limited attention span to concentrate on possibly difficult 
mathematical thinking.  
In the numeric representation in the Distance-Time context, the increments in time 
the tables were units whilst in the Area-Height context the increments in height 
were 0.5. This may have made the calculation of unit rate easier in the Distance-
Time context than in the Area-Height context. However, some participants in did 
not express rate as a unit rate in the Distance-Time context and some participants 
did express rate as a unit rate in the Area-Time context, so it is difficult to 
determine the influence of this difference on participants‟ expressions of rate from 
the numeric representation. 
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Whilst the scenarios for constant rate in both contexts were similar in complexity, 
the Area-Height context for variable rate referred to a piece wise function whereas 
the Distance time context did not. This may have influenced participants‟ 
responses to variable rate.  
In spite of these limitations, this study makes available a set of categories which 
can be used to determine the distribution of the conceptions across a wider sample 
of similar students. The outcome space furnishes a framework for further research 
judging the effectiveness of interventions designed to improve students‟ learning 
of the concept of rate by developing a rubric or test to identify conceptions of rate 
held before and after an intervention. 
8.5 Implications of study 
The design of teaching materials and learning activities must stress the 
educationally critical aspects of rate. Of prime importance is the establishment of 
rate as a relationship between the changes in two inter-related quantities, rather 
than merely an arithmetic calculation of constant rate. In addition, teachers need to 
build an awareness that this relationship may not always be constant and that rate 
may vary. Connections between constant rate, average rate, variable rate and 
instantaneous rate will facilitate a more robust conception of rate. Explicit 
instruction will be necessary to connect conceptions of rate grounded in speed to 
more generally applicable conceptions of rate. It cannot be assumed that the 
current approach to linear functions will develop a covariational understanding of 
functions. In addition, special attention is required to reap the cognitive benefits of 
a multi-representational approach. Students need extensive experience in each 
representation and explicit connections between representations are required for 
the representations as a whole to provide a robust understanding of rate. It cannot 
be assumed that an understanding of rate in one representation will transfer to 
other representations. 
Confrey and Smith (1994) assert that initial steps to a covariational view of 
function should be taken when rate and proportion are first presented to students. 
This means that in early secondary years where rate is introduced as arithmetic 
calculations, this introduction should emphasise the relationship between the 
variables following Thompson and Saldanha‟s (2003) advice that that conceptual 
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understanding should preceded rules and shortcuts. Ferrini-Mundy and Gaudard 
(1992) and Tall (1985b, 1997) warn against an emphasis on procedural 
competence, rather than a deep understanding of the concepts underlying the 
procedures. The typical introduction to rate may lead to rate being seen as a 
numerical operation rather than a relationship between quantities (Oliveros, 1999).  
Early experiences in variable rate would also be an advantage. Hauger‟s (1995) 
students, who had not studied calculus, did not attend to the manner in which the 
rate was changing, so emphasise on change should also be a feature of this early 
secondary introduction to rate. She advises that the provision of the table assisted 
some students. 
8.6 Recommendations for further study 
Further research is needed into how best to capitalise on students‟ understanding 
of speed to develop robust conceptions of rate in other contexts. Perhaps 
developing and evaluating instructional sequences beginning with speed, 
emphasising the relationships between distance and time then drawing inferences 
about the relationship between variables in other contexts.  
Whilst researchers exploring the meanings of gestures, have defined gesture 
categories (McNeil, 1992; Arzarello & Robutti, 2004), further classification is 
needed in order to illuminate the meaning behind students‟ gestures in their 
explanations of mathematical concepts. In addition, analysis is needed of the 
language used by teachers to teach mathematical meaning where formal language 
may be confused with the same words in everyday usage, such has been found to 
be the case with rate. 
This study began with a context not involving time followed by a motion context. 
Reversing the order may result in different responses. In addition, changing the 
contexts themselves may result in different responses. 
8.7 Summary 
Rate is an important mathematical concept expressing the numerical relationship 
between the changes in two quantities which is often poorly understood. The Rate 
Outcome Space, and associated educationally critical aspects of rate, extend 
teachers‟ pedagogical content knowledge and inform the writers of textbooks, so 
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that the material and activities they utilise may facilitate the development of 
robust conceptions of rate. This study investigates the variation in the conceptions 
of rate held by Year 10 students in Victoria through means of the analysis of 
phenomenographic, video-recorded interviews facilitated by the use of computer 
simulations. The phenomenographic analysis resulted in an outcome space of 
eight conceptions. Four educationally critical aspects of rate were revealed by 
further consideration of the categories. These educationally critical aspects allude 
to the importance of recognising that the word „rate‟ has a different meaning in 
everyday life than the specific mathematical meaning referring to the relationship 
between the changes in exactly two quantities. The importance of quantification of 
rate as a measure of the relationship between changes in two quantities is 
emphasised and this relationship may change or remain constant. Finally, the 
applicability of rate to any context where a relationship exists between the 
changes in two quantities, is also necessary. These educationally critical aspects 
emphasise the importance of the careful use of language and examples in the early 
introduction of the concept of rate. 
The framework provided by the educationally critical aspects of rate guided the 
content analysis of the data from the perspective of establishing the importance of 
context and multiple representations in students‟ understanding of rate. The 
content analysis shows context-dependent nature of students‟ understanding of 
rate where even participants who could discuss rate in the Distance-Time context 
may not be able to discuss rate in another context. In addition, the extent that the 
multiple representations support students‟ thinking about rate is limited. The 
numeric representation facilitated most participants‟ discussion of rate especially 
in the Distance-Time context, with the graphic representation being less useful. 
The symbolic representation was not helpful in assisting participants in expressing 
their understanding of rate. 
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Appendix A1 
Summary of phenomenographic studies investigating 
students’ understanding of concepts in mathematics 
Author(s) Year Cohort Concepts Categories Other details  
Dunphy 2004 9 Grade1 number 3 outcome spaces 
3 aspects of children’s 
perceptions of number  
1. Number as an aspect of 
symbolic functioning in 
everyday life (3 cat.) 
2. Visibility of other people’s 
numeric knowledge (3 cat.) 
3.The role of number in 
everyday life (4 cat.) 
Used ‘number’/ 
‘count’ in 
interview 
questions 
Scheja & 
Pettersson 
2008 20 
Engineeri
ng 
students 
Limit 
integral 
2 categories 
An algorithmic 
contextualisation of calculus 
Shifting contextualisations  
Threshold 
concepts 
20 gave written 
reflections on the 
meaning of the 
concepts 
4 interviewed 
Asghari & 
Tall  
2005 20 middle 
years to 
post grad. 
Equivalen
ce 
relations 
3 categories  
Matching procedure 
Single-group experience 
Multiple-group experience 
Task-based 
Neuman 1999 72 mixed 
ability 
Grades 2-
6 
Division  6 categories 
Counting 
Repeated addition 
Chunks 
Reversed multiplication 
Dealing 
Dividing 
 
 
Task-based 
Words ‘how 
many’ used 
Attorps 2003 10 maths 
teachers 
Equation  6 categories  
identities;  
non-algebraic equations;  
equations with one or more 
unknown factor; 
trivial equation; 
function; 
inequalities 
expressions. 
 
Attorps 2006 10 
teachers 
 
Equation  Several outcome spaces 
3 Teachers’ conceptions of 
equations 
Equations  as a procedure  
Equations as an answer 
Equations as a ‘rewriiten 
expression  
4 Teachers’ descriptions of 
equations 
Concrete illustration 
Tool to find out unknown 
An equality between two 
quantities  
PhD thesis 
Survey questions 
with examples 
and non-
examples of 
equations. 
Word ‘equation’ 
used 
Interview based 
on survey 
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A translation to algebraic 
thinking 
Lee & 
Gerber 
1999  Graphs  5 categories    
Graphics are seen as ordinary 
drawings   
Graphics are seen as partially 
interpreted macro 
representations   
Graphics are seen as portraying 
localised patterns   
Graphics are seen as 
representing spatial relationships   
Graphics are seen as providing 
the basis for reflection, 
extrapolation and prediction.  
Task-based 
Aberg-
Bengtsson 
1998  Graphs  Used video 
Ramsden,  
Masters,  
Stephanou,  
Walsh,  
Martin,  
Laurillard, 
& Marton 
1993 tertiary 
physics 
students 
Frames of 
reference 
5 categories 
Longer distance and same speed 
implies longer time. Focus on 
distance relative to frame of 
reference. 
Lower speed relative to the 
ground implies longer time. 
Focus on speed. 
Longer distance implies longer 
time. Focus on distance covered. 
Same distance implies same 
time. Focus on path travelled. 
Less pushing force implies 
longer time. Focus is on a 
dynamic explanation only. 
 
Task-based, 
questions about a 
boat is moving at 
constant speed 
across a flowing 
river 
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Appendix A2  
Additional supporting data for comparisons of participants’ 
responses to numeric, graphic and symbolic 
representations in Chapter 7 
I7: Um, when the height of the area is zero as it increases by every .5 it goes up 5, 3.2 
so the area increases by a rate of 3.2 for every .5 and it looks like the graph goes up at 
a steady rate, it doesn't all of a sudden go really high the really low. Um, it goes, it goes, 
ummm, so the height of the window is only 6 metres. so there can only be a certain 
amount of area of sunlight that it can come in, it can't go any higher and it can't go any 
less than zero, and so it‟s almost as if there is a range that it could go between and um, 
yeah the range is from zero to 38.4 centimetres of sunlight and that's all I can get out of 
that 
I15:  Well, yeah three point two there‟s a difference between um, so for every half a 
meter, so for every half a meter you get three point two extra  
I17: Its telling us at what height the blind is and what area is there, as it is getting higher 
with the height the area is increasing. When the height is zero the area will be zero so 
when the blind is closed . its going up in halves, as in .51 and .5 The height . its going 
up in halves and so then there's s also a part coming in the area going 2, 4, 6, 8. in their 
decimals.  The area changes at a rate of, I don't know much about rate, but maybe a  
3.2 for every .5. 
I20: Hmm, like .5 in height there‟s 32 in area. I am not very sure how to explain it. 
I21: it goes up three point two metres every half a meter, every half a meter n a half or 
three point two it goes up by three point two every point five  
I22:  That you put five,  up five.  It‟s going up by 3.2 on the other side? So for every five 
it goes up 3.2.  
Figure A2.1: Responses indicating awareness of numeric relationship between variables 
in the table for constant rate in the non-motion context 
 
I1:The red one [clown] is walking faster. He‟s going 3.11 metres in 1 minute. He‟s [frog] 
only going 1 meter in 1 minute. 
I2: Just by looking at how far they‟ve gone in one second, which usually they keep the 
same speed.  The frog keeps the same speed, because they‟re [the numbers in the 
table] all, it goes up one, by every one minute. They‟re all there like 1 2 3 4 5 6 7 8  
I5:Like the clown has got 2.86 metres in like 1 second and the frog only got 1 meter. 
I6: Umm, does that just mean I say, so, per second, the clown walked 2.86 metres and 
he [frog] walked 1 meter per second. You can tell the clown has walked, um, more 
quickly because his distance is greater for the period of time. 
I9:well that‟s gonna be well that‟s gonna stay on 1 meter a second and its taking him 
21.78 seconds to get to, hang on its taking him 7 seconds to get to 21.78 metres, so its 
about 3., yeah 3.11 metres per second. Each were going at the same amount so just 
see how much they go up by each second 
I18: The frog is going faster [than before], 1 second, it looks like it, it‟s taken him 10 
seconds to walk 10 metres. He is walking slow and the clown is walking fast. each step, 
it looks like 1 second. The clown‟s going 3 seconds every, um, meter it looks like. I‟m not 
sure. 
I10:  this one [frog] here‟s walking one meter by one second, and the clown‟s walking 
two metres by one second.  
I11: you can see that's nice and even there and you can see his rate is 3.11 metres per 
second.  You could say the clown is walking faster because it takes him 7 minutes to 
walk, 7 minutes to walk 21 metres, so he has walked much further in a much less 
amount of time.  
I14: Clown is 3.11 metres every second and the frog is1 meter per second. 
I15: Well the frog‟s walking at one meter a second.  And oh the clowns walking just over 
three. The clown was walking faster and walked further.  The frog was walking at steady 
pace because it‟s the same all the way through. Oh and so is the clown, the clown as 
A-4 
well because um if you divide 6.235, 3.11 you get 3.11 so he‟s walking at 3.11 metres a 
second.  
I16: They are walking at a constant rate because for the frog at 1 minute he gets to 1 
metre and 2 minutes he gets to 2 metres  
I19: Okay, the frog has um, although they‟re even units. For every 1 second for 2 
metres, he‟s going 1 meter a second when the clown, the rate changed, no it doesn‟t, 
I‟m going on the numbers 3, 6, 9, 12 [pause] he moves around 3 units per second more 
than what the frog did. 
I20: in 1 second he [clown] went 3.11 metres. The frog is going um, 1 meter per second. 
I21: the frog has a very steady [rate] which is one, one second per one meter. His 
[speed] is pretty exact which I find hard to believe because he‟s actually dead on so the 
clown is going up by point, three point one every second. he‟s basically doing three 
metres, three point one metres. every time is just one two three four five six his is zero 
three six nine twelve fifteen eighteen twenty one he‟s just doing it so much quicker and 
doing just so much further distance. 
 
Figure A2.2: Responses indicating calculation of unit constant rate in the motion context 
 
I1: it adds by 1 more number and each one, so that it‟s 2 there and then you add 3 on 
there and add 4 on there and add 5 on there, then 6, 7 and 8, he‟s getting faster. 
I2: he‟s getting faster He‟s getting faster by an extra meter each time he goes a second.  
I14: It goes 1 meter every point, so it‟s 3 extra metres, 4 extra metres, you know what I 
mean like, 2,3,4,5 and then 7,8,9 10,11,12,13,14, like  
I6:  He is walking quickly, um, in 1 second he is walking 2 metres and then in 2 seconds 
he's doubling that distance and then it grows, until the difference between the time and 
distance is very great, so he travels quickly. 
I7:  It increases, so for every as the time goes on his distance increases but at a bigger 
um  rate, so here, but  if that's metres he's gone 5 metres per second and then 4 or 5 
and then 3 metres for 3 seconds, ah no hang on  [pause] well, yeah, I don‟t really know.  
I10:  To work out umm if he just stood at the one pace it would all be the same number 
because he‟s had an extra meter when he walks that next second it means he‟s getting 
faster. he walks four metres in the next one, then he walks another five, keeps going up 
by a meter. 
I11: The time goes up in normal units by 5 but the distance is slowly increasing so it‟s 
gone up 1, it‟s gone up 2, its gone up another one, its gone up 3, then 4,5,6,7,8 . so for 
every 1this is going up, this is going up double, double the last one I‟m not sure how to 
[pause] . so its increasing by itself plus one. so double itself. That doesn't make sense 
either it doesn‟t work down here. double 9 would be 18 + 1 is 19. he is walking much 
quicker the longer he does walk. Its increasing quicker down the bottom here as the time 
goes . 
I12: Mm as the seconds get higher he walks faster. At the start he started out slower but 
as he started walking more he got faster and faster. If he had of stayed at the same 
pace by number 4 he would have gone 8 metres like instead he‟s gone 14 metres extra 
metres and he‟d have gone as far if he kept the same speed. 
I15: he‟s got a increasing speed. the distance between the 2 and the 5 is like three and 
when you get to the end 27 and 35 its 8 so it‟s much bigger so he‟s walking faster. 
I17: Its stationary at zero and then it increases 2 metres in 1 second 3, 4, 5, 6, 7, 8, so I 
would say it is increasing by 1per second. 
I19:like I said with the other one the graph shows you the gradients but if you have the 
table you can go 1 second is meant 2, yes with 3 different, but here he moves 3, no 4 
metres difference, and the distance over time is increasing a lot, so you can tell that the 
rate in which he is moving is increasing. Like between here instead of there being 
3 seconds difference between 1 and 2 seconds, between 5 and 6 seconds is 7 metres 
difference. 7 units per second. 
I20: it‟s changing from like 3 and then 4 there and then 5 and then 6 and then 7 and then 
8 to get in between them. 
I21: he‟s slow, he speeds up in the middle because at one at one meter one second you 
go two metres at two seconds you go five metres so done three seconds and the next 
one he goes four metres never one he goes five metres he‟s going up one meter per 
A-5 
second he‟s doing an extra meter every second so he‟s like speeding up as he runs, 
walks. 
I22: he was walking pretty fast and going up by, going up by three there [pointing to the 
table] and then like um he went up by, by four then he went up by five then he started to 
just walk to seven. 
Figure A2.3: Responses indicating participants could recognise that the rate was 
changing and attempt to quantify it. 
 
 
I1: Um, that the height is 7. 
I2:  no, no I can‟t see how like the rate of this is. 
I3:  The taller the line the more area we get and the less blind we have, that‟s all I can 
say 
I14: It would have to be quicker 
I16: Increasing 
I17: The rate of the increase of area of, of sunlight when you open the blind, it gets 
higher. 
I20: it [rate] changes as the height of the thing goes up, the blind, the more sunlight‟s 
through, like there‟s more sunlight let through than the height. 
Figure A2.4: Responses indicating lack of awareness of the relationship between the 
variables involved in the rate and the actual rate 
 
I4: It‟s [the graph] showing us how quickly they get to the end, its showing us the rate. 
I12: The clowns going faster than the frog. 
I15: Ah it [the graph] shows how far they‟re going, or how fast they go and how and how 
far, I know how fast how long it takes them to get to um, to move a particular amount of 
metres. He‟s [the clown] walking, um, faster because um, yeah it took him less, took 
him less time than the frog to get um, to get further so he must be walking faster. 
I19: They‟re walking at different rates, the one in the green, the frog, is faster than the 
clown  
I20: that means he‟s moving slower because he took more seconds to do um, less 
distance. They‟re [walking at] the same speed all the way through. 
I21: the frog walks slower … so he must be walking slower and the frog, on the other 
hand, is doing it very quickly. 
R: in what way is the graph related to the way the frog and the clown are walking? 
I22: Using their feet, their rate, how fast they‟re walking.  
Figure A2.5: Responses indicating spontaneous use of speed-related terms 
 
I4: Well the clown is walking at a rate of 6 metres per second and the frog is walking at 
a rate of 1 metre per second. 
I7: Well in 7 seconds he [clown] walked 22 metres and the other guy [frog] he walked 
for 10 seconds and he only got up to 8 metres, yeah 8 metres, um, no 10 meter sorry, 
so if you divide that down it‟s a bigger fraction to the other guy in the green, so yeah, 
it‟s, it‟s on the graph. Um, the 22 meter, so they walked 22 metres in 7 seconds so you 
divide by 7 and get 3.14 or whatever and um so he's doing that for a second and the 
3.1 metres per second and the other guy, the frog, I keep thinking that, k, so he go up 
about 1 meter a second. 
I13: Well he [clown] goes 3 metres per second. divide 22 by 7 … just divided the10, this 
number here which is just 10, wait that‟d be 1 yeah, yep it‟d [speed of frog] be 1. 
I17: the frog only travels 10 metres over 10 seconds so that's basically 1 metre per 
second that‟s quite slow, compared to the clown travels 4 metres per second . oh its 
different actually now . the clown is walking at about 3. something Yes 3.14 
I22: The clown‟s about 2 seconds per every six metres per every yep, about one every 
three, every three metres there‟s one second. 
Figure A2.6: Responses indicating calculation of unit rate 
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I2: well their rate in itself is constant to maintain the, 2 metres takes 2 seconds. Just for 
example for the clown at 4 seconds to 6 seconds he hasn‟t done 10 metres he still 
maintains that 6 metres distance that he has done before. 
R: does it matter that the clown has only walked 7 seconds and the frog walks for 10 
seconds and you are comparing the speeds, does it matter how long they have been 
walking for? 
I7: Um, not really because the distance, the clown has walked a bigger distance, so if 
the frog had walked that distance too the clown would still be faster, they would never 
meet up. 
I11: Looking at 1 and reading off the graph 
I17: Well a total of 10 metres, that was the maximum, you can really use any point. 
I22: The frogs going about, every two metres its about 2 seconds, about meter would 
be, one second, one second would be about a meter, it would be… 
R: tell me, describe how you worked that out? 
I22: The two, by the two looking at the graph. The clown‟s about 2 seconds per every 
six metres per every yep, about one every three, every three metres there‟s one 
second. 
Figure A2.7: Responses indicating awareness of continuous proportionality 
 
I2: Every 2 seconds he travels 2 metres, and for the clown every 2 seconds he travels 6 
metres. 
I4: it‟s [the graph] showing us, in seconds, how many metres they are doing. So the 
clown has done way more metres than what the frog has done, because it has gone up 
to 10, and that one has done 22 … in 2 seconds it shows us that the clown has done 6 
metres, whereas for the frog he has only walked 2 metres and that he has covered 
more distance in the same time therefore he is walking faster than what the frog is. 
I5: when the clown gets to 2 metres it only takes him like, half a second, but it takes this 
guy [frog] 3 seconds to get to 2 metres. a lot slower. 
I9: the clown travels 22 metres in 7 seconds 
I6: the red line says he [clown] walked 20 metres and you can see that he‟s walked 7 
seconds, in 7 seconds he‟s walked 20 metres and the frog has walked 10 metres in 10 
seconds, so he is walking double, he‟s a lot slower than the clown was. 
I11:  he‟s walking more metres, he is walking 22 metres and he's doing it in only 7 
seconds. The frog is walking 10 metres and it is taking him 10 seconds to walk that far, 
so the clown is walking the much higher rate that the frog. 
I16: The clown [is walking faster]because the clown walks 22 metres in 7 seconds and 
the frog only walks 7 metres in 7 seconds. [The frog is walking] 7 metres per 7 seconds 
[and the clown is walking] 22 metres per 7 seconds. 
I19: he goes, frog goes 2 metres every 2 seconds when the clown only goes around 2.5 
metres per every 1 second, that‟s 2.5 Yes, each 1 unit the clown walks is 2.5 seconds, 
or each second the clown walks he gains 2.5 metres and each 2 metres the frog jumps 
is 2 seconds, work out the difference, the clown 1 unit takes 2.5 and each 1 unit takes 
1.5 roughly, so if roughly is never good enough in maths. He‟s, for every 1 meter that 
the clown has moved, that can‟t be right … The clown is actually moving faster than 
what the frog is because the green is higher or steeper as in it takes him 7 seconds to 
walk 22 metres and it takes the frog 10 seconds to walk 10 metres, so there is, 10, 12 
metres difference between the two. 
I21: it takes him two metres, two seconds to do two metres where it takes the clown 
roughly to do two metres it takes him six. 
Figure A2.8: Responses indicating attempted to quantify rate as a numerical relationship 
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I4: it‟s not a straight line. I mean it sort of …  a little  …. that it has some curving … its 
funny how when we get to this section of it [rectangular part], that‟s where the straight 
line is where the straight line is… there‟s a line there and a line there that‟s where it 
came from like its a 3 part ….. on the other window we had … the straight bit is like the 
rectangular window. 
I7:  It‟s [the window] not a square, so it wouldn't be like how that goes um, up by a 
steady pattern, the rate, it would be different because the top is curved in so you would 
have to do separate, err workings out 
I17:  it is more curvy…  because its not a constant it not a the window is not a 
rectangular, it is not as perfectly the same length its smaller up the top, and its smaller 
down the bottom as well. The area would change, would increase slightly, but it won't be 
as much, it wont increase at a constant thing, it would change a little bit and there will be 
a straight line on the graph. 
I18: Because it is a different shape it‟s getting bigger and smaller, in different parts. 
I22: It‟s curved because it doesn‟t go up at a constant rate. The bit that‟s straight is ?? 
the window, but because it goes out, it‟s curved. At the top curved bit.  
Figure A2.9: Responses indicating awareness of a connection between rate and shape 
of graph 
 
I1: It‟s getting more height and the area of sunlight 
I2: Well its changing when the height of the blind above the bottom of the window, 
where there‟s a point of the line it shows you that it shows you where at what, it shows 
the what like … I cant think why I cant answer that where the blind it shows you where 
the ah sorry…I cant find the words 
I5: I dunno 
I12: because the window‟s  a different shape the area is different in the sunlight 
I14: I thought it would be just straight? 
I16: It would still be straight. 
I21: that there to get umm if you didn‟t put the blind up all the way to get the maximum 
of sunlight you‟d probably only go to about there  
Figure A2.10: Responses indicating the graph provided little or no information about rate 
 
I1: In 11 and a half metres he is going 3 ½ seconds and then 35 metres he‟s going 7 
seconds. 
I2: the numbers don‟t match like I did it before it‟s like it‟s 2, between 2 seconds and 4 
seconds there isn‟t any numbers for the distance. 
I7:  Umm, um every second he walks about 2 metres, so 2 metres every second so 
that‟s pretty fast yeah, it increases, so, um he starts off slower and then he increases his 
speed.  Um, that's the point, where 1 second was ruled it up to a meter so 1 to 2 and 
then just divide it off and worked out that 1 second equals 2 metres, walks two metres. it 
[rate] would probably change, um, so the rate actually goes um quicker, so for 2 metres 
every 1 second he would go 2.4 and it goes higher and higher, so the amount of metres 
he does per second increases. 
I9: he starts off slower and ends up going faster [pause]  it takes him longer to travel that 
distance than it takes him in 6-7 second [pause] he travels more distance in that second 
than he travels in 0-1. He starts off slow and goes faster  
I10: Two metres in one second and goes up to least three metres next [second] he‟s 
getting faster. 
I11: Well the rate in which the frog walks, steadily increases as he walks further and 
further. the time is down the bottom, it takes him 1 minute to walk 2 metres here 
[pointing to the graph], but if we look up here [pointing to the graph] it takes him 1 minute 
to walk 7 here [pointing to the graph], whereas it takes him 1 minute to walk 2 metres 
here [pointing to the graph]. 
I19: Here at 1 second he has moved 2 metres but at 2 seconds he has reached 5 
metres, so that increases 3, and then at 3, so if he‟s increasing around 3 guessing from 
those first or that um yep, from that I know it is increasing and using metres per second 
it‟s around 3. 
I21: takes him, ahh now he‟s walking a lot quicker [than before] coz for that second he‟s 
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walking really fast going six metres in seven seconds and then fast for the first yeah  I 
think it is seven seconds they took him you, you would have got on the old one [before] 
seven metres in seven seconds now he‟s increased that phenomenally. 
Figure A2.11: Responses indicating attempts to quantify variable rate 
 
 
I2: He‟s speeding up. He‟s accelerating Because it is not a straight line it‟s a,   it‟s not 
going at a constant speed 
I4: because it‟s not a straight line it is not going at the same speed all the time, it‟s not 
constant, it‟s curved. 
I10: Because of the angle it goes up. It‟s not straight it‟s curved. 
I13: Well he is getting faster because the graph is going upwards in metres so it means 
he is covering more metres in that amount of time. 
I19: As he‟s walking his rate increases and you can tell because the curve is slightly 
becoming steeper than if the line were straight it would that mean that he is going at a 
steady rate. 
Figure A2.12: Responses indicating awareness of connection between variable rate and 
shape of graph 
 
 
I5: Well, he‟s slightly picking up speed here and then he‟s really quickly 
picking up speed. 
I13: Well he is getting faster 
I15: He‟s walking fast. he‟s accelerating. he‟s going faster as he‟s walking along. 
I16: it is increasing because it‟s [graph] curved around, so its not 
constant, its not bending down its not getting slower. 
I20: it‟s gaining speed I suppose because um, when the time, he‟s moving less 
here than he is over here, like between the second he is moving more per second. 
Figure A2.12: Responses indicating qualitative description of the rate 
 
 
I1: Um, I donno. 
I4: Nothing 
I9: I don‟t know, I will just take the height away. 
I10: Nothing. 
I14: No 
I17: It changes with the height of the blind. And but yeah. 
I18: I don‟t know, I don‟t understand. 
I19: The area measurement is [pause] Each time the height goes up by 6.4 the area 
increases 
I21: I‟m not sure 
I22: That might even be [pause] to be quite honest, I have no idea. 
Figure A2.13: Responses indicating complete lack of rate-related meaning in the rule 
 
 
I2:  oh I guess the clown  
I6:  Ah, that would be [pause] the clown  
I9: The clown [because] there was the initial, It‟s the same amount of seconds that he 
took to travel in one metre [pause] I mean that‟s the amount that it took him to travel one 
second in one second he travelled 3.11 metres. 
I10: Clown because of three metres. The frog [would be]  one. It‟d be [one] there 
[pointing to the x-co-efficient]. 
I11: It would be the clown, the clown‟s rule because the frog is nice and easy to work 
out. He's just 1 and 1, he's got roughly 3 here, so 3.1 fits in nicely.  
I14: I think it [frog‟s rule] would be 1. 
I21:That‟s the clown 
Figure A2.14: Responses indicating correctly identify the walker from the symbolic 
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representation 
 
I2:  oh I guess the clown [because] there‟s a table. I think its zero on the time. on one at 
time and the clown is 3 point something, yeah so about 3.11 I would imagine it. I was 
looking at the table and looking at where the frog was at one second  
R: So are you still remembering that table in your head? 
I2: Yes. 
I4: OK that would stay the same its always, you wouldn‟t have to change [pause] I‟m 
thinking for the frog, the frog‟s speed was 1. I‟ve got 3  
I6:  Ah, that would be, um, the clown? Because, um, well according to the table I think 
that's what it said  
I18: The clown. 
R: How can you tell? 
I18:Um, I remembered that.  
I21: that that‟s the clown because while I was looking at the table when it shut up it was 
increasing every second he was doing three feet by nine metres were frog would have 
just had Y equals one. 
I22:  The um, the frogs because I was remembering um, the grid before. 
Figure A2.15: Responses indicating participants remembering from other 
representations 
 
I1: The clown because there‟s 7 there and 22 across there, and that‟s the clown. 
I2: I guess the clown. 
I12: It would be the clowns [because] down the bottom it has zero point 10 So at one 
second he walks point 10. 
I13:I would say the frog. Because 1, 10‟s is his last step and 1 is every second he goes 
one step. 
I16: The frog. Because the  frog‟s 3.111 is a lower number [than] what the clown‟s might 
be. 
I20: It‟s for the um, for the frog because um, hmm. 
I22:  The um, the frogs because I was remembering um, the grid before.  
Figure A2.16: Responses indicating little rate-related reasoning 
 
I2: I don‟t know that.  
I5:  no, not really but, no not really. 
I6: A: Um not really, it’s all kinda… 
I11: I haven't spent much time on them though. I couldn‟t tell you no just by looking at 
that.  
I12: that [pause] not sure. 
I13:No. 
I14: Err, every time it‟s about 7 and a half or something. 
Figure A2.17: Responses indicating little or no rate-related meaning in the rule 
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Appendix A3 
Summary of instances of rate in the textbook series Maths 
for Vic 
 
Year Level / Chapter Treatment of rate 
Year 7  (Bull et al., 
2003a) 
 includes an exercise related to scale on maps 
and introduces ratio notation. 
Year 8 (Bull et al., 
2003b)  
Chapter 9: Ratios and 
Rates 
Exercises 1 - 6 
 ratios from contexts 
 de-contextualised equivalent ratios 
 scale drawing   
 similar triangles 
Exercise 7  rates in the context of motion 
This context is treated quite separately and differently from 
rates in other contexts. It begins with the speed „formula‟ and 
its transposition for time and distance. Questions involve the 
use of each of these forms of the speed formula to calculate 
the unknown value from a series of motion context questions. 
Exercise 8  interpretation of context-based graphs of 
contexts where time is the independent variable.  
Some rate-related questions are included.  
 scale drawing 
 Extension questions:  rate-related questions in a 
variety of contexts. 
Exercise 9  symbolic representation of linear functions 
In 3 out of 6 questions the symbolic representation is given 
and in the other 3 the symbolic representation is constructed 
by the student from the information given in the question. 
Only 2 of the 6 question are embedded in a context and 
variables are distance and time. 
Chapter 10: Equations 
and Inequations 
Applications and 
Activities section: 
Equations and 
Inequations 
 one question requiring students to complete a 
table from information involving constant rate, 
then express this in symbolic form 
 another similar question involving stepwise, 
varying constant rate  
Chapter 11: The Co-
ordinate Plane 
Exercises 1 & 2 
 16 questions converting the numeric 
representation of decontextualised linear 
functions to the symbolic representation by 
examining differences. 
Exercise 4  gradient is calculated using the „rise over run‟ 
formula with no reference to rate 
 effect on the graph of different values for the 
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gradient 
Applications and 
Activities  
Enrichment and 
Extension  
 use rate-related reasoning, in contexts, to 
prepare tables and hence plot graphs of linear 
functions and construct symbolic 
representations.  
Chapter 12: Indices 
 
 indices 
 exponential functions  
although involving variable rates, no rate-related questions 
are asked. 
Year 9 (Bull et al., 
2004a) 
Chapter 7: Rates and 
ratios 
 
 calculation of ratios and rates 
Many of the questions are the same as the Year 8 text, 
including the same treatment of speed, but embedded in 
different contexts. 
 conversion between units 
 density  
begins with the density „formula‟ and its transposition for 
mass and volume. Questions involve the use of each of these 
forms of the density formula to calculate the unknown value 
from a series of non-motion context questions. 
 average rate & instantaneous rate  
one question on each both with time as the independent 
variable   
Applications and 
Activities section 
 one question about heart rates 
Enrichment and 
Extension section 
 interpretation of distance-time graphs. 
Chapter 8: Linear 
Equations and 
Formulas 
 word questions at the end of each exercise on 
solving linear equations where the constant rate 
is used to construct a linear equation to solve.  
 substitution into a formula  
rate-related contexts, but rate-related reasoning is not used 
Chapter 9: Linear 
Graphs 
 contexts used are suitable for this age of student 
including mobile phone costs, temperature, net 
profit, cycling and pulse rates.  
 exercise containing two non-motion context 
questions where a linear function is given and 
the situation is explored in numeric, graphic and 
symbolic representations 
Rate-related reasoning is not encouraged as the students are 
expected to fill in the table by substituting values into the 
function rule, plotting the graph and then seeking answers by 
reading them off the graph.  
 motion question with the linear function given, 
but different questions are asked  
Students are required to find the intercepts and interpret their 
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meaning in the context. The graph is sketched rather than 
plotted and then the answers are found by reading them off 
the graph. Speed is not mentioned. 
Applications and 
Activities section 
 includes three context questions where the 
linear function is derived from the words 
describing the context 
Only one part of one question could be described as being 
rate-related asking for the number of turns of a cycle wheel 
required to cover 1 kilometre. 
Revision section  one rate question about the filling of a tank with 
water. A linear model is assumed with two pairs 
of data given and the question asks for the rate 
(in litres per minute) at which the tank is being 
filled. 
Chapters 11 and 12  quadratic functions 
These are examples of functions where rate varies, but no 
mention of rate is made in these chapters. 
Year 10 text (Bull et 
al., 2004b) 
Chapter 7 
 revision of linear functions 
The questions in this chapter are similar to those used in the 
Year 9 text. Context questions are placed at the end of 
exercises or grouped into an exercise following exercises 
involving practice of abstract theory. A question, involving 
rate, gave hiring details for a stretch limousine including a per 
kilometer charge. Rate-related reasoning was required to 
complete the table of values and formulate the symbolic 
representation 
Chapter 7: Revision 
section 
 water tank question from the of Chapter 9 from 
the Year 9 text 
 similar question about the rate of descent of a 
hot air balloon 
The Applications and 
Activities section 
 question on Internet costs which involved rate-
related reasoning to prepare a table of values 
Chapter 8  formulae relating to velocity and acceleration 
were used to demonstrate substitution and 
transposition. 
Chapters 9 
Chapter 10 
Chapter 11 
 quadratic functions 
 quadratic functions 
 exponential and logarithmic functions 
These functions are examples of functions where rate varies, 
but no mention of rate is made in these chapters. 
Chapter 12  questions involving constant rate where the rate 
is the constant of variation 
Rate-related reasoning is encouraged in such questions as, 
“Boxes of potato chips contain 125 packets. State the 
number of packets of chips in …12 boxes”(Bull et al., 2004b, 
p. 353). There are many questions of this type involving 
constant rate. 
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Extension  sketching linear, quadratic, cubic and hyperbolic 
functions 
These are all opportunities for embedding rate-related 
reasoning into a general study of functions. However, each 
family of function is treated quite separately without any 
common thread being drawn and clearly no rate-related 
connections being made even when the gradients of 
tangents, to quadratic and cubic functions, are being 
considered. 
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Appendix A4 
Outline of final interview protocol 
 
Part 1: Introduction & Non-temporal rate 
Introductory comments:  Can you give me an example of rate? Tell me what you think 
rate is. 
Start GSP, Open Phd Blind.gsp –area of light 
Show photo of window – hard copy: Tell me about how blinds are used. Please give 
me an example. 
Show diagram of window - Drag point P in steps of one unit change in height (to keep 
time out of the discussion): Tell me about what you notice about what‟s happening on the 
screen. Take the blind up half way. What effect does that have on the area of sunlight?  
Show measurements: Is there anything else you notice about what‟s happening on the 
screen? In what way does raising the blind effect the measurements? Tell me about any 
relationship you notice between the measurements?  
Show rule: In what way is this rule related to do with the raising of the blind? What does 
the rule tell you about the way rate the area of sunlight is changing?  If the window was 
wider/narrower, how would this affect the rule?  
Show the graph (& Grid if necessary): In what way is the graph related to the raising of 
the blind? What does the graph tell you about the rate the area of sunlight is changing? If 
the window was wider/narrower, how would this affect the graph 
Show table/hide graph: What does the table tell you about the rate the area of sunlight 
is changing? If the window was wider/narrower, how would this affect the table?  
Show graph, table and rules: Which of these is most useful in finding the rate at which 
the area of sunlight is changing?  
Show photos of arched window – hard copy: Not all windows are rectangular. Tell me 
about the window in the photo. How might  this affect the rate the area changes? 
Show Shaped Window: Drag point P a bit at a time (to keep time out of the discussion): 
Tell me about what you notice about what‟s happening on the screen.  Tell me about any 
relationships you notice. Choose one of the graph, table or rule to help you tell me about 
the rate the area of sunlight is changing? Why did you choose the graph/table/rule? 
Show the graph: In what way is the graph related to raising of the blind? Tell me about 
any relationship you notice? What does the graph tell you about the rate the area of 
sunlight is changing? If the window was wider/narrower, in what ways would the graph be 
the same or different? 
Show table/hide graph: What does the table tell you about the rate the area of sunlight 
is changing? Is it the same for each section? Tell me about any differences. If the window 
was wider/narrower in what ways would the table be the same or different?  
Show the rules: What do the rules tell you about the rate the area of sunlight is 
changing? If the window was wider/narrower in what ways would the rules be the same or 
different? If the window was circular what effect would that have on the rate? 
 
Part 2: Start JavaMathWorlds  
Open motion1.mw - clown only constant motion 
Tell me about some situations where you are walking.  
Show controls window: Click the green arrow to see the clown walk. Tell me about 
what‟s happening on the screen? Tell me about the rate the clown is walking. Tell me 
about any relationship you notice.  
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Open motion2.mw – clown & frog, constant motion  
Show the graph: What does the graph tell you about the rate frog and clown are 
walking? Who is walking faster? Is there anything else you can tell me about the rate 
clown and frog are walking? 
Show the table: Could you tell who is walking faster just by looking at this table? Tell me 
how you use could the table to find the rate frog (& clown‟s) is walking?  
Show the rule for clown: Which walker does this rule belong to? What do the rules tell 
you about the movement of the frog and clown?  
Open motion3.mw – frog only, acceleration. This time only frog is walking 
Show the graph: Tell me about the rate frog is walking.  
Show the table (generated with Excel), Show the rule (generated in Excel). 
 
Time Distance Tell me how you use could the table to find the 
rate frog is walking?  
 t
t
D 5.1
2
2
  What does the rule tell you about 
the movement of the frog? Which of table, graph 
and rule is most useful to you to tell me about the 
rate in which the characters are walking? 
0 0 
1 2 
2 5 
3 9 
4 14 
5 20 
6 27 
7 35 
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Appendix A5 
Dynamic links between representations in JavaMathWorlds 
This appendix illustrates the dynamic nature of the links between representations 
in the JavaMathWorlds (JMW) software. The figures in this appendix show the 
manner in which changes to the simulation result in changes in the other 
representations. Figure A5.1 shows the representations before the change and 
Figure A5.2 shows the other representations after dragging the clown in the JMW 
World. 
  
  
  
Figure A5.1: Representations before 
changes 
Figure A5.2: The effect of dragging the 
clown 
Figures A5.4 shows the manner in which changes to the graphic representation 
shown in Figure A5.3 result in changes in the other representations. Figure A5.6 
shows the manner in which changes to the symbolic representation shown in 
Figure A5.5 result in changes in the other representations. The numeric 
representation is unable to be edited. 
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Figure A5.3: Representations before 
changes 
Figure A5.4: Effect of change to graphic 
representation 
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Figure A5.5: Representations before 
changes 
Figure A5.6: Effect of change to symbolic 
representation 
 
 
